L u í s F e r n a n d o R a í n h o A l v e s T o r g o

I NDUCTIVE L EARNING

OF

T REE - BASED R EGRESSION M ODELS

Tese submet ida para obtenção do grau de Doutor emCiência de Computadores

Departamento de Ciência de Computadores

Faculdade de Ciências da Universidade do Porto

Setembro de 1999

3

Dedication

Para o meu avô.

5

A c k n o w l e d g e m e n t s

I would like to thank mysuper visor, PavelBrazdil, for all his support since I started my research on Machine Learning. He has managed to provide me with the idealmixture of research guidance and freedo mto fo llow myown intuit ions. Thanks also for all his useful comments and suggest ions that certainlyimproved this thesis. Finally, I would like also to thank him for allhis effort in management tasks that provided me and my co lleagues wit h such excellent working condit ions.

Thanks to all my co lleagues at LIACC for such pleasant working at mosphere. Thanks in particular to allthose in NI AAD ( machine lear ning group) for usefulco mments and discussio ns. A special word to my two colleagues wit h who mI share the office: Alípio

Jorge and João Gama. Finally, I would like to thank myco lleague JoaquimP into da Costa for his support with quest ions concer ning statist ics.

I would like to thank the Facult yo fEconomics ofthe Universit yo fPorto and the

Portuguese Government (Programa Ciência and PRAXIS XXI) for allfinancialsupport that made this thesis possible. Thanks also are due to the European Communit yfor its financialsupport to severalresearch projects and networkson which I was invo lved.

Thanks to all my good fr iends for allnice mo ments that allowed me to escape fro mmy research preoccupations. Their fr iendship made things much easier.

Special thanks to Catarina. Her love and jo yare an unlimited source ofhappiness.

Finally, a ver yspecial thanks to my family and in particular myparents. Wit hout their lo ve and unquest ionable support nothing ofthis would ever be possible.

7

A b s t r a c t

This thesis explores different aspects ofthe induct ion oftree-based regressio n models from data. The main goalofthis studyis to improve the predict ive accuracy ofregressio n trees, while retaining as much as possible their comprehensibilit y and computational efficiency.

Our studyis divided in three main parts.

In the first part we describe in detail two different methods ofgrowing a regressio n tree: minimising the mean squared error and minimis ing the mean abso lute deviat ion. Our studyis particular ly focussed on the computational efficiency o fthese tasks. We present severalnew algorithms that lead to significant computational speed-ups. We also descr ibe an exper imentalco mpar ison o fboth methods ofgrowing a regressio n tree highlight ing their different applicat ion goals.

Pruning is a standard procedure within tree-based models whose goalis to provide a good compromise for achieving simple and comprehensible models with good predict ive accuracy. In the second part ofour studywe descr ibe a ser ies ofnew techniques for pruning by select ion fro ma ser ies ofalternative pruned trees. We carryout an extensive set ofexper iments compar ing different methods ofpruning, which show that our proposed techniques are able to significant lyoutperformthe predict ive accuracy ofcurrent state of the art pruning algorithms in a large set ofregression do mains.

In the final part ofour studywe present a new type oftree-based models that we refer to as local regression trees . These hybr id models integrate tree-based regressio n wit h local modelling techniques. We descr ibe different types oflocalregressio n trees and show that these models are able to significant lyoutperformstandard regressio n trees in terms of predict ive accuracy. Through a large set ofexper iments we prove the competit iveness o f local regressio n trees when compared to exist ing regression techniques.

C o n t e n t s

A CKNOWLEDGEMENTS ________________________________ ________________________________ _ 5

A BSTRACT ________________________________ ________________________________ ___________ 7

C ONTENTS ________________________________ ________________________________ ___________ 9

L IST OF T ABLES ________________________________ ________________________________ ______ 13

L IST OF F IGURES ________________________________ ________________________________ _____ 15

L IST OF S YMBOLS ________________________________ ________________________________ ____ 19

CHAPTER 1 - INTRODUCTION ________________________________ _____________________ 21

1.1 O

BJECTIVES ________________________________ ________________________________ ____ 24

1.2 M

AIN C ONTRIBUTIONS ________________________________ ___________________________ 24

1.3 O

RGANISATION OF THE T HESIS ________________________________ _____________________ 26

CHAPTER 2 - INDUCTIVE LEARNING ________________________________ ______________ 29

2.1 I

NTRODUCTION ________________________________ ________________________________ _ 29

2.2 S

UPERVISED L EARNING ________________________________ ___________________________ 32

2.3 R

EGRESSION P ROBLEMS ________________________________ __________________________ 38

2.3.1 A Formalisation of Regression Problems ________________________________ ________ 40

2.3.2 Measuring the Accuracy of Regression Models ________________________________ ___ 42

2.4 E

XISTING R EGRESSION M ETHODS ________________________________ ___________________ 45

2.4.1 Statistical Methods ________________________________ _________________________ 45

2.4.2 Artificial Neural Networks ________________________________ ____________________ 50

2.4.3 Machine Learning Methods ________________________________ ___________________ 52

CHAPTER 3 - TREE-BASEDREGRESSION ________________________________ ___________ 57

3.1 T REE - BASED M ODELS ________________________________ ____________________________ 58

3.2 L

EAST S QUARES R EGRESSION T REES ________________________________ _________________ 62

C ONTENTS

3.2.1 Efficient Growth of LS Regression Trees ________________________________ ________ 66

3.2.2 Splits on Co ntinuous Variables ________________________________ _______________ 69

3.2.3 Splits on Discrete Variables ________________________________ __________________ 70

3.2.4 Some Practical Considerations ________________________________ _______________ 73

3.3 L

EAST A BSOLUTE D EVIATION R EGRESSION T REES ________________________________ _____ 75

3.3.1 Splits on Continuous Variables ________________________________ _______________ 77

3.3.2 Splits on Discrete Variables ________________________________ __________________ 86

3.4 LAD VS . LS R

EGRESSION T REES ________________________________ ___________________ 90

3.5 C

ONCLUSIONS ________________________________ ________________________________ __ 97

3.5.1 Open Research Issues ________________________________ _______________________ 98

CHAPTER 4 - OVERFITTING AVOIDANCE INREGRESSION TREES _________________ 105

4.1 I

NTRODUCTION ________________________________ ________________________________ 106

4.2 A N O VERVIEW OF E XISTING A PPROACHES ________________________________ ___________ 108

4.2.1 Error-Complexity Pruning in CART ________________________________ ___________ 108

4.2.2 Pruning based on mestimates in RETIS ________________________________ _______ 110

4.2.3 MDL-based pruning in CORE ________________________________ _______________ 113

4.2.4 Pruning i n M5 ________________________________ ___________________________ 114

4.3 P

RUNING BY T REE S ELECTION ________________________________ ____________________ 115

4.3.1 Generating Alternative Pruned Trees ________________________________ __________ 117

4.3.2 Methods for Comparing Alternative Pruned Trees _______________________________ 122

4.3.3 Choosing the Final Tree ________________________________ ____________________ 140

4.3.4 An Experimental Comparison of Pruning by Tree Selection Methods _________________ 141

4.3.5 Summary ________________________________ ________________________________ 154

4.4 C

OMPARISONS WITH O THER P RUNING M ETHODS ________________________________ ______ 155

4.4.1 A FewRemarksRegarding Tree Size ________________________________ __________ 159

4.4.2 CommentsRegarding the Significance of the Experimental Results __________________ 161

4.5 C

ONCLUSIONS ________________________________ ________________________________ _ 162

4.5.1 Open Research Issues ________________________________ ______________________ 163

CHAPTER 5 - LOCAL REGRESSION TREES ________________________________ ________ 167

5.1 I

NTRODUCTION ________________________________ ________________________________ 168

5.2 L

OCAL M ODELLING ________________________________ ____________________________ 171

5.2.1 Kernel Models ________________________________ ___________________________ 172

5.2.2 Local Polynomial Regression ________________________________ ________________ 175

5.2.3 Semi-parametric Models ________________________________ ___________________ 177

C ONTENTS

5.3 I

NTEGRATING L OCAL M ODELLING WITH R EGRESSION T REES _____________________________ 178

5.3.1 Method of Integration ________________________________ ______________________ 181

5.3.2 An illustrative example ________________________________ _____________________ 183

5.3.3 Relations to OtherWork ________________________________ ____________________ 185

5.4 A N E XPERIMENT AL E VALUATION OF L OCAL R EGRESSION T REES __________________________ 186

5.4.1 Local Regression Trees vs. Standard Regression Trees ____________________________ 187

5.4.2 Local Regression Trees vs. Local Models ________________________________ _______ 189

5.4.3 Local Regression Trees vs. Linear Reg ression Trees ______________________________ 193

5.4.4 Local Regression Trees versus Existing Regression Methods ________________________ 194

5.5 C

ONCLUSIONS ________________________________ ________________________________ _ 196

5.5.1 Open Research Issues ________________________________ ______________________ 197

CHAPTER 6 -CONCLUSIONS ________________________________ ______________________ 199

6.1 S

UMMARY ________________________________ ________________________________ ____ 199

6.1.1 Growing Regression Trees ________________________________ __________________ 200

6.1.2 Pruning Regression Trees ________________________________ ___________________ 201

6.1.3 Local Regression Trees ________________________________ _____________________ 203

6.2 F

UT URE R ESEARCH D IRECTIONS ________________________________ ___________________ 204

ANNEX A - MATERIAL AND METHODS ________________________________ ____________ 207

A.1. T HE E XPERIMENTAL M ETHODOLOGY ________________________________ _____________ 207

A.2. T HE U SED B ENCHMARK D ATA S ETS ________________________________ ______________ 212

A.3. T HE L EARNING S YSTEMS U SED IN THE C OMPARISONS ________________________________ 218

ANNEX B - EXPERIMENTAL RESULTS ________________________________ ____________ 221

B.4. E

XPERIMENTS WITH T REE G ENERATION M ETHODS ________________________________ __ 221

B.5. CART

TREE - MATCHING VS . O UR PROPOSAL ________________________________ ________ 224

B.6. C

OMPARISON OF M ETHODS FOR G ENERATING P RUNED T REES __________________________ 224

B.7. T

UNING OF S ELECTION M ETHODS ________________________________ ________________ 227

B.8. C

OMPARISON OF M ETHODS OF E VALUATING A T REE ________________________________ _ 229

B.9. C

OMPARISONS WITH O THER P RUNING A LGORITHMS ________________________________ _ 230

REFERENCES ________________________________ ________________________________ ___ 235

C ONTENTS

L i s t o f T a b l e s

Table 3.1. Results ofcompar isons between LAD and LS trees. ____________________ 96

Table 4.1. The basic character ist ics ofthe used benchmark domains. ______________ 120

Table B.1. Estimated MSE difference between MEL and LSS using ChiEst ( 95% ). ____ 225

Table B.2. Estimated MSE difference between ErrCpx and LSS using ChiEst ( 95% ). __ 225

Table B.3. Estimated MSE difference between MEL and MCV using ChiEst ( 95% ). ___ 225

Table B.4. Difference in error (MSE) between ErrCpx and MCV using ChiEst ( 95% ). _ 226

Table B.5. Difference in Predict ion error (MSE) between MEL and LSS using 5-fo ld CV.

