57

C h a p t e r 3

T r e e - b a s e d R e g r e s s i o n

This chapter describes two different approaches to induce regression trees. We fir st present the standard methodologybased on the minimisat ion ofthe squared error. Least squares

(LS) regression trees had alreadybeen descr ibed in detailin the book byBreiman et. al.

(1984). Compared to this work we present some simp lificat ions ofthe splitting cr iter ion that lead to gains in co mputational efficiency. We then address the alternat ive method of using a least abso lute deviat ion (LAD) error criter ion to obtain regressio n trees. Although ment ioned in the book ofBreiman and colleagues (1984), this methodologywas never descr ibed in sufficient detail. In this chapter we present such a descr ipt ion. The LAD cr iterion is known to be more robust to skewed distr ibutions and outliers than the LS cr iterion used in standard regressio n trees. However, the use ofthe LAD cr iter ion br ings addit ionalcomputationaldifficult ies to the task ofgrowing a tree. In this chapter we present algorithms based on a theoreticalstudyo fthe LAD cr iter ion that overcome these difficult ies for numer ic var iables. Wit h respect to nominal var iables we show that the theoremproved byBreiman et. al. (1984) for subset splits in LS trees does not hold for the

LAD error criterion. Still, we have exper imentally obser ved that the use ofthe results of this theoremas a heur ist ic method ofobtaining the best split does not degrade predict ive accuracy. Moreover, using this heur ist ic br ings significant gains in co mputation efficienc y.

C HAPTER 3 . T REE - BASED R EGRESSION 58

3 . 1 T r e e - b a s e d M o d e l s

Work on tree-based regressio n models traces back to Morgan and Sonquist (1963) and their AID program. However, the major reference on this research line st illcont inuous to be the seminalbook on classificat ion and regression trees byBreiman and his co lleagues

(1984). These authors provide a thorough descr ipt ion ofboth classificat ion and regressio n tree-based models. Wit hin Machine Lear ning, most research efforts concentrate on classificat ion (or decisio n) trees (Hunt et al. ,1966; Quinlan, 1979; Kononenko et al. ,1984).

Work on regression trees started with RETIS (Karalic & Cestnik, 1991) and M5 (Quinlan,

1992). Compared to CART (Breiman et. al. ,1984), RETIS uses a different pruning methodologybased on the Niblet and Bratko (1986) algor ithmand m -est imates (Cestnik,

1990). With respect to M5 (Quinlan, 1992), its novelt yresult s fromthe use oflinear regression models in the tree leaves 19 . A further extensio n ofM5 was descr ibed in Quinlan

(1993). This extensio n consisted in co mbining the predict ions ofthe trees with k nearest neighbour models.

Tree-based regressio n models are known for their simplicit y and efficiency when dealing wit h domains wit h large number ofvar iables and cases. Regressio n trees are obtained using a fast divide and conquer greedyalgor ithmthat recursively part itions the given training data into smaller subsets. The use ofthis algorithm is the cause ofthe efficiencyo fthese methods. However, it can also lead to poor decisio ns in lower levels o f the tree due to the unreliabilit yo fest imates based on small samples ofcases. Methods to dealwit h this problemturn out to be near ly as important as growing the init ial tree.

Chapter 4 addresses this issue in detail.

In spite oftheir advantages regression trees are also known for their instabilit y

(Breiman, 1996). A small change in the training set maylead to a different cho ice when building a node, which in turn may represent a dramat ic change in the tree, particular lyif the change occurs in top levelnodes. Moreover, the funct ion approximat ion provided by

19 Which was also done in a subsequent version of RETIS ( Karalic, 1992).

3.1 T REE - BASED M ODELS 59 standard regression trees is highly non-smooth leading to ver ymarked funct ion discontinuit ies. Although there are applicat ions where this may be advantageous, most of the times the unknown regressio n funct ion is supposed to have a certain degree of smoothness that is hardlycaptured bystandard regressio n trees. In Chapter 5 we describe hybr id tree models that improve the smoothness oftree-based approximat ions. In spite of this drawback, regression trees do not assume anypart icular formfor the funct ion being approximated thus being a ver yflexible regression method. Moreover, the obtained models are usuallyconsidered easily co mprehensible.

