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Abstract

Kleene algebra with tests (KAT) is an equational system that extends Kleene algebra, the
algebra of regular expressions, and that is specially suited to capture and verify properties
of simple imperative programs. In this paper we study two constructions of automata from
KAT expressions: the Glushkov automaton (Apes), and a new construction based on the notion
of prebase (equation automata, Aeq). Contrary to other automata constructions from KAT
expressions, these two constructions enjoy the same descriptional complexity behaviour as their
counterparts for regular expressions, both in the worst-case as well as in the average-case.
In particular, our main result is to show that, asymptotically and on average the number of
transitions of the Apos is linear in the size of the KAT expression.

1 Introduction

Kleene algebra with tests (KAT) [Ko0z97] is an equational system for propositional program verification
that combines Boolean algebra (BA) with Kleene algebra (KA), the algebra of the regular expres-
sions. The equational theory of KAT is PSPACE-complete and can be reduced to the equational
theory of KA, with an exponential cost [CKS96, KS96]. Several automata constructions from KAT
expressions have been proposed in order to obtain feasible decision procedures for KAT expressions
equivalence [Koz03, Wor08, Koz08, Sil10, ABM12]. Regular sets of guarded strings [Kap69] are the
standard models for KAT (as regular languages are for KA) [Koz03]. A coalgebraic approach based on
the notion of (partial) derivatives and automata on guarded strings were developed by Kozen [Koz0§],
and implemented, with slightly modifications, by Almeida et al. [ABM12]. Silva [Sil10] presented yet
another automata construction, extending for KAT the Glushkov construction, well known for the
conversion of regular expressions to nondeterministic finite automata [Glu61]. All the constructions
of automata on guarded strings, with the exception of Silva’s, induce an exponential blow-up on
the number of states/transitions of the automata. This is due to the use of all valuations of the
boolean expressions that occur in a KAT expression, and also induces an extra exponential factor
when testing the equivalence of two KAT expressions. In this paper, we present a new construction
to obtain an automaton from a KAT expression, adapting the Mirkin construction of an equation
automaton [Mir66]. For regular expressions, this construction coincides with Antimirov’s partial
derivative automaton [CZ01], that it is known to be a quotient of the Glushkov automaton [CZ02].
The number of states of the Glushkov automaton equals to the number of occurrences of alphabetic
symbols in the regular expression, and its number of transitions is, in the worst-case, quadratic
in that number. Herein, we also observe that, in the worst-case, the number of transitions of
the the Glushkov automaton is quadratic in the size of the KAT expression. Nicaud [Nic09] and
Broda et al. [BMMR11, BMMRI12b] studied the average size of these two automata for regular
languages, using the framework of analytic combinatorics. Asymptotically, the average size of the
Glushkov automaton is linear in the size of the regular expression, and the size of the equation
(partial derivative) automaton is half that size. We show that similar results hold for their analogue



constructions for KAT expressions. The main outcome is the asymptotical linearity of the average
number of transitions of the Glushkov automaton, i.e. for KAT expressions of size n it is ©(n). This
also provides an upper bound for the number of transitions of the equation automaton. These results
come as a surprise, due to the bad behaviour of other automata constructions from KAT expressions,
and can lead to more efficient decision procedures for KAT expressions equivalence. Note that the
equation automaton can be more suitable to use in decision procedures based on coalgebraic methods,
due to the fact that states correspond to combinations of subexpressions of the initial expressions.