________________________________ ________________________________ _ 226

Table B.6. Difference in error (MSE) between ErrCpx and LSS using 5-fo ld CV. ____ 226

Table B.7. Difference in Predict ion error (MSE) between MEL and MCV using 5-fo ld CV.

________________________________ ________________________________ _ 227

Table B.8. Difference in Predict ion error (MSE) between ErrCpx and MCV using 5-fo ld

CV. ________________________________ ______________________________ 227

Table B.9. Difference in MSE between ChiEst (95%) and ChiEst tuned by5-fo ld CV. _ 228

Table B.10. Difference in MSE between m (2) and m tuned by5-fo ld CV. __________ 228

Table B.11. Difference in MSE between MDL (0.1,0.5) and MDL tuned by5-fo ld CV. 228

Table B.12. Difference in error (MSE) between 5-fo ld CV and m est imates tuned by5-CV.

________________________________ ________________________________ _ 229

Table B.13. Difference in error (MSE) between 5-fo ld CV and c 2 est imates (CL=95%).

________________________________ ________________________________ _ 229

Table B.14. Difference in error (MSE) between 5-fo ld CV and MDL tuned by5-fo ld CV.

________________________________ ________________________________ _ 230

L IST OF T ABLES

Table B.15. Difference in error (MSE) between LSS +5CV and CART pruning. ______ 230

Table B.16. Difference in error (MSE) between LSS +5CV and RETIS pruning. ______ 231

Table B.17. Difference in error (MSE) between LSS +5CV and CORE pruning. ______ 231

Table B.18. Difference in error (MSE) between LSS+ChiEst(95%) and CART pruning. 231

Table B.19. Difference in error (MSE) between LSS+ChiEst(95%) and RETIS pruning.

________________________________ ________________________________ _ 232

Table B.20. Difference in error (MSE) between LSS+ChiEst(95%) and CORE pruning. 232

Table B.21. Difference in error between LSS+ChiEst(95%,0.5-SE) and CORE pruning. 232

Table B.22. Difference in MSE between LSS+ChiEst(95%,1-SE) and CORE pruning. _ 233

L i s t o f F i g u r e s

Figure 2.1 - A perceptron unit. ________________________________ ______________ 50

Figure 2.2 - The sigmo id co mput ing unit. ________________________________ _____ 51

Figure 2.3 - A mult ilayer architecture for regression. ____________________________ 52

Figure 3.1 - Computation time to generate a LS tree for different sample sizes. ________ 74

Figure 3.2 - A split on X i < 145. ________________________________ _____________ 78

Figure 3.3 - Computation time to grow a LAD tree for different sample sizes ofthe Fr ied domain. ________________________________ ____________________________ 86

Figure 3.4 - Computation T ime ofLAD and LAD(fast) trees for different sample sizes. _ 89

Figure 3.5 - A LS regression tree for the Alga 6 problem. (MSE = 162.286; MAD = 7.328)

________________________________ ________________________________ __ 93

Figure 3.6 - A LAD regression tree for the Alga 6 problem. (MSE = 179.244; MAD =

6.146) ________________________________ _____________________________ 94

Figure 3.7 - The abso lute difference ofthe errors committed bythe LAD and LS trees. _ 95

Figure 3.8 - The histogramofthe errors ofthe LAD and LS trees. __________________ 95

Figure 4.1 - Compar ison ofthe four methods for generating sequences o fsub-Trees. __ 121

Figure 4.2 - Our tree-matching proposalvs. CART method. ______________________ 128

Figure 4.3 - The Holdout Method. ________________________________ __________ 129

Figure 4.4 ˘Different values o fthe ^correcting factor~ used in the ChiE st estimator. __ 138

Figure 4.5 ˘ Compar ison ofLSS with other sequence generation methods using

ChiEst(95%) as selection method. ________________________________ ______ 142

Figure 4.6 - The effect ofthe value ofthe confidence levelon the pruned tree size. ___ 144

Figure 4.7 - Significance ofMSE difference between ChiEst(95%) and ChiE st(5-CV). 145

L IST OF F IGURES

Figure 4.8 - Tree size and Cpu time ratios between ChiEst(95%) and ChiEst(cv). _____ 145

Figure 4.9 - Variat ion oftree size for different mvalues. ________________________ 146

Figure 4.10 - Significance ofMSE difference between m(2) and m(5-CV). __________ 147

Figure 4.11 - Tree size and Cpu time Rat ios for m=2 and m(cv) select ion. ___________ 148

Figure 4.12 - The effect ofvar ying the MDL coding parameters on tree size. ________ 149

Figure 4.13 - Significance ofMSE difference between MDL(0.1,0.5) and MDL(5-CV). 150

Figure 4.14 - Tree size and Cpu time ratios between MDL(0.1,0.5) and MDL(cv5). ___ 151

Figure 4.15 - Significance ofMSE difference between tree select ion methods. _______ 152

Figure 4.16 - Tree Size Rat io compar ison among Select ion Methods. ______________ 153

Figure 4.17 - Significance ofMSE difference between LSS+5CV and other pruning algor ithms. ________________________________ ________________________ 156

Figure 4.18 - Tree size ratios between LSS+CV5 and other pruning algor ithms. ______ 157

Figure 4.19 - Significance ofthe MSE difference between LSS+ChiEst(95%) and other pruning algor ithms. ________________________________ __________________ 158

Figure 4.20 - Tree size ratios between LSS+ChiE st(95%) and other pruning algorithms. 159

Figure 4.21 - Significance ofMSE difference between ChiEst with the k-SE rule and

CORE. ________________________________ ____________________________ 160

Figure 4.22 - The effect ontree size ofthe k-SE rule when co mpared to CORE. ______ 160

Figure 4.23 - Significance ofMSE difference between CART and not pruning. _______ 161

Figure 5.1. The ramping function (Hong, 1994). _______________________________ 173

Figure 5.2. The approximat ion provided bya LS regression tree to the funct ion sin( X). 179

Figure 5.3. The approximat ion ofan LS regressio n tree with kernel models in the leaves.

________________________________ ________________________________ _ 180

Figure 5.4. The curve and the training data. ________________________________ ___ 184

Figure 5.5. Approximat ions provided by using averages, linear polyno mials, ker nels and local linear polyno mials. ________________________________ ______________ 184

Figure 5.6 ˘ Compar ison ofstandard regressio n trees (RT) with localregression trees

(RT+KR, RT+PL and RT+LL). ________________________________ ________ 188

Figure 5.7 - Computation time rat io ofstandard and local regressio n trees. __________ 189

L IST OF F IGURES

Figure 5.8 ˘ Compar ison ofLocalTrees and LocalModels in ter ms ofS ignificance of

MSE difference. ________________________________ ____________________ 190

Figure 5.9 - Computation time rat io ofLocalRegressio n Trees and LocalModels. ____ 192

Figure 5.10 ˘ Compar ison between LocalRegression Trees and M5 in ter ms of

S ignificance Level ofthe MSE difference. _______________________________ 193

Figure 5.11 ˘ Compar ison between PartialLinear Trees and other regressio n techniques with respect to the Significance Levelo fthe MSE difference. ________________ 195

19

L i s t o f S y m b o l s

X i is an input (predictor) var iable (or attribute).

A is the set ofattributes ofa problem.

a is the number ofattributes (or predictor variables) ofa problem, that is a = # A .

c i is the domain ofthe var iable X i .

Y is a goalvar iable.

g is the domain o fvar iable Y .

x i is a vector ofattribute values having as domain c = c

1 ´ � ´ c a .

i i y , x is a case or example wit h domain c ´ g .

D =

{ } n i i i y

1

,

=

x is a data set or sample ofcases.

n is the number oftraining cases ofa problem.

D = X | Y is a matr ix representation ofa data set, where X is a n ´ a matrix containing the n vectors of a attributes values, and Y is a co lumn vector containing the n goalvar iable values.

r (

, x ) is a regression modelwit h parameters , which maps an attribute vector into a goal

var iable value, i.e. r : c ® g .

r ( , x i ) is the predicted value ofthe model r ( , x ) for a case i i y , x .

L IST OF S YMBOLS

T is a tree-based model.

t is a node ofa tree T .

T t is a sub-tree of T rooted at node t .

t L is the left child node ofnode t .

t R is the r ight child node ofnode t .

l is a leafnode ofa tree.

T ~ is a set containing all leafnodes ofa tree T .

# T ~ is the number ofleaves ofa tree, i.e. the cardinalit y ofset T ~ .

P i is a path fro mthe root node t 0 to a node t i . We represent this path by the conjunct ion of

logical tests ofthe nodes in the path.

D t is the sub-set ofthe training sample D falling in node t , that is

D t = { }

t i i P D y ® Î x x : , .

C h a p t e r 1

I n t r o d u c t i o n

This dissertation addresses a particular methodologyto dealwith a data analysis problem

usually known as mult ivar iate regression. A multivariate regression problem can be

loosely defined as the studyofthe dependency relation between a goal ( dependent ,

response ) var iable and a set of independent ( predictor , input ) var iables. The goalof

mult ivar iate regression analys is is to obtain a model of this relationship . This modelcan be

used either for understanding the interactions between the variables ofthe domain under

study, or to predict the value ofthe goalvar iable offuture instances ofthe same problem.

Regressio n models are usually obtained through an inductive process that uses examples

( the training sample ) ofan unknown regression relat ionship. Consider for instance a

collect ion ofobser vat ions regarding so me financial indicators ofthousands ofco mpanies

and their respect ive stock values. We could be interested in obtaining a regression model

that relates the stock value wit h some ofthese indicators. This modelcould then be used to

predict the stock value ofa new companyfor which we know the value ofthe indicators.

Moreover, ifour modelis so mehow intelligible it could revealso me yet unknown

relat ionships in this do main.

The existence ofa funct ional relationship between a target var iable and a set of

predictor var iables is co mmo n in realwor ld data analysis (Drapper & Smit h, 1981).

C HAPTER

1 . I NTRODUCTION 22

Finding a modelofsuch relat ionship is ver yimportant because it allows us to predict and

comprehend the behaviour ofour data. These and other arguments just ify the existence o f

so many research works carried out about this data analysis problem. Still, the major it yof

studies about regression analysis concer n methods ofgenerating a multivariate linear

model between the response var iable and the predictors. Although being one ofthe most

successfuldata analysis techniques, linear regression has obvious limitat ions due to the

linear structure that is imposed on the data. To dealwit h data with more complex structure

one needs more sophist icated tools. Non-parametric approaches to regression are able to

dealwit h a wide range ofregressio n domains by not imposing anypre-defined global for m

to the regression sur face (Hardle, 1990). These methods assume so me funct ional for monly

at a local level , meaning that theydo not tryto fit one single modelto all given sample.

This methodologyleads to a regression sur face that is globallynon-parametr ic ( i.e. an

approximat ion that does not have a fixed glo balfunct ionalfor m). This is an important

feature ifone wishes to develop a toolthat is applicable to a wide range ofregressio n

problems. That is one ofthe goals ofthe work carried out in this dissertation.

