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Abstract. In this paper we revisit the notion of sophistication for infinite
sequences. Koppel defined sophistication of an object as the length of the
shortest (finite) total program (p) that with some (finite or infinite) data (d)
produce it and |p|+ |d| is smaller than the shortest description of the object
plus a constant. However the notion of “description of infinite sequences”
is not appropriately defined. In this work, we propose a new definition of
sophistication for infinite sequences as the limit of the ratio of sophistication
of the initial segments and its length. As the main results we prove that
highly sophisticated sequences are dense when the sophistication is defined
with limsup and the set of sequences with sophistication equal to zero is
also dense when we consider the definition with lim inf. We also prove that,
similarly to what happens for finite strings, sophistication and depth, for
infinite sequences are distinct complexity measures.
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1 Introduction

Solomonoff [Sol64], Kolmogorov [Kol65] and Chaitin [Cha66] independently defined
the complexity of an object = as the length of the shortest program that produces x.
The Kolmogorov structure function divides the smallest program producing the ob-
ject into two parts: the part accounting for the useful regularity present in the object
and the part accounting for the remaining accidental information. Kolmogorov sug-
gested that the useful information is represented by a finite set in which the object
is a typical member, so that the two-part description of the finite set together with
the index of the object is as shortest as the one-part description. This approach has
been generalized to computable probability mass functions. The combined theory
has been developed in detail in [GTVO01] and called “Algorithmic Statistics”. The
most general way to proceed is perhaps to express the useful information as a recur-
sive function. The resulting measure has been called the sophistication of the object
in [Kop87,Kop88,AK91]. Later Antunes and Fortnow [AF01] revisited the notion of
sophistication for finite strings and formalize a connection between sophistication
and a variation of computational depth (intuitively the useful or nonrandom infor-
mation in a string), proving the existence of strings with maximum sophistication
and showing that they are the deepest of all strings.

In 1982, at a seminar in the Moscow State University (see [V’y99]), Kolmogorov
raised the question if “absolutely non-random” (or non-stochastic) objects exist.
Gécs et al. [GTVO01] and Antunes and Fortnow [AF01], independently, proved that
these (finite) objects do exist.

In this work we take a fresh look at the sophistication of infinite sequences. We
start by redefining the notion of sophistication for infinite sequences, introducing the
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lower and upper sophistication as the liminf and lim sup, respectively, of the ratio
between the sophistication of the initial segment and the length of that segment.
Then we prove that the set of sequences with upper sophistication different from 0 is
dense and the set of sequences with lower sophistication equal to 0 is also dense. So,
the answer for Kolmogorov’s question for infinite sequences is affirmative if we use
the upper sophistication and probably negative if we use the lower sophistication.

Koppel claimed the equivalence between sophistication and logical depth. How-
ever, he used a different definition of logical depth imposing totality in the functions
and defining the length of a time bound by the smallest program describing it. Later
Antunes and Fortnow [AF01] gave an example, for the finite case where the equiva-
lence is not valid considering the classical definition of Kolmogorov complexity and
computational depth. In this work we go further and give an example of an infinite
sequence, the diagonal of the Halting Problem, for which the sophistication is small
and the dimensional depth is high.

The rest of this paper is organized as follows: in the next section, we give some
background on the basic concepts necessary to the rest of the paper. In section 3 we
formally present the new definitions of sophistications and establish a relationship
with Hausdorff dimension and packing dimension. In section 4 we prove that if the
sophistication is defined with lim sup then the set of highly sophisticated sequences
is dense and if in the definition we consider lim inf the set of sequences with sophis-
tication equal to zero is dense. In section 5 we relate sophistication with dimensional
depth by proving that these two complexity measures are of different type.

2 Preliminaries

To avoid confusions any element of X*° will be called a sequence and will be denoted
by Greek letters and any element of X* will be called a string. We denote the initial
segment of length n of a sequence a by ay;..,,) and the it" bit by «;. The length of a
binary string x is denoted by |z|. The function log will always mean the logarithmic
function of base 2. If x and y are strings z < y means that x is prefix of y.