2 KAT expressions, Automata, and Guarded Strings

Let P = {p1,...,pr} Be a non-empty set of program symbols and T = {t1,...,%} be a non-empty
set of test symbols. The set of boolean expressions over T together with negation, disjunction and
conjunction, is denoted by BExp, and the set of KAT expressions with disjunction, concatenation,
and Kleene star, by Exp. The abstract syntax of KAT expressions, over an alphabet P U T, is given
by the following grammar, where p € P and t € T,

BExp: b — O|1|t|-b|b+Db|b-b (1)
Exp: e — plbletele-e]e”. (2)

As usual, we omit the operator - whenever it does not give rise to any ambiguity. The size of a KAT
expression e, denoted by |e|, is the number of symbols in the syntactic tree of e. The set At, of atoms
over T, is the set of all boolean assignments to all elements of T, At = {x1 -2y | z; € {t;,;}, t; € T}.
Now, the set of guarded strings over P and T is GS = (At - P)* - At. Regular sets of guarded
strings form the standard language-theoretic model for KAT [Koz03]. For & = ayp1 -« pm—1Qm, Yy =
B1q1 -+ - gn—10n € GS, where m,n > 1, oy, 8; € At and p;, ¢; € P, we define the fusion product

oy = QIP1* Pm—10mG1 - Gn—1Pn, i am =1
undefined, otherwise.

For sets X,Y C GS, X oY is the set of all z oy such that + € X and y € Y. Let X° = At and
X"t =X o X", for n > 0.
Given a KAT expression e we define GS(e) C GS inductively as follows:

_ GS(61 + 62) = GS(el) U GS(eg)
Gs(p) - {Oépﬁ | a75 S At} GS(€1 . 62) — Gs(el) <>GS(€2)
GS(b) = {alacAtAha<b}
GS(ey) = Up>0GS(e1)”,

where oo < b if & — b is a propositional tautology.

Example 1. Consider e = t1 + (—t1)(t2p)*, where P = {p} and T = {t1,t2}. Then, At =
{tita, t1ts, tita, tita} and

GS(e) = GS(t1)UGS(—t1) o GS((tap)*)
{t1ta, t1ta} U {tite, tita} U{ t1(tep)"a|n > 1, € At }

Given two KAT expressions e; and ey, we say that they are equivalent, and write e; = eo, if
GS(el) = GS(@Q)

A (non-deterministic) automaton over the alphabets P and T is a tuple A = (S, sg, 0, ), where
S is a finite set of states, so € S is the initial state, o : § — BExp is the output function, and
§ C 25x(BBexP)XS g the transition relation. A guarded string anpi...pn—10m,, with n > 1, is
accepted by the automaton A if and only if there is a sequence of states sg, s1,...,8,-1 € S, where
so =8, and, for i =1,...,n — 1, one has o; < b; for some (s;-1, (b;,p;),8:) € 9, and @, < 0(8p—1).
The set of all guarded strings accepted by A is denoted by GS(A).

Formally, we define L : S — GS — {0, 1}, by structural induction on x € GS as follows.

3



1 if (s,(b,p),s’) €6 for s’ €8,
1 ifa<o(s), (s (b:p), )

L(s)(a) = ' L(s)(apz) = bst. a<b, and L(s')(z) =1,
0 otherwise. 0 othorwi
otherwise.

Given s € S, let GS(s) = { z € GS | L(s)(x) = 1 }. Then, GS(A) = GS(sg). We say that a KAT
expression e € Exp is equivalent to an automaton A, and write e = A, if GS(A) = GS(e).

In the next two sections we present two different constructions of automata that are equivalent
to a given KAT expression.

3 The Glushkov Automaton

The definition of the Glushkov automaton for KAT expressions follows closely the one given by
Silva [Sil10]. Let é denote the KAT expression obtained by considering the number of elements of
P occurring in e, marking each one with its appearance number, that is called its position. The
same notation is used to denote the removal of the markings, i.e., € = e. The set of positions in
an expression e is denoted by pos(e). Note that this marking does not apply to test symbols, which

always remain unchanged.

Example 2. Consider e = t1p(pq*ta + t3q)*, where P = {p,q} and T = {t1,t2,t3}. Then, é =
tip1(p2qits + t3qa)*.