The approach to regression analysis fo llowed in this thesis is usuallyknown as tree-

based regression . The regressio n models obtained wit h this methodologycan be

represented in the for mofa tree. This tree consists ofa hierarchy o fnodes, starting with a

top node known as the root node . Each node ofthe tree contains logical tests on the

predictor var iables, with the except ion ofthe bottomnodes ofthe hierarchy. These latter

are usuallyknown as the leaves ofthe tree. The leaves contain the predictions ofthe tree-

based model. Each path fromthe root node to a leaf can be seen as a conjunction o flogical

tests on the predictor var iables. These conjunct ions are logical representations of^sub-

areas~ ofthe overallregressio n sur face being approximated. For each ofthese localareas

different values ofthe goalvar iable can be predicted. Although the formofthe logicaltests

imposes so me restrict ions on the type oflocalareas that can be represented, the number of

local areas and their ^size~ is not pre-defined. Because o fthis regressio n trees are able to

represent a wide range ofregressio n sur faces through a flexible co mposit ion ofsmaller

1.1 O BJECTIVES 23

sur faces. The main features oftree-based regression are its wide range of applicability , low

computation time and its comprehensibility due to the use ofa symbo lic representation of

the regression sur face. These models are studied in severalresearch fields like social

sciences, statist ics, engineer ing and artificial intelligence.

Most exist ing methods ofgrowing a regression tree tryto minimise the mean squared

error ofthe result ing model. This method has important computationaladvantages

stemming fro mthe mathemat ics behind this cr iter ion. However, mean squared error is

known to be quite sensit ive to outliers ( i.e. data points that diverge a lot fromthe bulk of

data). These data items may distort the mean squared error statist ic possiblyleading to

wrong decisio ns in the process ofgrowing a tree. We see this as an opportunit yfor

consider ing other growth criteria that do not suffer fro mthis effect.

As we have ment ioned, comprehensibilit yis one ofthe main advantages ofregressio n

trees. However, as these models do not assume any fixed formo fthe regression sur face,

theycan easily overfit the given training sample , by generat ing too manylocal areas to

approximate the unknown sur face. This leads to models that are unnecessar ilylarge wit h

consequences in terms ofcomprehensibilit y. Moreover, overfitt ing may also cause lower

predictive accuracy , particular lywith unreliable data ( i.e. noisy data). Pruning is the usual

method ofavo iding over fitting in regression trees. Pruning is usually regarded as a search

through the space ofall possible pruned trees ofan over lylarge tree that overfits the

training data. Current approaches to this search problemuse methods relying either on

estimates of the true prediction error ofthe trees ( e.g. Breiman et al. , 1984) or other

cr iteria like minimising the binary description length ofthe tree model(Robnik-Sikonja &

Kononenko, 1998).

The non-parametric features ofregression trees usually lead to compet it ive predict ive

accuracyin a large set ofdomains. However, regression trees can be seen as fitting

constants in a set ofpartitions ofthe input space (the mult idimensio nalspace defined by

the predictor variables). As we have ment ioned, a regression tree is a logic representation

ofthis set ofpartitions. In each ofthese regions ofthe input space regression trees assume

C HAPTER

1 . I NTRODUCTION 24

that the unknown regressio n funct ion takes a constant value. This leads to a highly non-

smooth set of local regions , that all together formthe regressio n sur face approximat ion

provided by a regressio n tree. In this thesis we explore the possibilit yo fintroducing a

further levelo fdetail wit hin these partit ions by using smother models wit hin each leafo f

the trees.

1 . 1 O b j e c t i v e s

The main object ive ofthis thesis is to studydifferent aspects oftree-based regressio n with

the aimo fimproving the accuracy ofthese models, while trying to retain their main

features concerning applicabilit y, processing time and co mprehensibilit yo fthe models.

Our studyis focused on der iving trees fro m large sets ofdata and thus we are particular ly

concerned wit h methods that are sufficient lyefficient. We start our studyby explor ing

computationallyefficient methods ofgrowing regressio n trees using two different error

cr iteria. We improve the computational efficiency o fthe method ofgrowing least squares

regression trees, and we consider the alternat ive ofgrowing trees that minimise the mean

abso lute deviat ion. This latter methodologyaims at overcoming difficult ies wit h data

outliers. We then address the important question ofavo iding over fitt ing ofthe training data

with the object ive ofproviding a better compromise between accuracyand size ofthe

models. Finally, we descr ibe a new type o fmodels, called localregression trees, that

per mit to attain higher accuracythan exist ing approaches to tree-based regressio n, through

the use ofsmoother models in their leaves. Throughout this thesis we have extensively

compared our proposals wit h exist ing methods. These compar isons were carr ied out using

severaldata sets and different training sample sizes.

1 . 2 M a i n C o n t r i b u t i o n s

This dissertation presents a thorough studyoftree-based regressio n models. The studyis

divided in three main parts. The fir st addresses the generat ion oftree models. We review

1.2 M AIN C ONTRIBUTIONS 25

severalexist ing techniques ofgrowing least squares (LS) and least abso lute deviat ion

(LAD) regressio n trees. We descr ibe new algorithms for inducing LAD trees that increase

the efficiency o fthis task. We present a theoretical studyconcerning the possibilit yo f

extending a theoremdescr ibed byBreiman et al. (1984), to LAD trees. This extension is

relevant because the results ofthe theoremsignificant lyimprove the computational

efficiencyo ffinding the best discrete split for a tree node. We also descr ibe an

exper imentalco mpar ison between LS and LAD regression trees. This co mpar ison shows

that these two methodologies have different applicat ion goals. While LS trees tryto

minimise the square error ofthe tree result ing in a model wit h lower probabilit yo f

committ ing large predict ion errors, LAD trees minimise the average abso lute deviation,

which leads to models that on average tend to be more accurate but may occasio nally

commit larger predict ion errors.

The second part ofthis thesis addresses over fitting avo idance wit hin regression trees.

We review the major exist ing pruning techniques and then focus our studyon pruning by

tree select ion. We descr ibe two new methods ofexplor ing the large space o fpruned trees

that entailaccuracyadvantages when co mpared to exist ing approaches. We present a new

method ofusing Cross Validat ion est imates, which extends their applicabilit y in the

context ofpruning bytree selection. We extend the use of m estimators (Cestnik, 1990)

within regressio n trees. We descr ibe an m estimator ofthe Mean Abso lute Deviat ion that

allows using this method with LAD trees. We also der ive an expressio n ofthe standard

error of m estimates, which allows using the 1-SE rule (Breiman et al. ,1984) during

pruning, with large advantages in terms oftree size. Finally, we present a new error

estimator ( ChiEst ) for LS trees based on the sampling distr ibut ion properties ofthe mean

squared error, that provides ver y co mpet itive accuracywit h low computation costs.

We have carr ied out an extensive empir ical co mpar ison ofdifferent methods of

pruning by tree select ion. We have concluded that selection based on error estimates

obtained eit her with Cross Validat ion or our ChiEst method are the best ways to achieve

higher accuracyin a large set ofbenchmark domains. However, we have also observed that

C HAPTER

1 . I NTRODUCTION 26

these methods entail so me costs in terms ofaverage tree size. Wit h respect to computation

time our ChiEst method achieved significant advantages when co mpared to other exist ing

pruning algor ithms.

We have also compared our pruning proposals with three state-of-the-art pruning

algor ithms. We have obser ved significant accuracyadvantages ofour methods at the cost

ofsome tree size, particular lywhen co mpared to CART (Breiman et al. ,1984) and CORE

(Robnik-Sikonja & Kononenko,1998) pruning algor ithms.

Regarding localregressio n trees we describe three var iants ofthese models: kernel

trees; partiallinear trees; and locallinear trees. We have confir med our hypothesis

concerning the increased predict ive accuracy ofthese models when co mpared to standard

regression trees. However, we have also obser ved that this advantage comes at the cost of

larger computational requirements and loss o fsome o fcomprehensibilit y ofthe models.

We also show that localregressio n trees can be seen as a means to overcome so me ofthe

limitations ofthe local models we have integrated in their leaves. In effect, the focusing

effect provided by local regressio n trees is largely benefic ialin terms ofcomputation time

when co mpared to the use oflocal models per see. Finally, in an empir icalco mpar ison

with three ofthe most well-known exist ing regressio n methodologies, we have obser ved

that partial linear trees are among the most competit ive in ter ms ofpredictive accuracy.

1 . 3 O r g a n i s a t i o n o f t h e T h e s i s

This dissertation is organised as fo llows. Chapter 2 presents an overview o fthe exist ing

work on lear ning by examples wit hin the propositionalframework. This descr ipt ion is

particular ly focused on regressio n methods. We provide an overview o fthe major

regression techniques used in the research fields o fstatist ics, neural networks and machine

lear ning.

Chapter 3 presents two methods ofgrowing regressio n trees. The first is the method of

growing a tree byminimising the mean squared error ofthe result ing model. We discuss

1.3 O RGANISATION OFTHE T HESIS 27

severalco mputational issues ofthis methodologyand present some algor ithms that

improve its efficiency. We then address the quest ion ofgrowing regressio n trees bytrying

to minimise the mean abso lute deviation. We present severalalgor ithms for growing this

type oftrees and discuss its computationaldifficulties. We also provide severaltechniques

that allow a large computational speed-up ofthe task ofgrowing these trees.

Chapter 4 addresses one ofthe most important aspects oftree-based regressio n:

overfitt ing avo idance. We fo llow the method ofpruning by selecting fro ma set of

previously generated pruned trees. We descr ibe two new algor ithms for generating these

pruned trees. We studyseveralalternat ive ways o fevaluat ing tree models and apply them

in the context ofpruning bytree selection. We show the results ofan empir icalco mpar ison

between different methods ofpruning bytree selection. Finally, we co mpare our pruning

proposals with three ofthe most successfulexist ing pruning algor ithms.

In chapter 5 we describe a new type oftree-based regressio n models, named local

regression trees. These models integrate regression trees with local modelling techniques.

The integration is carr ied out using local models in the leaves ofregressio n trees. We

descr ibe three var iants oflocalregression trees: kerneltrees; partiallinear trees; and local

linear trees. We carryout a series ofexper iments designed with the goaloffinding out the

advantages and disadvantages oflocalregression trees.

We also include a ser ies ofAnnexes that provide further details on the work carried

out in the thesis. Annex A descr ibes the materialand methods used in the exper imental

parts ofthe thesis. This annex also includes details concer ning the for mofpresent ing

exper imentalresults used throughout the thesis. Annex B presents the fulltables ofresults

ofseveralexper iments carr ied out in thesis that were not included in the main text for

clar it yreasons.

C h a p t e r 2

I n d u c t i v e L e a r n i n g

This chapter presents an overview ofthe research in inductive lear ning. We br iefly

descr ibe the var ious aspects ofthis scient ific field and present some examples of

applicat ions. We then focus on a particular lear ning task usuallyknown as regression,

which is the main topic ofthis thesis. We present an overview ofthe exist ing approaches to

this problem wit hin Machine Lear ning as wellas other research fields.