2.1 Kolmogorov Complexity

We refer the reader to the book of Li and Vitdnyi [LV97] for a complete study
on Kolmogorov complexity. Here we give essential definitions and basic results in
Kolmogorov complexity necessary to the rest of this paper.

Definition 1. Let U be a fized universal Turing machine. The plain Kolmogorov
complexity of x € X* is, C(xz) = min{|p| : U(p) = x}. Ift is a constructible function,
P

the t-time-bounded Kolmogorov complezity of x € X* is, C*(z) = min,{|p| : U(p) =
x in at most t(|x|) steps}.

Notice that the choice of Universal Turing machine affects the running time of a
program at most by a logarithmic factor and the program length at most a constant
number of extra bits. So the Kolmogorov complexity theory is machine independent.

Definition 2. A string x is c-incompressible if C(z) > |z| — c.

Proposition 1. There are at least 2™ x (1 — 2 — ¢) + 1 binary strings x € X™ that
are c-incompressible.

We need prefiz-free Kolmogorov complexity defined using prefix free Turing ma-
chines: Turing machines with a one-way input tape (the input head can only read
from left to right and crashes if it reads past the end of the input), a one-way output
tape and a two-way work tape.



Definition 3. Let U be a fized prefix free universal Turing machine. Then for any
string x € X*, the prefix free Kolmogorov complexity of x is, K(x) = min,{|p| :
U(p) = «}.

For any time constructible t, the t-time-bounded prefiz-free Kolmogorov complez-
ity of x € X* is, K'(x) = min,{|p| : U(p) = z in at most t(|z|) steps}.

We extend the definition of Kolmogorov complexity to finite sets in the follow-
ing way: the Kolmogorov complexity of a set S (denoted C(S)) is the Kolmogorov
complexity of its characteristic sequence. As noted by Cover [Cov85], Kolmogorov
proposed in 1973 at the Information Theory Symposium, Tallin, Estonia the fol-
lowing function:

Definition 4. The Kolmogorov structure function Hy(z|n) for x € X™ is defined
by
Hi(z|n) = min{log|S|: x € S and C(S|n) < k}.

Of special interest is the value
C*(z|n) = min{k : Hi(z|n) + k = C(x|n)}.
A program for x can be written in two stages:

1. Use p to print the indicator function for S.
2. The desired string is the i'" string in a lexicographic ordering

of the elements of this set.

This program has length |p| + log |S| + O(1), and C*(z|n) is the length of the
shortest program p for which this two-stage description is as concise as the shortest
one stage description. Note that  must be maximally random (a typical element)
with respect to .S otherwise the two stage description could be improved, contradict-
ing the minimality of C'(z|n). Gécs et al. [GTVO01] generalize the model class from
finite sets to probability distributions, where the models are computable probability
density functions.

In 1982, at a seminar in the Moscow State University (see [V'y99]), Kolmogorov
raised the question if “absolutely non-random” (or non-stochastic) objects exist.

Definition 5. Let a and 8 be natural numbers. A string x € X™ is called («, 3)-
stochastic if there exists a finite set S such that x € S, C(S) < a and C(x|S) >
log |S| — 8.

Gécs et al. [GTVO01] and Antunes and Fortnow [AF01], independently, proved
that («, 8)-stochastic objects do exist.

2.2 Sophistication

Koppel [Kop87] used total functions to represent the useful information, and the
resulting measure has been called sophistication. The definition of sophistication is
based on process (monotonic) complexity defined by Schnorr. A function f : X* —
X* is monotonic if <y (x is a prefix of y) implies that f(z) < f(y) for all  and
y. Sy is a sample space consisting of all finite and infinite sequences over X.