Definition 3. We recursively define the functions first, follow, last, and out according to grammar (2)

first : Exp —» 2B5®xP

first(p) = {(1,p)} first(er +e2) = first(er) U first(ez)

first(b) = 0 i first(e1) if out(e1) =0
first(e1 - e2) =

first(e*) = first(e), first(e1) Uout(e1) -1 first(e2)  otherwise.

last : Exp — 2P*BE

last(p) = {(p,1)} last(e1 +e2) = last(e1) Ulast(ez2)

last(b) = 0 last(e2) if out(e2) =0
last(e1 - e2) =

last(e*) = last(e), last(e2) U last(e1) -2 out(e2)  otherwise.

follow : Exp — 2P*BEw®xP out : Exp —» BExp

follow(p) = 0 out(p) =0

follow(b) = 0 out(b) = b

follow(e; +e2) = follow(e1) U follow(ez2) out(e;1 +e2) = out(er) + out(ez)

follow(ey - e2) = follow(e1) U follow(ez) U out(e; -e2) = out(er) - out(ez)

last(e1) ® first(e2) out(e*) = 1
follow (e*) = follow(e) U last(e) ® first(e).

where, for X C BExp x Exp, Y C Exp x BExp and b € BExp, we have b-1 X = { (bb',p) | (V/,p) € X },
Yob={®bp) | (pV)eY }andY @X ={ (p,bb,p) | (p,b) €Y, (t,p') € X }, with the caveat
that0-b=b-0=0and1+b=0+1=1.

Informally, given e € Exp, the elements of first(e) are pairs (b, p) such that apz € GS(e) and a < b;
the elements of last(e) are pairs (p,b) such that xpa € GS(e) and o < b; the elements of follow(e) are
triplets (p, b, q) such that xpaqy € GS(e) and a < b; and out(e) € BExp corresponds to the values
« € At such that a < e.



Example 4. Consider the expression € of Fxample 2. One has,

first(é) = {(t1,p1)}}

last(€) = {(p1,1), (p2,t2), (g3,%2), (¢4, 1)}
follow(é) = {(p1,1,p2), (P1,t3,q4); (P2, 1,43), (P2, t2,D2), (P2, tats, qa)
(93,1,43), (g3, t2,p2), (g3, t2t3,qa), (qa, 1, p2), (qa,t3,q4)}
out(é€) = out(ty)-out(p1) - out((p2gite +t3qs)*) =1t1-0-1=0

Definition 5 (Glushkov Automaton). For e € Exp, we define the Glushkov automaton Apes(e) =
(pos(e) U {0},0,0,0p0s), where o(0) = out(é), o(i) = b if i > 0 and (p;,b) € last(é), and o(i) = 0,
otherwise; and

51305 = { (0’ (bap)aj) | (b’pj) € fil’st(é),p :ﬁj }U
{ (i’ (bap)aj) | (piabapj) € fO”OW(é),p :p~j }

Analogously to what happens for regular expressions, given an expression e the Glushkov au-
tomaton Apes(e) has exactly |e|p + 1 states, where |e|p denotes the number of occurrences of program
symbols (elements of P) in the expression e. This means that the boolean parts of an expression do
not affect the number of states in its corresponding Glushkov automaton, contrary to what happens
in other constructions, cf. [Koz03, Koz08]. Furthermore, the number of transitions of Apes(e) is in
the worst-case O(|e|3). This results from the fact that, for every marked expression é and for every
marked program symbols p; and p;, there is at most one pair (b, p;) € first(é) and at most one pair
(p;, V') € last(é), for b,b’ € BExp; and there is at most one tuple (p;, b, p;) € follow(é), for b € BExp.

Example 6. Consider again the expression e of Example 2 and the functions computed in Example 4.

Aposgs), is the folggwing:

In this case, one has pos(e) = {1,2,3,4} and fhe)
1 2

(t2,p)
_»@ (t1,p) 1 (1,p)

1 (ts,q)
Proposition 7. [Sil10, Th. 8.2.7] For every KAT expression, e € Exp, one has GS(Apos(€)) = GS(e).