2 . 1 I n t r o d u c t i o n

Var ious definit io ns ofmachine lear ning appear in the field literature. Simo n (1983) defined

it as ^ changes in the system that are adaptive in the sense that they enable the system to do

the same task or tasks drawn from the same population more efficiently and more

effectively the next time ~. Langley (1996) defined lear ning as ^ the improvement of

performance in some environment through the acquisition of knowledge resulting from

experience in that environment ~. Finally, Mitchell(1997) presented a more operational

definit ion bysaying that ^ a computer program is said to learn from experience E with

respect to some class of tasks T and performance measure P, if its performance at tasks in

T, as measured by P, improves with experience E ~. There are several important notions

C HAPTER

2 . I NDUCTIVE L EARNING 30

commo n to these definit ions. Fir st ofall, there is the notion ofadaptation result ing fro m

new exper ience. Also relevant is the demand that this adaptation should lead to an

improvement ofthe systemper formance in other tasks ofthe same kind.

Michalski(1994) has presented a formal descr ipt ion ofthe lear ning task. This author

descr ibed the Inferent ialT heor yofLear ning (ITL) that looks at learning asa search

through a knowledge space. This search consists ofa ser ies of knowledge transmutations to

achieve a certain learning goal. According to this author, ITL ^ strives to characterise

logical capabilities of learning systems �by addressing issues like what types of

knowledge transformations occur�, what is the validity of knowledge obtained�, howis

prior knowledge used�, what knowledge can be derived from the given input and the prior

knowledge� ~. These aims dist inguish ITL fro mthe ComputationalLear ning Theor y

(COLT), which focuses on the computational complexity and convergence ofthe lear ning

algor ithms. The knowledge space is defined bythe knowledge representation language

used to describe the inputs, the background knowledge and the outputs ofthe lear ning

system. The search carr ied out bythe lear ner can be seen as a ser ies ofinferences fromthe

given knowledge. Michalski(1994) descr ibes three different types ofinference strategies -

deduction, induct ion and analogy. While most exist ing learning systems use onlyone t ype

ofinference strategy, systems exist that are able to performknowledge transmutations o f

different type.

Let us consider the fo llowing logicalentailment,

C = B È G ( 2 . 1 )

where,

G is a set ofpremises;

B is the learner ´s background knowledge;

and C is a set ofconsequences.

Fromthe perspect ive ofthis inference equat ion, deduction is a knowledge transmutation

step that derives C fromthe premises G and the background knowledge B. This step is said

to be truth-preserving as C is a logical consequence of G È B. Examples ofsystems that

2.1 I NTRODUCTION 31

use this t ype oftruth-preserving inferences can be found in Mitchell et al. (1983) and

DeJong & Mooney(1986).

Inductive inference , on the other hand, consists ofhypothesising the premises G , given

C and B. This induct ive step should ensure that G together with B entails C. Moreover, this

is a fals it y-preserving knowledge transmutation because if C is false, then G should also be

false. Analogy or ^similar it y- based~ inference can be seen as a combinat ion ofinduct ive

and deduct ive inference (see for instance, Winston,1980; Carbonell,1986). In this for mof

inference, an inductive step is made byhypothesising that a new ^term~ is similar to an

exist ing ^ter m~. Then based on this similar it ywe ma ydeduce new knowledge using

deductive steps that were ^applicable~ to the first term.

Another important distinct ion made byMichalski(1994) in his framework, is between

conclusive ( sound , strong ) and contingent ( plausible , weak ) inference. Conclusive

inferences assume the standard logical entailment used in Equation 2 . 1 , while contingent

inferences use a weaker for mofentailment that states that the consequent is only a

plausible or probabilistic consequence ofthe premises ( i.e. C»BÈG ). The work

presented in this thesis can be seen as a formo f contingent inductive inference .

Induct ive inferences are used in severallearning tasks. For instance, in clustering 1 one

uses inductive reasoning to tryto formgroups ofobservations that are somehow

interrelated. In conceptual clustering (Michalski& Stepp, 1983; Fisher,1987), the learner

tries to discover concepts bygrouping the obser vatio ns in a ^meaningful~ way. Another

lear ning task using induct ive inference is discovery , where the goalis to obtain ^numer ic

laws~ that explain the given obser vat ions ofso me pheno menon (Lenat, 1970; Langley et.

al. , 1986). As the lear ner is not given any guidance regarding which concepts or laws are

valid in the domain, cluster ing is also known as unsupervised learning .

In supervised learning tasks the learner is given a set of examples (or training cases )

ofsome concept . The lear ning task consists ofusing induct ive inference to obtain a

1 In statistics thismethodologyis sometimes referred as classification, which leads to some confusion

because this word is used with another meaning within machinelearning.

C HAPTER

2 . I NDUCTIVE L EARNING 32

hypothesis (a modelofthe concept) that entails these observations. Usually people

dist inguish two different types ofsupervised learning tasks: classificat ion and regressio n.

In the case of classification tasks 2 the given examples have an attached label that indicates

their concept membership. For instance, we maybe interested in lear ning the concept of

heart disease. A medicalexpert (the teacher) could provide our lear ning systemwit h

examples ofpatients with no heart problems as well as examples ofheart diseases. In this

example the learning goalis to obtain a modelthat is able to capture the main ^features~ of

each type ofheart disease. In regression tasks the ^labels~ attached to each example are

numbers. The examples can be seen as instances ofan unknown cont inuous function. The

goalofthe induct ive systemis to learn a generaldescr ipt ion (or model) ofthis funct ion.

For instance, in a banking institution there is usually a department responsible for

quant ifying the risk ofthe loan requested bya customer based on a ser ies ofindicators.

The historical records ofthese experts´ decisio ns can be used as a basis for inducing a

general modelo floan r isk assessment. The task ofinducing regressio n models based on

examples is the main topic addressed in this thesis. In the remaining ofthis chapter we will

br iefly descr ibe the generaltask ofsupervised learning and then concentrate on the

particular case ofregressio n.

2 . 2 S u p e r v i s e d L e a r n i n g

In a supervised lear ning task the lear ner is given a set ofobser vat ions (examples, training

cases) ofso me pheno menon that are pre-labelled by a do main expert (the teacher). The

lear ning goalconsists ofusing these labelled observat ions together with so me background

knowledge, to obtain a modelofthis pheno menon. In the particular case oflear ning

systems using inductive inference, this modelcan be seen as a generalisat ion o fthe

observat ions.

2 In statistics thistask isusuallyknown as discrimination.

2.2 S UPERVISED L EARNING 33

As it was mentioned before the representation language used to describe the cases, the

background knowledge and the obtained modelis an important design decisio n, as it

determines the knowledge space ofthe learning task. The cho ice ofthis language is

another factor that further dist inguishes the exist ing research in super vised lear ning. The

standard approach uses a proposit ionallanguage where each case is descr ibed by a fixed

set of attributes 3 . An alternat ive is to use more powerfulrepresentation languages that

enco mpass a larger set oflear nable problems. Induct ive logic programming (ILP) is a

recent research field (Muggleton, 1992; Muggleton & De Raedt, 1994; Lavrac &

Dzeroski,1994) that uses a subset offirst-order logic as representation language 4 .

The work presented in this thesis belo ngs to the area ofproposit ionalsupervised

lear ning. In proposit ionallearning each training case is descr ibed bya set of a attributes,

X 1 , X 2 , �, X a . Each attribute X i has an associated domain , c

i . Boolean or binary attributes

have as domain the two logicalconstants ( e.g. c

payed

= {TRUE, FALSE}). Nominal

attributes have as domain a finite set oflabels ( e.g. c

color

= {red, white, blue}). Numeric

attributes can take realor integer values. Ordinal attributes take values froma finite set of

ordered labels ( e.g. c

size

={small, medium, large}). Some learning systems are also able to

use structured attributes ( e.g. Almuallim et al. ,1995) were the domain is defined bya

hierarchicaltaxono my.

In supervised learning each case has an associated label y Î g that represents the

concept membership ofthe case. We can see a training case as a pair y,x Î c ´ g ,

where c = c

1 ´ � ´ c

a , and x is a vector ofthe values ofthe case related to the given

attributes X 1 , �, X a . It is the expert´s responsibility to decide which attributes to include in

the descr ipt ion ofa case. We can define a training set as,

3 Also known as features or input variables .

4 Although it maybe said that manyof the ideas within ILP trace back to earlier work as mentioned in an

historical account presented in Sammut (1993). Work on learning relational concept descriptions was

investigated by Banerji (1964) and Winston (1970), andmost of the theoretical aspects of ILP are based on

the work of Plotkin (1970,1971).

C HAPTER

2 . I NDUCTIVE L EARNING 34

{ } n

i i i y D

1

,

=

= x ( 2 . 2 )

where,

n is the number ofexamples given to the system;

x i is a vector containing the values o fthe case i , relat ive to the attributes X 1 , X 2 , �,

X a ;

and y i is the label given by the expert to the case i .

As ment ioned before there are two types ofsuper vised lear ning tasks, classificat ion and

regression. The main difference ofthese two tasks is on the domain o fthe labels ofthe

cases ( i.e. g ). In classificat ion g consists ofa finite set oflabels ( i.e. Y is a no minal

var iable), whereas in regressio n Y can take realor integer values ( i.e. g =

� or g =

² ).

Lear ning systems using inductive inference proceed byper for ming a ser ies of

knowledge transmutations to the given training set, in order to obtain a generalisat ion of

the cases (a modelofthe concept under study). Other supervised lear ners exist that either

use other inference mechanisms or even limit themselves to storing the cases ( e.g.

instance-based lear ners; Aha et al. ,1991). Depending on the type ofknowledge

transmutations carr ied out bythe learner we can obtain different types ofconcept

descr ipt ions (or models). In the particular case oflearner s using induct ive inference several

alternat ives exist within the lit erature. Tree-based learners ( e.g. Breiman et al. ,1984;

Quinlan, 1986; Cestnik et al. , 1987) induce concept descr ipt ions that have the for mofa

tree hierarchy where each inner node is a test on a attribute and the leaves the predict ions

ofthe model. These models are also known as decisio n (or classification) trees in the case

ofclassificat ion tasks, and regressio n trees for regression do mains. Rule-based learners

( e.g. Michalski, 1983; Michalski et al. ,1986; Clark & Nibblet, 1989) obtain a set of IF-

THEN rules, where the conditionalis a conjunct ion oflogical tests on the attributes and the

conclusio n is the predicted label. Decision graphs (Oliver, 1993; Kohavi, 1995; Oliveira &

Sangio vanni-Vincentelli, 1996) were introduced as a kind o fgeneralisation o fdecisio n

trees to overcome so me o ftheir problems like replicat ion and fragmentation (Kohavi,

1995). Neural networks ( e.g. McClelland & Rumelhart, 1981; Rumelhart et al. ,1986)

obtain a ser ies ofweights for the connections in a network ofcomput ing units. Statistical

2.2 S UPERVISED L EARNING 35

approaches t ypicallyobtain models with a funct ional for m, like linear discr iminants

(Fisher, 1936), generalised addit ive models (Hast ie & Tibshir ani, 1990), or regression

splines (Fr iedman, 1991).