In Section 3.2 ofthis chapter we explore methods ofinducing regressio n trees using the least squares (LS) error criterion. The use ofthis cr iter ion leads to several improvements in ter ms ofco mputationaleffic iency result ing fro mthe mathemat ical base behind it. Namely, thanks to the theorempresented byBreiman et al. (1984), we can devise an efficient method for dealing wit h no minal attributes. Moreover, we present a fast incrementalupdating method to evaluate allpossible splits ofcont inuous attributes with significant computationalgains. These splits are known to be the major bottleneck in terms ofcomputational efficiency o ftree learning algorithms (Cattlet, 1991).

In the subsequent section we present a method ofinducing regressio n trees using the least abso lute deviat ion (LAD) cr iter ion. The main difference to LS trees lies in the use of medians instead ofaverages in the leaves and the use ofthe mean absolute deviat ion as error criter ion. The main advantage ofusing this methodologyis the robustness ofthe obtained models. In effect, medians and abso lute deviat ions are known to be more robust with respect to the presence ofoutliers and skewed distribut ions. However, we will see that this methodologyposes several co mputationaldifficult ies. We will present a theoretical analys is ofthe LAD cr iter ion, and as a result ofthis analysis we descr ibe a ser ies of fast updating algorithms that improve the computationalefficiency ofLAD regressio n trees.

Another criter ion that can be used when growing regressio n trees is RRelief (Robnik-

S ikonja & Kononenko, 1997). This cr iter ion is particular lysuitable for domains where the input var iables (or attributes) are known to be dependent. Still, this cr iter ion entails much

C HAPTER 3 . T REE - BASED R EGRESSION 60 larger computational co mplexit ythan the LAD or LS criter ia due to the necessit y of calculat ing distances between training cases.

A regressio n tree can be seen as a kind ofaddit ive model(Hastie & T ibshirani, 1990) ofthe for m,

( ) ( ) å

=

Î ´ = l i

i i D I k m

1

x x ( 3 . 1 ) where, k i are constants;

I (.) is an indicator funct ion returning 1 ifits argument is true and 0 otherwise;

and D i are disjo int partit ions ofthe training data D such that

� l

i i D

1 =

= D and

� l i

i D

1 =

f = .

Models ofthis type are so met imes called piecewise constant regression models as they partition the predictor space c in a set ofregions and fit a constant value within each region. An important aspect oftree-based regression models is that theyprovide a proposit ional logic representation ofthese regio ns in the for mofa tree. Each path fro mthe root ofthe tree to a leaf corresponds to a region. Each inner node 20 ofthe tree is a logical test on a predictor var iable 21 . In the particular case ofbinar y trees there are two possible outcomes ofthe test, true or false. This means that associated to each partit ion D i we have a path P i consisting ofa conjunct ion of logical tests on the predictor var iables. This symbo lic representation ofthe regressio n funct ion is an important issue when one wants to have a better understanding ofthe regressio n sur face.

Example 3 . 1 provides a better illustration ofthis t ype ofmodels through a small example ofa regressio n tree:

20 All nodes except the leaves.

21 Although work exists on multivariate tests ( e.g. Breiman et. al. 1984; Murthy et. al. , 1994; Broadley&

Utgoff, 1995; Gama, 1997).

3.1 T REE - BASED M ODELS 61

E XAMPLE 3 . 1

As there are four dist inct paths fro mthe root node to the leaves, this tree divides the input space in four different regions. The conjunct ion ofthe tests in each path can be regarded as a logicaldescr iption ofsuch regions, as shown above.

This tree roughly corresponds to the fo llowing regressio n sur face (assuming that there were onlythe predictor variables X 1 and X 2 ) :

0 1 2 3 4 5 0

1

2 3 4 5

30 40 50 60 70 80 90 100

Using the more concise representation ofEquation 3.1 we obtain:

( ) ( ) ( )

( ) ( )

m I X X I X X

I X X I X X

x = ´ < Ù < + ´ < Ù ³ +

´ ³ Ù < + ´ ³ Ù ³

60 3 1 5 100 3 1 5

30 3 4 45 3 4

1 2 1 2

1 2 1 2

. .