4 The Equation Automaton

In this section, we give a definition of the equation automaton for a KAT expression, extending
the notion of prebase of a regular expression due to Mirkin [Mir66]. Here we do not consider
the equivalence of this construction to the partial derivative automata [Koz08, ABM12], since KAT
derivatives are considered with respect to ap, (o € At) and we want to avoid the possible exponential
blow-up associated to the set of atoms.

Definition 8. Given e € Exp, a set of non-null expressions E = {e1,...,e,} C Exp is called a
support of e, if the following system of equations holds:

e = e = Pyer+---+ Ponen +out(eg)
e1 = Pier+ -+ Piye, +out(er)
. (3)
en = Puier +"'+Pnnen+OUt(en)a

where Py = Zle bijrpr, for 0 < 4,5 < n. For the components bp of a sum P;;, we write bp < P;.

If E is a support of e, then the set Eg = EU {e} is called a prebase of e.



Note that, if E is a support of e, we may have e € E. The system of equations (3) can be written
in matrix form Eq = PE + O(Ey), where P is the (n + 1) X n matrix with entries P;;, and E, Ey and
O(Ep) are, respectively, the column matrices
el €0 out(egp)

5 EO = and O(Eo) =

en €n out(ey,)

In the following, we will arbitrarily interchange the matrix and the set notation for the above
values. Considering the notion of KAT expression equivalence, we have the following lemma.

Lemma 9. Given e € Exp and Eg = {e = eg,€1,...,e,} a prebase of e, then
a) o € GS(e;) iff & < out(e;);
b) apx € GS(e;) iff there are j € {0,...,n} and b € BExp, such that bp < P;;, o < b, and x € GS(e;).
Given a prebase Eg = {e = eg, e1,...,e,}, an NFA can be defined by
Ag,(e) = ({e =eq,e1,...,en}, e, 0ut, ), (4)

where

6:{(615(1)7,]7‘)1)7“))6]) |0§Zaj§na 1§T§k} (5)
Using Lemma 9, it is easy to see that GS(Ag,(e)) = GS(e).
Definition 10 (Equation Automaton). For e € Exp, we define the equation automaton Aeq(e) =

({e} Um(e), e,out, beq) with Seq = { (ei, (b,p), ;) | bp < P;; € P(e) } and where m : Exp — 25 s
defined by induction on the structure of e as follows:

B rle+f) = m(e)un(f)
jr((’;i _ ) en = s@run (6)
w(e*) = m(e)e*,

and P(e) is a (n + 1) x n matriz with entries P;; € Exp, n = |w(e)|, and which is inductively defined
on the structure of e by

. P,
P(p) = P P) = 0 Ple+f) = Pl 0
0 0 5P(f)|

P(e) | O(n(e)) © P(f)|,

N 1 T T

0
Pe’) = Ple)+ ,
[owe)) ® P(e)\J

where P(f) is an (m + 1) x m matriz, for some m > 0; P(f)‘o denotes the first row of matriz P(f);
P(f)‘l..m denotes the matriz P(f) without the first row; and the @ operator is defined as follows

x1 1 T1Yy1 ... TiYm

Tn Ym TnYl  --- TnYm

Note, that the above definition of 7 follows closely the one for regular expressions by Mirkin.
Analogously, it can be easily shown that for a KAT expression e, one has |7(e)| < |e|p. Consequently,
the number of states in the equation automaton of an expression e is |7(e) U {e}| < |e|p + 1, thus
smaller or equal than the number of states of the Glushkov automaton.



Example 11. For the expression e = tipe} of Example 2, where e = pg*ts + t3q. One has w(e) =
{q*taey, e7} and the Aeq(e) is the following:

(t37

(thp) —,
(g t2e}) (t2,p), (1,q)
t2t37

One has |elp + 1 =5, while the number of states of Aeq(e) is |m(e) U {e}] = 3.

In order to show that the equation automaton Aeq(e) is equivalent to e it is enough to show that
the function 7 is a support of e.

Proposition 12. Given e € Exp, one has GS(Aeq(e)) = GS(e).