Example 2 . 1 illustrates a typicalsuper vised learning task (in this case a classificat ion

task), and presents two examples o fmodels obtained wit h different inductive lear ners

using the same training data.

E XAMPLE

2 . 1

Suppose that a banking inst itution has 1000 records ofpast credit requests ofits customer s.

For each request infor mat ion was stored about 20 different customer ^character ist ics~:

Statusof existing account : < 0 ; 0 and 200; 200 and 500; etc.

Duration (in months)

Credit history: no credits; all creditspaid back duly; etc.

Purpose : newcar; used car; furniture; etc.

Present employment: employed ; unemployed; since less than 1 year; etc.

Personal statusand sex : divorced male; married male; etc.

Guarantors : none; co-applicant; guarantor

Age (in years)

Etc.

The institution classified each ofthese past cases as successfulor unsuccessful, depending

on whether the client was able to attain his co mpromises wit h the banking inst itution. The

goalofthis inst itution is to obtain a modelusing these past observat ions to help themin the

task ofdeciding whether or not to concede new credit requests. Giving this data set to a

typical decisio n tree lear ner we could obtain the following model:

Statusof Checking Account

Foreign Worker

Credit Amount

Duration (months)

Savings

No Credit

> 200 or no Account

< 0

Bet ween 0 and 200

No Credit yes

<= 11 > 11

> 9855

Give Credit no <= 9855

C HAPTER

2 . I NDUCTIVE L EARNING 36

This tree-based modelcontains a ser ies ofcondit ions on certain input var iables that lead to

the conclusio ns. This modelcan be used to make predict ions for a new case byanswer ing

the questions fo llowing the path fromthe root ofthe tree (the top node) to a leafnode

(squared boxes). This leafnode contains the predict ion ofthe tree-based model.

Similar ly, we could give this data set to a typicalrule learner and obtain a set ofrules like

for instance:

IF Statusof existing Checking Account = no account

AND Employed since = between 4 and 7 years

AND Age > 22.5

AND Instalm ent plans= none

THEN No Credit

IF Duration > 8.5

AND Savings account >= 1000

AND Number of creditson this bank < 1.5

THEN No Credit

IF Credit Amount between 451 and 597

THEN No Credit

IF Credit Amount between 713 and 1118

AND Instalment plans= bank

THEN Give Credit

IF Statusof existing Checking Account < 0

AND Duration > 11

AND Purpose = domestic appliances

THEN Give Credit

Etc.

¨

The type oftarget models is usually known as the hypothesis space bias within machine

lear ning. The hypothesis space consists ofallpossible models within the selected model

descr ipt ion language. Inducing a concept descript ion based on the training data can be seen

as a search problemwit hin this hypothesis space (Mitchell, 1982). This search is guided by

some preference bias that imposes an ordering among the hypothesis.

Under lying supervised learning is always the notion of prediction . The result ofthe

lear ning process should allow making predict ions for future observat ions ofthe same

2.2 S UPERVISED L EARNING 37

concept. This means that we can look at the output ofa supervised lear ner as a funct ion (or

model) that is able to map an unlabelled case (or testing case ) to a label, i.e.

¦ D : c ® g ( 2 . 3 )

Thus, it does not come as a surpr ise that most learning systems include predictive

performance as part oftheir search bias. This means that the induct ive knowledge

transmutations are so mehow biased towardsmodels that ensure better predict ive

perfor mance on future test cases. However, in many do mains it may be advantageous to

trade-offso me predict ive accuracy for simplicit y(Bohanec & Bratko, 1994). Because of

this, many lear ning systems also include simplicit y as part oftheir search bias. This means

that a keyissue in anysuper vised lear ner is to select the search bias that better suits the

lear ning goals. This search bias will allow the learner to choose between the possible

models wit hin the hypothesis space.

Finally, another important aspect ofa supervised learner is the type ofknowledge

transmutation operators used to ^move~ through the space ofhypothesis. In effect, within

each type ofinference strategyseveralalter nat ive search operators exist (Michalski, 1994).

Decisio n trees, for instance, per forma generalto specific search 5 , which is also the case of

some rule learners like AQ11 (Michalski& Chilausky, 1980) and CN2 (Clark & Niblett,

1989). These systems start with ver y generalconcept descript ions and proceed by

specialising themas a for mof^motion~ through the space ofhypothesis. Other systems

perfor ma specific to generalsearch like for instance Go lem(Muggleton & Feng, 1990).

There are also cases ofsystems that use a bi-direct ional search procedure like RISE

(Domingos, 1994; Domingos, 1996) or YAILS (Torgo, 1992, 1993a). These systems have

generalisation and specialisat ion operators that allow themto move in both directions of

the search space.

In summar y we can saythat there are three main issues character ising each super vised

lear ning system:

5 That is the reason whysome authors use the name Top-Down Induction of Decision Trees (TDIDT).

C HAPTER

2 . I NDUCTIVE L EARNING 38

· The knowledge representation language.

- For the training cases, the background knowledge and the target model.

· The inference strategyofthe lear ner.

- The type(s) ofstrategy( ies), and the used search operators.

· The search bias used bythe lear ner.

- The funct ion that evaluates the different knowledge states within the search for the

target model.

2 . 3 R e g r e s s i o n P r o b l e m s

Mult ivar iate regression analysis is an o ld problemthat according to Draper and Smit h

(1980) traces back to the work ofSir Francis Galton (1822-1911), a British anthropologist

and meteorologist. Regression analys is can be looselydefined as the application o f

methods that invest igate the relat ionship between a dependent (or response) var iable and a

set ofindependent (or predictor) var iables. This studyis usually based on a sample of

measurements made on a set ofobjects. This descript io n has a perfect matching wit h the

framework ofsupervised learning presented in Sect ion 2.2 .

In Example 2 . 2 we describe a simple regressio n task, together with a possible model

obtained wit h a regression tree lear ner.

E XAMPLE

2 . 2

Harrison and Rubinfeld (1978) descr ibed an interesting regressio n applicat ion where they

tried to predict the housing values in areas o fBostonusing other var iables. Their goalwas

to check ifthere was any effect ofair pollut ion concentration (NOX) on these values. The

data theyhave collected consisted of506 obser vat ions each descr ibed bythe fo llowing

var iables:

MV (target variable) : median value of homes in thousands of dollars.

CRIM : crime rate

ZN : percent of land zoned for lots

INDUS : percent of non-retail business

CHAS : 1 if on Charles River, 0 otherwise

NOX : nitrogen oxide concentration in pphm

2.3 R EGRESSION P ROBLEMS 39

RM : average number of rooms

AGE : percent built before 1940

DIS : weighed distance to employment centers

RAD : accessibilityto radial highways

TAX : taxrate

P/T : pupil/teacher ratio

B : percent black

LSTAT : percent low-status population

Using the 506 cases we can obtain a regression modelthat tries to capture the dependence

ofthe housing values on the other var iables. This modelwill not onlyser ve as a predict ion

toolfor future cases, but willalso enr ich our knowledge about the relations between the

var iables. I fwe decided to use a regression tree learner we could obtain the fo llowing tree-

based model:

This graphical representation ofa regressio n tree has two types ofnodes. Rounded nodes

represent tests on input var iables, while the squared boxes are the leaves ofthe tree and

represent predictions ofthe target var iable. A predict ion using this modelcan be obtained

by^dropping~ the test case down the tree, following the correct branches according to the

RM £ 6.94

LSTAT £ 14.4

RM £ 7.44

NOX £ 0.66

B £ 361.9

DIS £ 1.89

DIS £ 1.38 MV=14.9 ± 0.6

MV=14.40 ± 4.3

MV=45.58 ± 8.8

MV=22.91 ± 0.4

MV=45.65 ± 8.7 MV=32.75 ± 1.1

MV=21.90 ± 0.2 MV=45.90 ± 1.6 true

true true

true

true true true

false false false false

false

false false

C HAPTER

2 . I NDUCTIVE L EARNING 40

outcome ofthe tests on the input var iables. The leaf that is reached has the corresponding

predict ion.

¨

This example illustrates a typicalregressio n task. However, there are problems where there

is more than one target variable. For instance, a recent internat ional compet it ion 6 proposed

a regression task where the compet itors should predict for each test case the value ofseven

different target var iables. Some lear ning systems are also able to dealwith these lear ning

tasks. Among these we can ment ion artificialneuralnetworks that can easilyhandle

problems with more than one output variable. Within the ILP communit ythere has also

been so me attention to the issue ofmult iple concept lear ning (De Raedt et al. ,1993).

Another interesting example ofdealing with regression problems with mult iple response

var iables can also be found in Breiman and Fr iedman (1995). In this thesis we onlyfocus

on problems wit h one response var iable, which is often encountered in practice. Still, when

facing such type ofproblems one can always fo llow the strategyoftaking themas several

different regression tasks. In effect, we have proceeded that wayin the above-ment ioned

compet it ion, and the solut ion obtained with the toolimplement ing the ideas descr ibed in

this thesis (RT) was announced as one ofthe runner-up winners o fthe compet it ion.

2.3.1 A Formalisation of Regression Problems

The task ofa regressio n method is to obtain a modelbased on a sample o fobjects

belo nging to an unknown regressio n funct ion. This sample (the training set) consists of

pairs ofthe for m i i y , x where x i is a vector ofthe values ofthe attributes (predictor

var iables) and y i is the respect ive value ofthe response (output).

In the context ofregressio n analysis, matrix notation is often used as it simplifies some

for mulat ions. We will adopt this notation when presenting exist ing regressio n methods. Let

6 The 3 rd International ERUDIT competition (http://www.erudit.de/erudit/activities/ic-99/).

2.3 R EGRESSION P ROBLEMS 41

X be the input matr ix whose i -th row is the input vector x i . Ifthere are n vectors, X is a

matr ix wit h dimensio n n ´ a , where a is the number ofattributes. We will co llect the target

values ofthe input vectors in a n ´ 1 matr ix, Y . We can also represent a data set D as a n ´

( a +1) matrix D .

We can look at a regression learning system as a funct ion that maps a data set D into a

regression modelthat we will denote as r D (.). A regression model is also a funct ion that

maps an input vector x i Î c into a realnumber y Î g . Regression analysis is mainly

concerned wit h est imat ing or predict ing the mean value ofthe dependent var iable Y based

onthe values ofthe independent var iable(s) X i ,

( )

E Y X X a 1 , . . . , ( 2 . 4 )

where

E (.) denotes statist icalexpectation.

As the true under lying regression funct ion is usually unknown the estimates are based on a

sample ofthis funct ion (the training set).

The regressio n relat ionship between the attributes and the target var iable that is

usually assumed is descr ibed by,

y i = r ( b , x i ) + e i ( 2 . 5 )

where,

r ( b , x ) is a regressio n modelon the input var iables { } X i i a

= 1 with parameters b ;

and e i are observat ion errors.

The main goalofa regressio n method is to search for the ^best~ modelparameters b

according to a selected preference cr iter ion. As it was ment ioned in sect ion 2.2 , this search

bias can include both the estimated predict ion error ( i.e. perfor mance on future test cases),

and the simplicit y ofthe model. However, it should be ment ioned that most existing

regression tools onlyuse predict ion error to guide the search for the best modelparameters.