Definition 6. Let U be the reference monotone machine. The monotone complexity
of x with respect to y, is defined as,

Km(zly) = min{|p| : U(p,y) = 2w, w € Sz}



Koppel [Kop87] defined a description of a finite or infinite binary string « as a
pair (p, d) such that p is a total, i.e., U(p, d) is defined for all d, p is a self-delimiting
program and U(p,d) < a, i.e., U(p,d) is an initial segment of . He also defined the
complezity of a by

H(a) = min{|p| + |d| : (p,d) is a description of a}.
Definition 7 ([Kop87]). The c-sophistication of o € X, is

soph, (o) = min{|p| : exists d s.t. (p,d) is a description of a and |p|+|d| < H(a)+c}
P

Note that Koppel’s notion of description of infinite sequences is not appropri-
ately defined. Also, as Koppel remark in [Kop88], it is not defined for every sequence
«. In order to avoid this problem Koppel defined a weak version of sophistication
based on “weak” compression programs for a. Antunes and Fortnow [AF01] later,
revisited the notion of sophistication and, using the plain Kolmogorov complexity,
adapted Koppel’s definition for finite sequences as:

Definition 8 ([AFO01]). Let ¢ be a constant, x € X™ and U the universal reference
Turing machine. The c-sophistication of x is

soph,(x) = min {|p\ 2 p is total and exists d s.t. U(p,d) = x and |p|+|d| < C(x)—i—c}.
P

Remark 1. An important observation about sophistication is the fact that it is not
known rather if it is or not a robust measure. Indeed it is not known if slightly
variations on the parameter ¢ influences largely the length of sophistication program.

The definitions of sophistication for infinite sequences introduced here use this no-
tion of sophistication for finite strings. We will need the following result, on the
existence of highly sophisticated finite strings.

Theorem 1 ([AFO01]). Let ¢ be a constant. There exists x € X™ such that

soph,(z) > n —2logn — 2c.

2.3 Dimension

Hausdorff [Haus79] augmented Lebesgue measure theory with a theory of dimension.
It assigns to every subset X of a given metric space a real number dim(X), called the
Hausdorff dimension of X. Lutz [Lut00] proved a gale characterization of Hausdorff
dimension. This characterization gives an exact relationship between the Hausdorff
dimension of a set X consisting of all infinite binary sequences, and the growth rates
achievable by martingales betting on the sequences in X. This gale characterization
of Hausdorff dimension was a breakthrough since it enabled the definition of effective
versions of Hausdorff dimension by imposing various computability and complexity
constraints on the gales.

Later Mayordomo [May02] showed that constructive Hausdorff dimension can
be fully characterized in terms of Kolmogorov complexity.

Theorem 2 ([May02]). For every sequence «,

K
dim(a) = lim inf M

n— o0 n

where dim(«) is the constructive Hausdorff dimension.



Packing dimension was introduced independently by Tricot [Tic82] and Sullivan
[Sul84]. Later, Athreya et al. [AHLMO7] showed how to characterize packing dimen-
sion in terms of gales, a dual of the gale characterization of the Hausdorff dimension.
By imposing computational and complexity constrains on the gales Athreya et al.
obtained a variety of effective strong dimensions that are exactly duals of the effec-
tive Hausdorff dimensions. In particular, it was proved the following characterization
in terms of algorithmic information theory that is the dual of the previous one.

Theorem 3 ([AHLMOY]). For every sequence a,

K(ap.n
Dim(«) = lim sup M

n—oo

where Dim(«) is the constructive packing dimension.

3 The Sophistication for Infinite Sequence Redefined

Based on the strong relationship between constructive Hausdorff dimension (respec-
tively packing dimension) and the lim sup (respectively lim inf) of the ratio between
the Kolmogorov complexity of the initial segment and its length, in this section we
introduce a new and clean approach to the sophistication of infinite sequences.