¨

Regressio n trees are constructed using a recursive partit ioning (RP) algor ithm. This algor ithmbuilds a tree byrecursively splitt ing the training sample into smaller subsets. We give below a high leveldescr ipt ion ofthe algor ithm. The RP algorithmreceives as input a

X 1

X 2

X 1 <3

X 2 <1.5 X 1 <4

60 100 30 45

T

T T F

F

F

P 1 º X 1 < 3 Ù X 2 < 1.5 , with k 1 = 60

P 2 º X 1 < 3 Ù X 2 ³ 1.5 , with k 2 = 100

P 3 º X 1 ³ 3 Ù X 1 < 4 , with k 3 = 30

P 4 º X 1 ³ 3 Ù X 1 ³ 4 , with k 4 = 45

C HAPTER 3 . T REE - BASED R EGRESSION 62 set of n data points, { } t n i i i t y D

1

,

=

= x , and ifcertain terminat ion cr iter ia are not met it generates a test node t , whose branches are obtained byapplying the same algorithm with two subsets ofthe input data points. These subsets consist ofthe cases that logicallyentail the split test s * in the node t ,

{ }

* : , s D y D i t i i t L

® Î = x x , and the remaining cases,

{ }

* : , s D y D i t i i t R

® / Î = x x . At each node the best split test is chosen according to some local cr iter ion, which means that this is a greedyhill-climbing algorithm.

Algorithm 3 . 1 -RecursivePartitioningAlgorithm.

Input :Asetof n datapoints,{< x i , y i >},i=1,..., n

Output :Aregressiontree

IFterminationcriterionTHEN

CreateLeafNodeandassignitaConstantValue

ReturnLeafNode

ELSE

FindBestSplittingTests*

CreateNodetwiths*

Left_branch(t)=RecursivePartitioningAlgorithm({< x i , y i >: x i ® s*})

Right_branch(t)=RecursivePartitioningAlgorithm({< x i , y i >: x i ® /s*})

ReturnNodet

ENDIF

The algor ithmhas three main co mponents:

· A wayto select a split test (the splitting rule).

· A rule to determine when a tree node is ter minal(terminat ion cr iter ion).

· A rule for assigning a value to each terminalnode.

In the fo llowing sect ions we present two differ ent approaches to solve these problems.

These alter nat ives tryto minimise eit her the mean squared error or the mean absolute deviat ion ofthe result ing tree.

3 . 2 L e a s t S q u a r e s R e g r e s s i o n T r e e s

The most commo n method for building a regression model based on a sample ofan unknown regressio n sur face consists oftrying to obtain the modelparameters that minimise the least squares error criter ion,

3.2 L EAST S QUARES R EGRESSION T REES 63

( ) ( ) 2

,

1 å b - n i

i i r y n

x ( 3 . 2 ) where, n is the sample size;

< x i , y i > is a data point ;

and r ( b , x i ) is the predict ion ofthe regression model r ( b , x ) for the case i i y , x .

As we have seen in Chapter 2 this cr iter ion is used in manyexist ing systems. RETIS

(Karalic & Cestnik, 1991), M5 (Quinlan, 1992) and CART (Breiman et. al. , 1984), alluse the least squares (LS) criter ion. To our knowledge the only tree induct ion systemthat is also able to use the mean abso lute deviat ion is CART.

The fo llowing theoremho lds for the LS minimisation cr iter ion:

T HEOREM 3 . 1

The constant k that minimises the expected value of the squared error is the mean value of the target variable.

¨

A proofofthis theoremcan be found in the appendix at the end ofthis chapter. Based on this theoremthe constant that should be assigned to the leaves ofa regressio n tree obtained using the least squares error criter ion, is the average ofthe target values ofthe cases within each leaf l , 22 å = l D

i l

l y n

k 1 ( 3 . 3 ) where, n l is the cardinalit yo fthe set D l containing the cases in leaf l ( i.e. n l = # D l ).