The fo llowing sect ion presents several measures ofthe error ofregressio n models that can

be used to estimate their predict ive power.

C HAPTER

2 . I NDUCTIVE L EARNING 42

2.3.2 Measuring the Accuracy of Regression Models

In order to obtain an est imate ofthe predict ive per for mance o fa modelwe can use it to

predict the label ofa set ofcases. In the case ofregressio n models we can use themto

obtain numer ic predictions ofthe target var iable. This evaluat ion is possible if we know

the true value ofthe labelo fthese cases. Using this true value we can compare it to the

modelpredict ion and thus quant ifyits per for mance. As the target var iable o fregressio n

problems is numer ic, the exist ing error measures revolve around the difference between the

predicted and true values ofthis var iable.

Mean Abso lute Deviation (MAD) is an error measure that quantifies the error ofa

modelby averaging the abso lute deviat ions ofits predict ions, i.e.

( ) ( ) å

=

- = n

i i i r y

n r MAD

1

, 1 x b ( 2 . 6 )

where,

{ } n

i i i y

1

,

= x is a data set ;

and r ( b , x i ) is the predict ion ofthe regression modelwe want to evaluate for the

case i i y , x .

For reasons having to do with ease ofco mputations when trying to find a modelwit h

minimumerror, the measure that is classically used in regressio n analys is is the Mean

Squared Error (MSE), given by

( ) ( ) ( ) 2

1

,

1 å

=

- = n

i i i r y

n r MSE xb ( 2 . 7 )

Using this error measure as the minimisat ion cr iterio n for obtaining the parameters ofour

modelwe have what tradit ionally is called Least Squares Regression methods.

Another common error measure is the Relat ive Mean Squared Error ( RMSE ) that is

given by,

2.3 R EGRESSION P ROBLEMS 43

( ) ( )

( ) ( )

( )

( ) y MSE r MSE y y

n r y

n r RMSE n

i i n

i i i

=

÷

÷

ø ö

ç ç

è æ

- ÷

÷

ø ö

ç ç

è æ

- = å å

= =

2

1

2

1

1 , 1 x b

( 2 . 8 )

where,

y is the average Y value o fthe sample.

This measure gives a relat ive value ofthe fitting error. A value between zero and one

indicates that r is doing better than just predict ing the average Y value.

2.3.2.1 Biased versus Unbiased Error Estimates

Most ofexist ing regressio n methods assume so me for mo fregressio n modeland search for

the modelparameters that minimise the chosen error criter ion. The equations presented in

the previous sect ion must be seen as statist ical est imators ofthe true error ofour regression

model. As statist ics theyare based on samples ofa populat ion. We would like to have

estimates that provide a precise value ofthe predict ive per for mance ofour modelin future

samples ofthe same population. Estimates obtained wit h the same data used to induce the

modelparameters are known to be unreliable (or biased). As an extreme example consider

the 1-nearest neighbour algorithm(Cover & Hart, 1967). This classifier predicts the class

label ofa new case wit h the labelo fthe most similar training case. Ifwe use the same

training data to evaluate this classifier this leads to an error rate ofzero, which most surely

is an over-optimist ic measure ofthe true error ofthis classifier on unseen cases.

Obtaining reliable est imates ofthe true error ofa modelis important in many respects.

Fir st ofall, it enables to estimate its future accuracyon new data. Reliable est imates are

also important for modelselect ion. Many lear ning systems tryto generate several

alternat ive models and choose what appears to be the best among them. Decisio n trees, for

instance, maygenerate a set ofpruned trees and use reliable error estimates to choose the

r ight size one (Breiman et al. ,1984). Reliable error estimates are also important when

C HAPTER

2 . I NDUCTIVE L EARNING 44

combining models (Brazdil & Torgo, 1990) or their predict ions ( e.g. Wolpert,1992;

Breiman,1996).

The predict ion error is most ofthe times the ^dr iving force~ behind the construction of

a regression model. Estimat ing the predict ion error ofa regression modelusing the training

sample leads to what is usuallynamed a resubstitution estimate ofthe error. Using this

type ofest imates with a learning method with a reasonablyr ich hypothesis space will most

surely lead to a modelcaptur ing statist icallyirrelevant features ofthe data ( i.e. a model

that over fits the training data). A modelthat overfits the training data willhardly generalise

over unseen data. These models alt hough providing an almost perfect fit ofthe training

data willper for mpoorly when faced with new data.

There are several approaches to the problemo fobtaining reliable error estimates of

models. Resampling methods proceed byobtaining the est imates with data not used for

inducing the models. Severaltechniques exist to achieve this, like the Holdout

(Highleyman, 1962 7 ), Cross Validation (Mosteller & Wallace, 1963; Stone, 1974),

Bootstrap (Efron,1979; Efron & T ibshirani, 1993), etc . These methods proceed by

obtaining mult iple samples fromthe given training sample.

Bayesian estimation methods (Good, 1965) usually obtain the est imates using so me

for mofco mbinat ion ofthe prior expectation ofthe parameter being est imated and the

observed value. An example ofthese techniques are the m -probabilit yestimates (Cestnik,

1990). These est imates can be seen as a generalisatio n ofthe Laplace´s law ofsuccessio n

(Good, 1965).

Finally, a different approach to the problem ofest imat ing a populat ion parameter

consists ofstudying the sampling distribution properties o four estimates. Suppose that we

are interested in obtaining estimates ofthe mean value ofa var iable. Ifwe obtain several

samples ofsize n we can calculate for each sample the average value ofthe var iable. Each

ofthese averages is an est imate ofthe true populat ion mean value. We can look at these

7 According to Ripley(1996) one of thefirst references on thismethod.

2.4 E XISTING R EGRESSION M ETHODS 45

averages as values ofanother var iable and we can studythe properties o fthe distribut ion of

this new var iable (which is called the sampling distribut ion). In this particular case, it can

be proven that the sampling distr ibution o fthe average is nor malin the limit (known as the

central limit theorem ). Knowing the sampling distribut ion ofour target parameter allows

us to draw important conclusio ns regarding the confidence on any particular estimate.

In Chapter 4 we address in detail the issue ofest imat ing the true error ofregressio n

trees as a means to avoid over fitt ing oftree-based models.

2 . 4 E x i s t i n g R e g r e s s i o n M e t h o d s

This sect ion presents a br iefoverview ofexist ing work on regression. We descr ibe several

different approaches fro mdifferent research fields, all concer ned with the problem of

regression.

2.4.1 Statistical Methods

Regressio n is one ofthe major topics studied in statist ical data analysis. There is an

enor mous amount ofwork on severalapproaches to this problem. We willpresent a brief

overview ofthe major paradigms wit hout descr ibing all the exist ing var iants.

2.4.1.1 Global parametric approaches

Global parametric methods tryto fit a single funct ional modelto allthe given training data.

This imposes a strong assumpt ion on the formo fthe unknown regressio n funct ion, which

may lead to lower accuracyifthat is not the case. However, these approaches usuallyfit

simple functional models that are easily interpreted and have fast computational so lut ions.

A classicalexample ofa global approach is the widelyused linear regression model

that is usuallyobtained using a Least Squares Error Criterion that tries to find the vector

ofparameters that minimises the sumofsquared errors,

C HAPTER

2 . I NDUCTIVE L EARNING 46

( ) ( ) å

=

+ + + - n

i a a i X X y

1

2

1 1 0 ... b b b ( 2 . 9 )

The minimisat ion ofthis equat ion has an elegant and efficient solut ion given by,

( ) Y X X X ¢ ¢ = - 1 ( 2 . 10 )

where,

X ¢ denotes the transpose of X ;

and X -1 the inverse matrix of X .

There are manyvar iants ofthis generalset-up that differ in the waytheydevelop/tune

these models to the data ( e.g. Draper & Smith, 1981).

2.4.1.2 Non-parametric approaches (Local Modelling)

Non-parametric regression 8 belo ngs to a data analytic methodologyusually known as local

modelling (Fan, 1995). The basic idea behind local regressio n consists ofobtaining the

predict ion for a data point x by fitt ing a parametr ic funct ion in the neighbourhood of x .

This means that these methods are ^locallyparametric~ as opposed to the methods

descr ibed in the previous sect ion.

According to Cleveland and Loader (1995) localregressio n traces back to the 19 th

centur y. These authors provide a historical sur vey ofthe work done since then. The

moder n work on local modelling starts in the 1950´s with the kernel methods introduced

within the probabilit y densit y est imat ion setting (Rosenblatt,1956; Parzen,1962) and within

the regression setting (Nadaraya,1964; Watson,1964). Local polynomial regression is a

generalisation o fthis ear lywork on kernelregression. In effect, kernelregressio n amounts

to fitt ing a polyno mial o fdegree zero (a constant) in a neighbourhood. Summar ising, we

can state the generalgoaloflocal regressio n as trying to fit a polyno mial ofdegree p

around a querypoint (or test case) x q using the training data in its neighbourhood. This

8 Also known asnon-parametric smoothing and local regression.

2.4 E XISTING R EGRESSION M ETHODS 47

includes the var ious available settings like ker nelregressio n ( p =0), locallinear regression

( p =1), etc 9 .

Localregressio n is stronglyrelated to the work on instance-based learning ( e.g. Aha et

al. ,1991), within the machine lear ning co mmunit y. Given a case x for which we want to

obtain a predict ion, these methods use the training samples that are ^mo st similar~ to x to

obtain a local modelthat is used to obtain the predict ion. This type ofinduct ive

methodologies do not performany kind ofgeneralisat ion ofthe given data 10 and ^delay

lear ning~ till predict ion time 11 .

Most studies on local modelling are carried out for the case ofone unique input

attribute. Still, the framework is applicable to the mult ivar iate case and has been used with

success in so me do mains (Atkeson et al. ,1997; Moore et al. ,1997). However, several

authors alert for the ^danger~ ofapplying these methods in higher input space dimensio ns 12

(Hardle, 1990; Hast ie & T ibshirani,1990). The problem is that with high number of

attributes the training cases are so sparse that the notion oflocalneighbourhood can hardly

be seen as local. Another drawback oflocal modelling is the complete lack of

interpretabilit y ofthe models. No comprehensible model ofthe training data is obtained.

Wit h so me simulat ion work one may obtain a graphicalpicture ofthe approximat ion

provided by localregressio n models, but this is only possible with low number of

attributes.

9 A further generalisation of thisset-up consists of using polynomial mixing (Cleveland & Loader ,1995),

where p can takenon-integer values.

10 This is not completelytruefor some types of instance-based learners aswe will see later. Nevertheless, it is

true in thecase of local modelling.

11 That isthe reason for also being known aslazylearners(Aha, 1997).

12 The so called ^curse of dimensionality~ ( Bellman, 1961).

C HAPTER

2 . I NDUCTIVE L EARNING 48

2.4.1.3 Additive models

The basic idea ofaddit ive models is to take advantage ofthe fact that a complex regressio n

funct ion may be deco mposable in an addit ive for m, where each const ituent represents a

simple function. Addit ive models consist ofsums ofother lower dimensionalfunct ions.