Definition 9. We define lower sophistication of a sequence o € X*° by
soph (a) = limninf w
and the upper sophistication by
soph, () = limsup w

The first observation is that the lower and the upper sophistication of a sequence
are well defined. Notice that the liminf and lim sup of well defined real numbers are
themselves well defined. Now we give some properties of the new measure and estab-
lish a connection to some known concepts, namely constructive Hausdorff dimension
and constructive Packing dimension.

Proposition 2. For all sequence o and constant c, sophc(oz) < dim(a).
Proof.
7sophc(a[1._n]) < lim inf 70(0[[1""]) te

n n n
C n K n
7@[1” ) + lim inf < < liminf 7(04[1“ )
n n n

soph (a) = lim inf

< liminf + lim inf €
n n n

= lim inf
n

n
K(a[l..n]) — dim(o&)
n

Proposition 3. For all sequence o and constant ¢, soph,(a) < Dim(a).

Proof.
Clap..ng) +ec

soph.(a1..n)
n n
K(a[lnn])

n

Clap..n)
n

K(a[l..n])
n

soph,(a) = lim sup < lim sup
n n
< lim sup

. & .
+ limsup — < lim sup
n n n n

. c
+ lim sup —
nn

= lim sup = Dim(«)

n



In the next proposition we show that the lower and upper sophistication of infinite
sequences is a non increasing function with c.

Proposition 4. If ¢ > ¢/ then soph (a) < soph ,(a) and soph, (@) < soph, (c).

The proof of this result follows immediately from the fact that for any finite
string z, if ¢ > ¢ then soph,(z) < soph, (z).

We can, in fact, prove a sharper result for the upper sophistication. We show
that there are sequences for which the upper sophistication is strictly smaller than
the packing dimension.

Proposition 5. There exist sequences o such that soph,(a) < Dim(a) for some
constant c.

Proof. The idea is to use a sequence with high Kolmogorov complexity. Chaitin, in
[Cha66] and Martin-Lof [ML71] observed that there exists « such that from some
ng onwards K (aqi. ) > n —logn —loglogn.! Thus

K
Dim(a) = limsup M > lim sup

n n n n

n —logn —loglogn 1

On the other hand, it is known that infinitely many initial segments of a satisfy
C(a1..m)) = n—c for some constant ¢’. Hence for some appropriate constant c, that
only depends on ¢’ soph,. (a1, ,)) = O(1), for infinitely many n, since the program p
that prints oy ,) when aq;. ., is given as data satisfies |p| +[a1.n)| < C(aq.n)) +c.

So,
oW

soph,(a) = limsup =0.

n

h n
SOPA . m)) C(a[l“ ]) < lim sup
n n

4 On the Existence of Highly Sophisticated Sequences

In this section we investigate the existence of highly sophisticated sequences. In
particular, we show that the set of sequences with upper sophistication different
from 0 is dense and the set of sequences with lower sophistication equal to 0 is also
dense. To formally present these results, we consider the standard metric in the
Cantor space XY*° and use a known result for complete metric spaces.

Definition 10. In the Cantor set X*°, given o and [ in X°°, the standard metric
is defined by: ‘
d(o, B) = max{27" : o # B}

It is well known that (X°°,d) is a complete metric space, i.e., is a metric space in
which every Cauchy sequence converges.

Remark 2. The less the distance between « and (3, the bigger the initial segment
common to « and [.

Consider the following set:
Vi ={a € ¥ : (Vn > i)soph,(a1.n)) < n/2}

where ¢ is a fixed constant. Vj is the set of sequences that from its i*" bit their
initial segments are not highly sophisticated.
Then:

! In fact, almost all sequences o with respect to the binary measure have this property,
since ) 27 logn=loglogn conyerges.



1. V; C Viqa.
If a € V; then for all n > i, soph.(1.,)) < n/2. In particular, for all n > i +1,
we have that soph,(ai.n)) < n/2. So o € Viyy.

2. V; is non empty.
For example the sequence such that all bits are equal to 0 has low sophistication
since it has low Kolmogorov complexity.