5 Average Size of Glushkov and Equation Automata

In this section, we estimate the asymptotic average size of the Glushkov and equation automata. This
is done by the use of the standard methods of analytic combinatorics as expounded by Flajolet and
Sedgewick [FS08]. These apply to generating functions A(z) = )", a,2" for a combinatorial class A
with a,, objects of size n, denoted by [2"]A(z), and also bivariate functions C(u,z) = Y u@zlel,
where c(a) is some measure of the object a € A.

In order to apply this method, it is necessary to have an unambiguous description of the objects
of the combinatorial class. One can see that the grammar (2) for KAT expressions is ambiguous.
But, we can use the following non-ambiguous grammar for KAT expressions, where expressions AExp
correspond to KAT expressions with at least one program symbol p € P. For simplicity, we exclude
expressions that contain subexpressions of the form b*, as their semantics correspond to At and thus
are equivalent to 1.

BExp: b — O|1|t|-b|b+Db|b-b (8)
AExp: a — pla+ala+b|b+ala-ala-b|b-ala* 9)
Exp: e — bja. (10)

From the definitions above, one can compute the generating functions B;(z), Ak (z), and Ey (2),
for the number of boolean expressions BExp, expressions AExp, and KAT expressions Exp, respectively.
However, it is easy to see that Bj(z) and Ej;(z) coincide with the generating function of standard
regular expressions. Considering the following grammar for regular expressions with an alphabet ¥
of size m,

r—0|l|lceX|r+r|r-r|r, (11)
its generating function is given by

1—z—An(2)
4z

We have Bj(z) = Ri(z) and Ej (z) = Rgti(2). The first equality is due to the similarity of the
grammars (8) and (11), where one has the negation operator and the other, the star operator. This
fact and the exclusion of expressions of the form b* leads to the second equality. As a consequence, we
can easily adapt most of the results obtained for regular expressions [Nic09, BMMR11, BMMR12b]
to KAT expressions.

Using the technique presented in Section 5 of Broda et al. [BMMRI12a] applied to (12), the
asymptotic estimates for the number of regular expressions of size n is

VPm Vam T & V2m +4 —(n+1)

4T
where p,, = % V;an Is the radius of convergence of R;,(z). This estimate differs from the one

presented by Nicaud, and exhibits a slightly faster convergence in experimental tests.

R, (2) = , where A, (2) =1 — 2z — (15 + 8m)z2. (12)

(2" Run (2) ~ (n+1)7%. (13)



Average State Complexity of the Glushkov Automaton. The generating function L., (u, z)
for the number of alphabetic symbols in regular expressions satisfies the following;:

L (u,2) = (2 +mu)z + 2L (u, 2) + 221y (u, 2)?,

which yields

1—2z—4/1—2z— (15 + 8mu)z2

4z '
In order to obtain the generating function that gives the total number of alphabetic symbols occurring
in all regular expressions of a given size, it is enough to evaluate

Li(u,2) =

0 Ly, (u,2) = —E (14)

Lm('z) = % it Am(z)

Analogously,

m 1

~ n=p=2, 15

2 /pmT \4/2m+4pm (15)

In KAT expressions we can estimate both the number of test symbols in boolean expressions as well

as the number of program symbols in KAT expressions. Let Tj(z) and Py (z) be, respectively, their

generating functions. We have, Tj(z) = L;(z) and Py; = kL_HLkH(z). Therefore, the probability, for
a uniform distribution, that a symbol in a boolean expression of size n is a test symbol is

(2" Lm (2)

MTi(z) (8- VETEA) L1 3/2 .
n[2"Bi(2) (15+80) (I +2) n
and the probability that a symbol in a KAT expression of size n is a program symbol is
e Ple) (D 48— VARFD ) AT (17)
n[2"Eg.(2) 15+ 8(k+1)(k+1+2) = Mk.Ln-

The average number of test symbols in a boolean expression grows to about half of their size, as
[ tends to co. The average number of program symbols for a growing value of k + [ tends to -

2(1+e)’
where ¢ = é For instance, if | = k, | = 2k, and [ = %k, this limit is, respectively, i, %, and %
Furthermore, for any ratio ¢, the asymptotic average number of states in Glushkov automata is less

than half the size of the corresponding expressions.