These models were developed as an answer to the difficult ies oflocal models wit h high

dimensio ns. Comprehensibilit yis another goalofthese methods. Theyshare the

interpretabilit y ofglo ballinear regressio n. As each attribute has an addit ive effect on the

modelpredict ion ofthe target variable Y , theyare said to be addit ive in the attribute effects

(Hastie & T ibshirani,1990). This propertyis intuit ively appealing fro mthe user

perspective. An additive model can be defined by,

( ) ( ) å

=

+ = a

j j j X f r

1 a x ( 2 . 11 )

where,

the ¦ j ´s are univar iate basis functions, one for each attribute.

These models mayalso be generalised to funct ions on more than one attribute as well as to

no minalattributes. Each basis funct ion ¦ j can have any arbitrar yfunct ionalfor m, like for

instance the kernel models that were ment ioned in the previous sect ion. A co mmo n set-up

consists offitting a one-dimensionalker nelto each attribute.

To obtain an addit ive modelwe may use an iterative fitt ing procedure like the

backfitt ing algor ithm(Fr iedman & Stuetzle, 1981).

The main drawback ofthis methodologyis its computational co mplexit y. One has a

potentiallylarge set ofcandidate basis funct ions to choose from, and afterwards one has to

tune the parameters ofeach ofthese basis funct ions (Fr iedman, 1991). Still, there are some

simplificat ions that allow fast algor ithms to be used. An example ofan addit ive modelis a

regression tree (Morgan & Sonquist,1963; Breiman et al. ,1984), which can be efficient ly

obtained wit h a recursive partit ioning algor ithm. Work on tree-based models (either for

classificat ion or regression) also exists in other research fields like pattern recognit ion

2.4 E XISTING R EGRESSION M ETHODS 49

(Swain & Hauska,1977; Dattatreya & Kanal,1985) or machine learning 13 (Hunt et al. ,1966;

Quinlan, 1979; Kononenko et al. ,1984). In Section 2.4.3.1 we brieflydescr ibe the exist ing

work in machine learning.

Another example ofan addit ive modelis projection pursuit regression (Fr iedman &

Stuetzle, 1981). Project ion pursuit provides a modelofthe for m,

( ) å å

= =

÷ ÷

ø ö

ç ç

è æ

= F

i a

j i i j i X f r

1 1

, a x ( 2 . 12 )

These models can be simply descr ibed as addit ive funct ions oflinear combinat ions ofthe

attributes. In a waythese models are related to the work on regression trees with linear

models in the leaves (Breiman & Meisel, 1976; Fr iedman, 1979; Karalic, 1992; Quinlan,

1992).

Adaptive regression splines (Fr iedman,1991) are other addit ive models that can be

seen as a generalisat ion ofregressio n trees introduced to overcome so me oftheir

limitations. Fr iedman (1991) descr ibes these limitat ions in detail and shows how adaptive

regression splines can overcome them. The result ing modelis implemented in system

MARS which provides a regressio n modelofthe for m,

( )

( )

( ) [ ] å Õ

= = +

- + = p

i

K

k i k i k v i k i i t X s c c r

1 1

, , , 0 x ( 2 . 13 )

where,

the ( )

( ) [ ]

+

-

i k i k v i k t X s , , , are two-sided truncated power basis funct ions.

This modelcan be recast into the more intuit ive for mgiven by,

( ) ( ) ( ) ( )

� + + + + = å å å

o n m o n m n m n m m m X X X f X X f X f c r ,, , , , , 0 x ( 2 . 14 )

In this equat ion the fir st sumis over all basis functio ns that involve only a single attribute.

The second sumuses the basis funct ions invo lving two var iables, and so on.

13 An extensive surveyon tree-based models in the context of classification can be found in Murthy(1996).

C HAPTER

2 . I NDUCTIVE L EARNING 50

2.4.2 Artificial Neural Networks

The work on Artificial NeuralNetworks (ANN´s) has a strong bio logical mot ivat ion.

McCulloch and Pitts (1943) proposed the first modelofan art ificial neuron. Since then

many new more complex models have been proposed. The McCulloch-Pitts neural

networks were generalised byRonsenblatt (1958) that introduced the perceptron networks .

This work was then extended by Minskyand Papert (1969). A perceptron is a co mput ing

unit with a threshold (or bias) q that takes a vector of a real-valued inputs with associated

weights, outputting 1 if å

=

³ a

i i i X w

1 q and 0 otherwise. This can be represented in a

graphicalwayby,

X 1

X 2

·

·

· s w 1

w 2

r ( x ) r ( x ) = s ( q + w x )

where,

s (y) =

î í ì >

otherwise 0

0 if 1 y

X a w a

Figure 2 . 1 - A perceptron unit.

Lear ning wit h these units consists offinding the weights associated with each input

attribute. We start with a rando mweight vector, and then apply each training case to the

perceptron modifying the weights when the predictio ns are wrong. Weights are modified

using the fo llowing update rule,

i i i w w w D+

= ( 2 . 15 )

where,

( ) ( )

i i i x r y w x - = D h ;

h is called the lear ning rate;

and r ( x ) is the predict ion ofthe network for the training case x .

Ifthe training cases are linear lyseparable and h is sufficient ly smallthis training algor ithm

is proved to converge (Minsky& Papert,1969). Other lear ning algor ithms exist, like for

2.4 E XISTING R EGRESSION M ETHODS 51

instance linear programming techniques (Mansfield,1991) or the Kar markar´s algor ithm

(Kar makar,1984).

In order to relax the requirement oflinear separabilit y we can use other training rule.

The delta rule (or gradient descendent) can be descr ibed bythe fo llowing,

i i i w w w D+

= ( 2 . 16 )

where,

( ) ( ) å

=

- = D n

i i i i x r y w

1 i x h .

The delta rule with the gradient descent method for searching the weights that minimise the

error ofa neuron, are usually applied to unthresho lded unit s. These units do not output a 0

or 1 like the perceptron. Instead their result is given by the linear product ofthe weights

times the attribute values. This means that while for the perceptron r ( x ) is given by the

for mula presented in Figure 2 . 1 , for the unthresho lded units r ( x ) is equalto the dot product

w.x .

Generally, a single co mput ing unit strongly limit s the kind o f funct ions we can

approximate. Multilayer networks are much more powerfulrepresentations. In general

these consist ofan input layer related to the input attributes, one (or more) hidden layers,

and an output layer. Notice that ANN´s are not restricted to a unique output var iable,

which is one oftheir advantages. The sigmoid unit is the most commo n choice as basic unit

ofmult ilayer networks. Its behaviour is descr ibed by Figure 2 . 2 :

X 1

X 2

·

·

· s w 1

w 2

r ( x ) r ( x ) = s ( q + w x )

where,

( )

y e y

- +

=

1

1 s

X a w a

Figure 2 . 2 - The sigmoid computing unit.

The algor ithmgenerally used to lear n mult ilayer networks ofsigmo id units is

backpropagation . This is probably the most well known neuralnetwork lear ning

C HAPTER

2 . I NDUCTIVE L EARNING 52

algor ithm. Alt hough usually attributed to Rumelhart and colleagues (1986), this algorithm

was, according to Rojas (1996), invented byWer bos (1974, 1994).

A co mmo n set-up for applying ANN´s in regression consists ofusing a 3-layered

network with one hidden layer ( Figure 2 . 3 ). Both the input units and the hidden layer units

are sigmo ids while the output unit is an untresho lded unit.

X 1

X 1

X a

·

·

· ·

·

·

Y

Figure 2 . 3 - A multilayer architecture for regression.

Usuallythere are two main cr it icisms made to artific ial neuralnetworks. The first has to do

with the slow convergence to a solut ion. There are many^tr icks~ that have been proposed

to overcome this problem, but still it is a slow method. This is sometimes greatly improved

with parallel co mputer architectures (or even specialised architectures). The other frequent

cr it icismhas to do with the fact that the solut ions found by the methods are ver ydifficult

to interpret bythe users. In problems were interpretabilit yis a keyfactor ANN´s are clear ly

inadequate. However, there are manyproblems were that is not the case, and successful

applicat ions ofANN´s abound ( e.g. Rumelhart et al. ,1994).

2.4.3 Machine Learning Methods

Machine learning research on supervised induction has traditionally concentrated efforts on

classificat ion problems. Work on regression does not abound. In this sect ion we provide a

br iefover view ofso me except ions.

2.4 E XISTING R EGRESSION M ETHODS 53

2.4.3.1 Propositional Learning Methods

Regression Trees

Tree-based regressio n models were also studied within the machine lear ning co mmunit y.

One ofthe contribut ions ofthe work carried out within this communit y is the possibilit y o f

using different models in the leaves ofthe trees ( e.g. Karalic,1992; Quinlan 1992; Torgo,

1997). Other contributions include different pruning methods like the work conducted in

systems RETIS (Karalic & Cestnik,1991) and CORE (Robnik-Sikonja & Kononenko,

1998). M5 (Quinlan, 1992, 1993) explores the possibilit y ofco mbining the predictions ofa

regression tree with a k -nearest neighbour model. Finally, Robnik-Sikonja and Kononenko

(1997) describe a new method for guiding the select ion ofthe best attribute during the

growthofregressio n trees.

Regression Rules

Weiss and Indurkhya (1993) have developed a system(SWAP1R) that learns regressio n

rules in a proposit ionallanguage. The condit ionalpart ofthe rules consists ofa conjunction

oftests on the input attributes while the conclusio n part contains the associated predict ion

ofthe target var iable value. Originally these predict ions consisted ofthe average Y value of

the cases sat isfying the condit ionalpart, but later the possibilit yo fusing k -nearest

neighbours was added (Weiss & Indurkhya, 1995). This systemhas the particular it yof

dealing wit h regression bytransfor ming it into a classificat ion problem. In effect, the target

values ofthe training cases are pre-processed bygrouping theminto a set ofuser-defined

bins. These bins act as class labels in the subsequent learning phase. This means that the

lear ning algor ithminduces a classificat ion modelofthe data, where the classes are

numbers represent ing the obtained bins 14 . These numbers can then be used to make

numer ic predict ions for unseen cases. This idea oftransfor ming a regressio n probleminto a

14 The authors use the median as therepresentative of each bin toavoid outliers effects.

C HAPTER

2 . I NDUCTIVE L EARNING 54

classificat ion task was taken further in the work ofTorgo and Gama (1997), where a

systemcalled RECLA acts as a gener ic pre-processing toolthat allows virtually any

classificat ion systemto be used in a regression task.

Torgo (1995) has developed a proposit ional regressio n rule lear ner (R 2 ) that also uses

an IF-THEN rule for mat. This algor ithmcan use severaldifferent funct ional models in the

conclusio n ofthe rules 15 . R 2 uses a cover ing algor ithmthat builds new models while there

are uncovered cases to fit. The modelis chosen from the modellattice that includes all

possible regressio n models for the conclusio n part ofthe rules. The result ofthis first step

is a rule wit h empt ycondit ionalpart and the built modelas conclusio n. This rule is then

specialised byadding condit io ns to restrict the modeldomain ofapplicabilit ywit h the goal

ofimproving its fit. This restrict ion is guided by an evaluation funct ion that weighs both

the fitt ing as well as the degree ofcoverage ofthe rule. This means that the systemis

looking for rules wit h good fit but cover ing as many cases as possible.