3. For all sufficiently large i, V; # X*°.

—21 -2
Set n > i+1 such that n—2log n—2¢ > n/2. Notice that lim nTEosn T A
n

n/2
and thus such n exists. Consider z € X" that satisfies soph,(x) > n/—2 log n—2c.
This string exists by Theorem 1. Then the sequence a = x000... satisfies
soph,(a[1:n)) > n — 2logn — 2¢ > n/2 and thus o € V.

4. All sets V; are closed subsets of 3°°.
To prove this fact we show that X*° — V; are open subsets of (X°° d). This
can be done by showing that given o € X*° — V; there exists € > 0 such that
B(a,e) ={f e X :d(a,p) <e} C X>® -V,
If o« € X°° —V; then there exists n such that soph, (a1.,,)) > n/2. Set & = 27"+,
Then, if d(a, 3) < ¢ it implies that for all i < n, a; = B;. So soph.(fp.)) =
soph,(1.n)) > n/2, which proves that 5 € X —V;.

We now present a known result for complete metric spaces that gives a condition
to prove that a certain sequence of subsets of a metric space have dense intersection.

Theorem 4 (Baire’s theorem). Let (X, m) be a complete metric space and let

(An)nen be a sequence of open dense subsets of X. Then ﬂ A,, is dense.
neN

So if we prove that X°° — V; are dense then we prove that the set of all highly
sophisticated sequences is dense in 3*° since ﬂ YOV, =X — U V;. Notice
ieN i€N
. e . n/2
that if « € X*° — U Vi then « satisfies soph,(a) > h,?l e 1/2 #0.
ieN

To prove that each X*° —V; is dense it is sufficient to show that given € > 0 and
a € V; there exists a sequence 8 € X*° — V; such that d(«, ) < e.

Intuitively this fact is true since we can consider the first bits of « (to insure that
d(a, B) < €) and construct a sophisticated string with that prefix of a reasonable
size.

Proposition 6. Fach set X°° —V; is dense.

Proof. Let o be an element in V; and € > 0 a real number. We construct 3 as
follows:

Let iy be the index such that 27% < €/2. Set B; = «; for all i < ig. With this
condition we guarantee that d(a, ) < €.

Let n be sufficiently large satisfying n — 2logn — 6ig — 2ke¢ > (n + ip)/2 and
n > 1. Consider x € X" such that sophg; ,;.(z) > n — 2logn — 6ig — 2kc where k
is also a positive constant. Notice that since i is a constant value depending only
on ¢, this string = always exists by theorem 1. We stress that y = ay.4,)z has high
sophistication.

Let p be a program corresponding to soph,(y). Then there exists data f such
that |p| + | f| < C(y) 4 ¢. Consider the following program g¢:

Algorithm 5 Given some data (1°0if’):

1. If the data does not have this structure, stop outputting € the empty string.
Otherwise



2. Run U with p and [’ to produce y'.
3. Print all the string except the first i bits.

Since p is total it follows that ¢ is also total. Notice that if f' = f and i = i,
Ul(g, (1°0if")) = z. Notice also that:

lal + [(1°0io f)] < [p| + [ f| + 2i0 + O(1) = soph,(y) + 2io + O(1)
< C(y) +2io + O(1)
< Claqig)) + C(x) + 2ip + O(1) < C(x) + 3ig + ke
So |g| is an upper bound of sophs;_ ., .(x) and

soph,.(y) > sophg; 4 1.(7) >n —2logn — 6ig — 2kc > (n +10)® = [y|°

So let 3 be the sequence 3 = aj1.4,)70000---. Since n > i the above discussion
means that 3 € V.

Thus, using Theorem 4 and Proposition 6 we have:

Theorem 6. For some positive constant ¢, the set of sequences a such that soph, () #
0 us dense.