22 According to the RP algorithm, thecases within anynode t of a tree, are thesubset of the given training samplethat satisfies the conjunction consisting of all tests from the root to that node. We will denote those cases as D t = { i i y , x Î t }.

C HAPTER 3 . T REE - BASED R EGRESSION 64

Some systems like RETIS (Karalic, 1992) and M5 (Quinlan,1992) use other non-constant models in the tree leaves. Theyuse linear polyno mia ls instead ofaverages. We go back to this issue in Chapter 5 , where we address hybr id tree models.

Wit h respect to the splitting rule we restrict our descr iption to the case ofbinar ytrees.

Each inner node ofthese trees has two descendent nodes. These inner nodes split the training instances in two subsets depending on the result ofa test on one ofthe input var iables. Cases satisfying the test fo llow to the left branch while the others go to the right branch. The split test is chosen wit h the object ive ofimproving the fitting error ofthe result ing tree. Any path fro mthe root node to a node t corresponds to a partition D t ofthe input cases. Assuming the constant obtained with Equation 3 . 3 , result ing fro mthe applicat ion ofthe least squares error criter ion, we define the fitt ing error ofa node t as the average o fthe squared differences between the Y values ofthe instances in the node and the node constant k t ,

( ) ( ) å - = t D

t i t

k y n

t Err 2 1 ( 3 . 4 ) where, k t is defined by Equation 3.3 .

Further more, we define the error ofa tree T as a weighed average ofthe error in its leaves:

( ) ( ) ( ) ( ) ( ) å å å å å

Î Î Î

- = - ´ = ´ =

T l D

l i

T l D

l i l

l

T l l l

k y n

k y n n

n l Err l P T Err

~

2

~

2

~

1 1 ( 3 . 5 ) where,

P ( l ) is the probabilit y ofa case falling into leaf l ;

n is the totalnumber oftraining cases;

n l is the number ofcases in leaf l ;

and T ~ is the set ofleaves ofthe tree T .

A binar ysplit divides a set ofcases in two. The goalofthe splitt ing rule is to choose the split that maximises the decrease in the error ofthe tree result ing fro mthis divisio n. We define the error ofa split s as the weighed average ofthe errors ofthe result ing sub-nodes,

( ) ( ) ( )

Err s t

n n

Err t

n n

Err t t t

L

t t

R L R , = ´ + ´ ( 3 . 6 )

3.2 L EAST S QUARES R EGRESSION T REES 65 where, t L is the left child node of t defining a partit ion D t L

that contains the set ofcases {< x i , y i > Î D t : x i ® s } and n t L

the cardinalo fthis set;

and t R is the right child node of t defining a partit ion D t R

that contains the set of cases {< x i , y i > Î D t : x i ® / s } and n t R

the cardinalo fthis set.

We are now readyto present the definit io n ofbest split for a node t given a set S of candidate split s,

D EFINITION 3 . 1

The best split s * is the split belo nging to S that maximises

( ) ( ) ( )

D Err s t Err t Err s t , , = -

¨

This greedycr iter ion guides the cho ice ofa split for allinner nodes ofan LS regression tree. On each iteration ofthe RP algor ithmallpossible splits ofeach o fthe predictor var iables are evaluated and the one with best D Err is chosen.

Wit h respect to the last issue o fthe tree growing method, that is the stopping rule, the keyproblem is the reliabilit yo ferror estimates used for select ing the split s. All the error measures descr ibed above are estimates in the statist ical sense, as theyare funct ions ofthe training sample (usually called resubstitution estimates ). The accuracy ofthese estimates is stronglydependent on the quality ofthe sample. As the algorithm recursivelydivides the originaltraining set, the split s are being evaluated using increasingly smaller samples. This means that the estimates are getting potentially more unreliable as we grow the tree 23 . It can be easily proven that the value of D Err ( Definit ion 3.1 ) is always greater or equalto zero during tree growth. Apparently we are always obtaining a more precise regressio n tree model. Taking this argument to extremes, an over ly large tree with just one training case in each leafwould have an error ofzero. The problem with this reasoning is exact lythe

23 Because the standard error of statistical estimatorsis inverselyproportional tothe sample size.

C HAPTER 3 . T REE - BASED R EGRESSION 66 reliabilit y ofour estimates due to the amount oftraining cases upon which they are being obtained. Estimates based on small samples willhardly generalise to unseen cases thus leading to models wit h poor predict ive accuracy. This is usually known as over fitting the training data as we have seen in Sect ion 2.3.2.1 .