CUBIST 16 is a recent commercial systemdeveloped byRoss Quinlan. It learns a set of

unordered IF-THEN rules wit h linear models in the conclusio n part. Up to now there is no

published work on CUBIST but fromour exper ience with the system it lookslike it is a

rule-based versio n ofM5 (Quinlan, 1992,1993) 17 . It seems to be a kind ofC4.5rules

(Quinlan, 1993) for M5. The systemis able to dealwith both continuous and no minal

var iables, and obtains a piecewise linear modelo fthe data. CUBIST can also combine the

predict ions ofthis modelwit h k -nearest neighbour predict ions (as M5 does).

15 The actual implementation onlyused averages and linear models, but the system is easilyextendible to

handleother models due to itsalgorithm.

16 More information on this system can be found at theURL, http://www.rulequest.com.

17 Prof. Ross Quinlan has recentlypersonallyconfirmed that although he also mentioned that there was more

of it behind CUBIST than just a simple transformation form trees torules.

2.4 E XISTING R EGRESSION M ETHODS 55

Instance-based Learners

Instance-based learners are similar to the local modelling approaches descr ibed ear lier. In

effect, the basic philo sophybehind these systems is also that ofmaking predictions based

on the most similar training instances. Most ofthe exist ing work simplystores all training

instances wit hout performing anykind ofgeneralisat ion and then uses a distance metr ic to

find the neighbours ofeach test case. These systems are in effect var iants ofthe k -nearest

neighbour method (Fix & Hodges,1951; Cover & Hart,1967). However, other authors have

descr ibed systems that performso me generalisat ions ofthe cases, like for instance NGE

(Salzberg, 1988,1991), or RISE (Domingos, 1994, 1996). Still, allthese works dealwit h

classificat ion problems. Amo ng the few except ions is the work ofKibler et al. (1989), and

ofConneland Utgoff(1987), which dealwit h regressio n. The former uses basically a

kernel model wit h the neighbourhood defined by the distance to the k th nearest neighbour.

This means that the k most similar instances are used to obtain the predict ions ofa new

case. Each ofthese neighbours enters in the predictio n calculat ion with a weight

proportional to its distance to the case in question. The work ofConnel and Utgoffuses a

similar strategywith the difference that alltraining instances contribute to the predict ion.

2.4.3.2 First-order Logic Approaches

Wit hin the fie ld ofInduct ive Logic Programming (ILP) some recent work has also

focussed on the problem ofregressio n. FORS (Karalic, 1995, Karalic & Bratko, 1997)

induces a modelthat has the for mofa Prolog program. This programconsists ofclauses of

the for m f ( Y , X 1 ,�, X a ) that represent the obtained regression model. The systemis able to

receive, as input, samples ofthe unknown regression funct ion and background knowledge,

which const itutes a major advantage. FORS uses a cover ing algorithm at the top level that

keeps generating new clauses fo llowed bythe removalo fthe cases covered unt il a

termination cr iter ion is met. The clause generation step fo llows a generalto specific search

that keeps adding new literals to the clause. FORS uses severalpre-pruning mechanisms

C HAPTER

2 . I NDUCTIVE L EARNING 56

for controlling clause generat ion. Amo ng themis the use ofMinimumDescr iption Length

(MDL) (Rissanen,1982).

FFOIL (Quinlan, 1996) is another example ofan ILP systemable to dealwit h

regression. FFOIL is a der ivat ion ofthe FOIL system(Quinlan, 1990). FFOIL follows a

similar cover ing algorithm as FOIL´s. It starts with an empt yprogramand keeps adding

clauses unt ilallcases are covered. Each added clause starts with an empt ybodyand literals

are appended as a for mofspecialising the clause. A function wit h k arguments (the input

var iables) is represented bya k +1-ar yrelat ion where one argument ho lds the funct ion

outcome. The result obtained byFFOIL consists ofa Prolog programwit h clauses ofthis

relat ion.

Fir st order approaches to regression have a much larger search space than their

proposit ionalcounterparts. This fact has two contradictoryeffects. While being able to find

solut ions not available to propositionalsystems, this increased expressiveness has a strong

impact in the co mputationalco mplexit yo fthese systems. This makes themhardly

applicable to extremely large domains that are found in so me applicat ions ( like in a t ypical

Data Mining situat ion). However, computation power grows at a ver yfast rate and ILP

may wellbecome the major trend in Machine Learning approaches to regression 18 .

18 Although a sceptical could saythat data sizeis increasing even faster.

C h a p t e r 3

T r e e - b a s e d R e g r e s s i o n

This chapter describes two different approaches to induce regression trees. We fir st present

the standard methodologybased on the minimisat ion ofthe squared error. Least squares

(LS) regression trees had alreadybeen descr ibed in detailin the book byBreiman et. al.

(1984). Compared to this work we present some simp lificat ions ofthe splitting cr iter ion

that lead to gains in co mputational efficiency. We then address the alternat ive method of

using a least abso lute deviat ion (LAD) error criter ion to obtain regressio n trees. Although

ment ioned in the book ofBreiman and colleagues (1984), this methodologywas never

descr ibed in sufficient detail. In this chapter we present such a descr ipt ion. The LAD

cr iterion is known to be more robust to skewed distr ibutions and outliers than the LS

cr iterion used in standard regressio n trees. However, the use ofthe LAD cr iter ion br ings

addit ionalcomputationaldifficult ies to the task ofgrowing a tree. In this chapter we

present algorithms based on a theoreticalstudyo fthe LAD cr iter ion that overcome these

difficult ies for numer ic var iables. Wit h respect to nominal var iables we show that the

theoremproved byBreiman et. al. (1984) for subset splits in LS trees does not hold for the

LAD error criterion. Still, we have exper imentally obser ved that the use ofthe results of

this theoremas a heur ist ic method ofobtaining the best split does not degrade predict ive

accuracy. Moreover, using this heur ist ic br ings significant gains in co mputation efficienc y.

C HAPTER

3 . T REE - BASED R EGRESSION 58

3 . 1 T r e e - b a s e d M o d e l s

Work on tree-based regressio n models traces back to Morgan and Sonquist (1963) and

their AID program. However, the major reference on this research line st illcont inuous to

be the seminalbook on classificat ion and regression trees byBreiman and his co lleagues

(1984). These authors provide a thorough descr ipt ion ofboth classificat ion and regressio n

tree-based models. Wit hin Machine Lear ning, most research efforts concentrate on

classificat ion (or decisio n) trees (Hunt et al. ,1966; Quinlan, 1979; Kononenko et al. ,1984).

Work on regression trees started with RETIS (Karalic & Cestnik, 1991) and M5 (Quinlan,

1992). Compared to CART (Breiman et. al. ,1984), RETIS uses a different pruning

methodologybased on the Niblet and Bratko (1986) algor ithmand m -est imates (Cestnik,

1990). With respect to M5 (Quinlan, 1992), its novelt yresult s fromthe use oflinear

regression models in the tree leaves 19 . A further extensio n ofM5 was descr ibed in Quinlan

(1993). This extensio n consisted in co mbining the predict ions ofthe trees with k nearest

neighbour models.

Tree-based regressio n models are known for their simplicit y and efficiency when

dealing wit h domains wit h large number ofvar iables and cases. Regressio n trees are

obtained using a fast divide and conquer greedyalgor ithmthat recursively part itions the

given training data into smaller subsets. The use ofthis algorithm is the cause ofthe

efficiencyo fthese methods. However, it can also lead to poor decisio ns in lower levels o f

the tree due to the unreliabilit yo fest imates based on small samples ofcases. Methods to

dealwit h this problemturn out to be near ly as important as growing the init ial tree.

Chapter 4 addresses this issue in detail.

In spite oftheir advantages regression trees are also known for their instabilit y

(Breiman, 1996). A small change in the training set maylead to a different cho ice when

building a node, which in turn may represent a dramat ic change in the tree, particular lyif

the change occurs in top levelnodes. Moreover, the funct ion approximat ion provided by

19 Which was also done in a subsequent version of RETIS ( Karalic, 1992).

3.1 T REE - BASED M ODELS 59

standard regression trees is highly non-smooth leading to ver ymarked funct ion

discontinuit ies. Although there are applicat ions where this may be advantageous, most of

the times the unknown regressio n funct ion is supposed to have a certain degree of

smoothness that is hardlycaptured bystandard regressio n trees. In Chapter 5 we describe

hybr id tree models that improve the smoothness oftree-based approximat ions. In spite of

this drawback, regression trees do not assume anypart icular formfor the funct ion being

approximated thus being a ver yflexible regression method. Moreover, the obtained models

are usuallyconsidered easily co mprehensible.

In Section 3.2 ofthis chapter we explore methods ofinducing regressio n trees using

the least squares (LS) error criterion. The use ofthis cr iter ion leads to several

improvements in ter ms ofco mputationaleffic iency result ing fro mthe mathemat ical base

behind it. Namely, thanks to the theorempresented byBreiman et al. (1984), we can

devise an efficient method for dealing wit h no minal attributes. Moreover, we present a fast

incrementalupdating method to evaluate allpossible splits ofcont inuous attributes with

significant computationalgains. These splits are known to be the major bottleneck in terms

ofcomputational efficiency o ftree learning algorithms (Cattlet, 1991).

In the subsequent section we present a method ofinducing regressio n trees using the

least abso lute deviat ion (LAD) cr iter ion. The main difference to LS trees lies in the use of

medians instead ofaverages in the leaves and the use ofthe mean absolute deviat ion as

error criter ion. The main advantage ofusing this methodologyis the robustness ofthe

obtained models. In effect, medians and abso lute deviat ions are known to be more robust

with respect to the presence ofoutliers and skewed distribut ions. However, we will see that

this methodologyposes several co mputationaldifficult ies. We will present a theoretical

analys is ofthe LAD cr iter ion, and as a result ofthis analysis we descr ibe a ser ies of fast

updating algorithms that improve the computationalefficiency ofLAD regressio n trees.

Another criter ion that can be used when growing regressio n trees is RRelief (Robnik-

Sikonja & Kononenko, 1997). This cr iter ion is particular lysuitable for domains where the

input var iables (or attributes) are known to be dependent. Still, this cr iter ion entails much

C HAPTER

3 . T REE - BASED R EGRESSION 60

larger computational co mplexit ythan the LAD or LS criter ia due to the necessit y of

calculat ing distances between training cases.

A regressio n tree can be seen as a kind ofaddit ive model(Hastie & T ibshirani, 1990)

ofthe for m,

( ) ( ) å

=

Î ´ = l

i i i D I k m

1 x x ( 3 . 1 )

where,

k i are constants;

I (.) is an indicator funct ion returning 1 ifits argument is true and 0 otherwise;

and D i are disjo int partit ions ofthe training data D such that

� l

i i D

1 =

= D and