Average State Complexity of the Equation Automaton. Now, we will estimate the average
number of states of an equation automaton. Our approach follows the one for regular expressions
presented by Broda et al. [BMMRI11]. Considering Definition 6, one notes that whenever 1 € m(e) N
m(f), two states are merged into a single one in w(e + f). Analogously, for w(ef), when 1 € 7(e)
and f € w(f). The following two grammars generate, respectively, KAT expressions e, such that
1 € 7(ey), and e, such that e, € w(e,.).

en, = pEP|e,telegte,|e-ey|e,-1

e = eq-elel.
The generating function for e,, E, 1, satisfies

Euykyl(z) = kz+ ZEuykyl(Z)Ekyl(Z) + z (Ekﬁl(z) — Euykyl(z)) Euﬁkﬁl(z)
+ZEk,l(Z)Eu,k,l(Z) + ZQEu7k7l(Z),

from which one gets

(22 +32Ek,(2) — 1) + \/(z2 +32E3,(2) — 1)° + 4kz2
2z ’

Eu7k7l(z) = (18)



which is similar to the relation satisfied by the generating function for the set of regular expressions
for which e € m(ae), considered in [BMMRI11] (see equation (10) on p. 119).
On the other hand, the generating function for e,, E, j;, satisfies

Erpi(2) = 2Brp1(2)Eri(2) + 2Buk,(2)
from which one gets
- ZEuﬁkﬁl(Z)
E’r,k,l(z) = TEM (19)
i(p) i(b) =0
ilew +eu) = iley) +ilen) +1
(e, +eg) = iley) +ilen)
ilez+e) = ileg)+ile)
i(ew-er) = iley)+iler)+1
i(ey-er) = i(ew) +i(er)
ilez-e) = ileg) +ile)
i(e*) = i(e).

The cumulative generating function of the mergings, I(z), can now be obtained from these
equations...

2By ,1(2)(Bu k1 (2) + Erki(2))

I = 2
ka(2) 1 — 42Ep(2) — (20
Putting
Apa(z) = A(z) — 8kz2 =1 — 22 — (15 + 8 + 8k)2%, (21)
Awia(z) = (22 +32Era(2) — 1)° + 4k22, (22)

with the help of an algebraic manipulator, one gets

(1+32—45243, /A), 1 () /Ak.yl(z))2z (23)

3+z+\/Ak’l(z) )(3+(1+52)\/Ak,1(z)+5z2782372z\//\k’l (2) )

I (2)=% (

5.1 Average Transition Complexity of the Glushkov Automaton

Now we compute an upper bound for the asymptotic average of the number of transitions in a
Glushkov automaton with respect to the size of the corresponding KAT expression. As observed
before, the number of transitions of Ayes(e) is, in the worst-case, quadratic in |e|p. Below, we show
that it is on average linear in |e|. As the number of transitions must be at least equal to the number
of states minus 1, on average, that number should be Q(n) for KAT expressions of size n.

By Definition 5, the number of transitions is the sum of the sizes of the sets first and follow. In order
to obtain a sufficiently accurate upper bound, we have to identify the KAT expressions e such that
out(e) = 0. We begin to define the grammars that generate, respectively, “guaranteed” tautologies
b1, “guaranteed” falsities by, and, based on these, KAT expressions ey such that out(eg) = 0. As
usual, ey denotes an KAT expression that is not generated by this grammar, etc.

b — 1]=bo|b1+b|by+0bi]|bi-b1

bo — O0]=by|bo+bo|bo-b]|bg-bo

ap — plao+ap|ao+bo|bo+ao|ar-alayg-ao|ao-b|agbo|bo-alby-ao
eo — bolao



The corresponding generating functions By ;(2), Boi(z), Ao k1(2), and Ey k(=) satisfy the following
equations,