There are two alternat ive procedures to minimise this problem. The first consists of specifying a reliable cr iter ion that tries to determine when one should stop growing the tree. Within tree-based models this is usually called pre-pruning . The second, and most frequently used procedure, is to grow a ver ylarge (and unreliable) tree and then post-prune it. Pruning ofregressio n trees is an essent ial step for obtaining accurate trees and it will be the subject of Chapter 4 . With a post-pruning approach the stopping cr iter ia are usually ver y^relaxed~, as there will be a posterior pruning stage. The idea is not to ^loose~ any potentiallygood post-pruned tree bystopping too soon at the init ial growth stage. A frequently used cr iterion is to impose a minimum number ofcases that once reached forces the terminat ion ofthe RP algorithm. Another example ofstopping cr iter ia is to create a leaf ifthe error in the current node is below a fract ion ofthe error in the root node.

3.2.1 Efficient Growth of LS Regression Trees

The computational co mplexit yo fthe recursive partit ioning (RP) algor ithmused for growing regressio n trees is highlydependent on the cho ice o fthe best split for a given node. This task resumes to trying all possible split s for each ofthe input var iables. The number ofpossible splits ofa var iable is stronglydependent on its type. We give below a more detailed versio n ofthe RP algor ithmused for growing a LS regressio n tree:

Algorithm 3 . 2 ĞrowingaLSRegressionTree.

Input :Asetof n datapoints,{< x i , y i >},i=1,..., n

Output :Aregressiontree

IFterminationcriterionTHEN

CreateLeafNodeandassignittheaverage Y valueofthe n datapoints

ReturnLeafNode

ELSE

S * =<arbitrarysplit>

3.2 L EAST S QUARES R EGRESSION T REES 67

FORallvariables X v DO

IF X v isanominalvariableTHEN

BestSplitXv=TryAllNominalSplits({< x i , y i >}, X v )

ELSEIF X v isanumericvariableTHEN

BestSplitXv=TryAllNumericSplits({< x i , y i >}, X v )

ENDIF

IFBestSplitXvisbetterthans * THEN s * =BestSplitXv

ENDIF

ENDFOR

CreateNodetwiths*

Left_branch(t)=GrowLStre({< x i , y i >: x i ® s*})

Right_branch(t)=GrowLStre({< x i , y i >: x i ® /s*})

ReturnNodet

ENDIF

The major computational burden ofthis algor ithmlies in the part where we tryall possible split s ofa var iable. Each trialsplit has to be evaluated, which means that we need to obtain the modelo fthe result ing sub-nodes to calculate their error ( c.f. Equations 3 . 4 and 3 . 6 ).

Assuming the constant modeldefined in Equat ion 3 . 3 , we need to calculate two averages

(for each branch ofthe split) to evaluate each split ( Definit io n 3.1 ). Equation 3 . 4 is in effect similar to the for mula for calculating the variance ofa var iable 24 . This calculat ion invo lves passing through the data twice, once to obtain the average and the second time to calculate the squared differences. This cost can be reduced using the equivalent for mula 25 ,

( )

2 2

÷

÷

÷ ø

ö ç

ç

ç è

æ

- =

å å t

D

i t

D

i n

y n

y t Err t t ( 3 . 7 )

This calculat ion can be carr ied out using a single pass through the data. Even using this for mula the cost ofevaluat ing each trialsplit would st ill be O ( n t ). We propose to reduce this cost using a simplificat ion that enables and incrementalevaluat ion ofall splits ofa var iable. According to the for mula given in Definitio n 3.1 the best split s * is the one that minimises the value given byEquat ion 3.6 . Using the for mula in Equation 3.7 we get,

24 The onlydifference is that for obtaining unbiased estimates of the variance based on a sample one usually divides the sum of squares by n -1 andnot by n .