In what follows, we prove that the set of sequences with lower sophistication
equal to 0 is sparse. To do that, consider now the following set:

A; = {a € X : 3n > i such that soph,(aq. ) < vVn}

where c is a fixed constant.
A; is the set of sequences for which there exists a value n > i such that the
sophistication of ;) is less than N

Proposition 7. A; is an open set.

Proof. The idea is to use the same argument that proves that X*° — V; is open.
Let a be a sequence in A;. Let n be the index such that soph,(af. n)) < v/n. Then
taking e = 27" it follows that if d(«, 8) < € then 8; = «; for all i < n. So € A;.

Proposition 8. A; is a dense set.

Proof. Let a € X*°— A; and € > 0. Consider (3 defined by: §; = «; for alli < —loge
and f; = 0 otherwise. Then d(a, ) < e and it is clear that sufficiently large n,
soph,(f1..n)) < v/n and then 3 € A;.

So using again Baire’s theorem we conclude the following:

Theorem 7. For some constant c the set of sequences a such that sophc(a) =01s
dense.

Proof. By Baire’s theorem m A; is dense. So if a € ﬂ A; then there exists a se-
ieN €N

quence of indexes (in)nen such that soph,(ap._;,]) < Vin. So soph () = 0. Notice

that the sequence (i )nen can be constructed inductively. .



5 Sophistication vs Depth of Infinite Sequences

Bennett [Ben88| formally defined the s-significant logical depth of an object x as the
time required by a standard universal Turing machine to generate x by a program
that is no more than s bits longer than the shortest descriptions of z. A deep string
x should take a lot of effort to construct from its short description. Incompress-
ible strings are trivially constructible from their shortest description, and therefore
computationally shallow.

Koppel [Kop87], claimed that sophistication and logical depth are equivalent,
for all infinite sequences. However the proof uses a different definition of logical
depth imposing totality in the functions defining it.

The claimed equivalence between sophistication and logical depth would be, in
fact, an unexpected result, as sophistication measures program length that is upper
bounded by the length of the string and logical depth measures running time that
can grow unbounded.

In [AF01] the authors proved that computational depth and sophistication are
distinct measures of complexity for finite strings contradicting Koppel’s intuition. In
this section, we reenforce the distinctness of these two measures for infinite sequence
by proving the existence of sequences that are deep but not very sophisticated.

Definition 11. The dimensional depth of a sequence a is defined as

) n 27Kt(a[1..n])
depth’;,, (@) = liminf @)/ )

dim n—oo n

ey

The next example shows that the diagonal of the Halting Problem is deep but
not very sophisticated.

where § is the random deficiency defined by 6(x | p) = {log

Ezample 1. Let H be the diagonal of Halting problem i.e., H = {i : M;(4) halts}.
From Barzdini’s Lemma (see [LVI7]) we know that for all n

Cxup.n) <CM)+Clxup. qn) < 2logn.
So

2logn

< limsup =0

n

soph.,
soph (xm) < soph.(xu) = limsup w

On the other hand we know that:

_Kt
depth} (X):liminfé(XH[lun]/Q )

dim

n—oo n
limi flog(QfK(XH[1..n])/27Kt(x[1..n]))
= limin
n—oo n
= lim iant(XH[1~~"]) — K(xull..n])
n—oo n
depth?
= lim infw -1
n—oo n

The last inequality is due to the fact that xpy; . is very deep, i.e., deptht(XH[lwn])

~n.



Conclusions

In this paper we proposed two definitions for sophistication for infinite sequences.
The major improvement of this work to the existent one is the fact that sophistica-
tion is a concept well defined for all sequences. The most important result proved
here concerns the existence of highly sophisticated sequences. In fact, we proved
that if sophistication is defined with limsup then the set of sequences that have
sophistication different from 0 is dense and if it is defined with lim inf the set of se-
quences with sophistication equal to zero is also dense. The last result stating that
sophistication and depth are different complexity measures strengthens a similar
result already proved in [AFO01] for finite strings.
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