B1(2) = z+2zBoi(z)+22Bi(z)B1,(2)

Boi(z) = z42zB1(z)+22Bi(2)Bo,(2)

Aori(z) = kz+22A51(2)Bo,i(2) +22A0,5,1(2)Bri(2) + 22A0.5,1(2) Ak 1(2)
Eori(2) = Bou(z)+ Aoi(2)

from which we obtain By ;(z) = Bo(2) = 517(2’? Aoki(z) = kz+?i€2’;ﬂ<§32‘;§’l(z)_ Finally the generating

function for a lower bound of the number of expressions e such that out(e) = 0 is

k(l + 2)25 + (1 - QZBl(Z))Bl(Z)-

Eoka(z) = (+2)(1—22E(2))

Now, we can compute the generating functions of first(e) and last(e), Fy () and Sk,(z), respec-
tively, which coincide with the ones for regular expressions [Nic09], except that they depend on the
function Ey (%),

kz

F = = .
k’l(z) Sk’l(z) 1—2z— 4zEk,l(z) + ZEO,k,l(Z)

In Definition 3, follow(e) is defined using non-disjoint unions for the case of e*, and that does
not allow an exact counting. Broda et al. [BMMRI12b] presented a new recursive definition without
non-disjoint unions which yielded an exact generating function for the number of transitions of the
Glushkov automaton (for regular expressions). Since Egy,;(z) corresponds to lower bounds for the
number of expressions e s.t. out(e) = 0, here we use a slightly simplified version and obtain an upper
bound for the size of follow(e). Our approximation Fol(e) of the follow(e) set is given by the recursive
definition below, where there is no need to distinguish between a and e expressions. We have,

Fol(p) = Fol(b) = 0
Fol(e + f) = Fol(e) U Fol(f) (24)
Fol(e - f) = Fol(e) U Fol(f) U last(e) ® first(f)
Fol(e*) = Fol*(e)
Fol*(b) = 0
Fol*(p) = {(p.1,p)}
Fol*(e + f) = Fol*(e) U Fol*(f) U Cross(e, f) (25)
Fol*(e - f) = Fol*(e) U Fol*(f) U Cross(e, f)
Fol*(e*) = Fol*(e),

with Cross(e, f) = last(e) @ first(f) Ulast(f) @ first(e). The corresponding generating functions satisfy
the following equations,

Foly(z) = 4zFoly 1 (2)Ex,(z) + szJ(z:)2 + zFol; (2)
Folj; (2) = kz + 4zFol} |(2) Ex1(2) 4 42F(2)° + 2Folj; i (2).

Solving these, one gets

p (kzz +F2,(2) (1432 — 4zEk,l(z)))
1 — 2 —82Ey(2) + 422Ey 1 (2) + (42E3,(2))?

FOlkyl(Z) = (26)

By the definition of first(e) it is straightforward to see that the size of this set is at most |elp.
Consequently, we can ignore the contribution of Fj ;(z) in the computation of the upper bound for
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the number of transitions. Concerning Foly ;(z) it is possible to see, with the help of an algebraic
symbolic manipulator, that this function has the form

Uk l(Z)
Foly(z) = ———"—,
1) Viea(2) Ak (2)
where Uy (2), Vi,i(2) are defined in a neighbourhood of 0 with radius larger than pg4;. This shows
that z = pgy; is the singularity of Foly;(z) closest to the origin, and there is no other in the
circumference |z| = pg4;. Using the same technique as exposed in [BMMR11, BMMR12al, one gets

n Ck,l —n _—1/2
[2") Foly 1(2) ~ ——Bl_ pen =172, (27)
T2 2041) "

where cj,; is a constant that depends on k and [, through a rather complicated expression. It turns
i Chit 17 /9 ~

out that lim oo =3 V2~ 3.182.
Using now (13), one obtains

~ — n.
2" Eri(2) 2= 2pen V2k + 20+ 4 n

This means that the average number of transitions per automaton is approximately the size of
the original KAT expression.
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