25 We should note, however, that this formulation brings potential round-off errors(Press et. al. 1992).

C HAPTER 3 . T REE - BASED R EGRESSION 68

( )

÷

÷

÷

÷ ø

ö ç

ç

ç

ç è

æ

÷ ÷

÷

÷ ø

ö ç ç

ç

ç è

æ

- ´ +

÷

÷

÷

÷ ø

ö ç

ç

ç

ç è

æ

÷ ÷

÷

÷ ø

ö ç ç

ç

ç è

æ

- ´ =

å å å å 2 2 2 2

,

R

Rt

R

Rt R

L

Lt

L

Lt L t

D

i t

D

i t

t t

D

i t

D

i t

t n

y n

y n

n n

y n

y n

n t s Err

To simplifynotation let SS L and SS R be equalto å å

Rt Lt D

i

D

i y y 2 2 and , respectively, and S L and S R be equalto å å

Rt Lt D

i

D

i y y and , respectively, leading to

( ) t t

R t

R t t

L t

L n n

S n

SS n n

S n

SS t s Err

R L

2 2

, - + - =

( ) = + - +

æ è

ç ç

ö ø

÷ ÷

1 1 2 2 n

SS SS n

S n

S n t

L R t

L t

R t L R

¨

It is easyto see that the fir st termofthis for mula is constant whatever the split is that is being evaluated. This is so because D t = D t L

È D t R

, so å å å = + t Rt Lt D

i

D

i

D

i y y y 2 2 2 , which means that SS L + SS R is always constant and equalto å t D

i y 2 . This means that the only difference among different candidate splits is in the last term.

This simplificat ion we have der ived has important consequences on the method used to evaluate and select the best split ofa node. Using these results we can present a new definit ion for the best split s * ofa var iable, which has significant advantages in ter ms of computation efficiency when co mpared to the previous one ( Definit io n 3.1 ). Note, however, that this is only valid assuming a constant modelofthe formgiven byEquat ion

3.3 ( i.e. assuming a least squares error criter ion). As our goalis to minimise the expressio n der ived above we get the fo llowing new definit io n for the best split ofa node:

D EFINITION 3 . 2

The best split s * is the split belo nging to S that maximises the expressio n

3.2 L EAST S QUARES R EGRESSION T REES 69

S n

S n

L t

R t L R

2 2

+ where, å =

Lt D

i L y S and å =

Rt D

i R y S

¨

This definit io n enables a fast incrementalevaluat ion ofall candidate splits S ofany predictor var iable as we will see in the fo llowing two sections.

3.2.2 Splits on Continuous Variables

We willnow present an algor ithmthat finds the best split for continuous var iables using the results of Definit io n 3.2 . Assuming that we have a set of n t cases whose sumofthe Y values is S t , Algorithm 3 . 3 obtains the best split on a continuous predictor var iable X v .

Algorithm 3 . 3 -Findingthebestsplitforacontinuousvariable.

Input : n t cases,sumoftheir Y values( S t ),thevariable X v Output :Thebestcut-pointspliton X v

Sortthecasesaccordingtotheirvaluein X v S R = S t ;S L =0 n R =n t ;n L =0

BestTillNow=0

FORallinstances i DO

S L =S L + y i ;S R =S R - y i n L =n L +1;n R =n R -1

IF( X i +1, v > X i , v

)THEN %Notrialifvaluesareequal

NewSplitValue=(S L 2 /n L )+(S R 2 /n R )

IF(NewSplitValue>BestTillNow)THEN

BestTillNow=NewSplitValue

BestCutPoint=( X i +1, v + X i , v )/2

ENDIF

ENDIF

ENDFOR

This algor ithmhas two main parts. The first consists ofsorting the instances by the values ofthe var iable being examined, which has an average co mplexit yo f O ( n t log n t ) using

Quick Sort. This sorting operation is necessar yfor running through alltrialcut-point

C HAPTER 3 . T REE - BASED R EGRESSION 70 values 26 in an efficient manner. We onlyneed to trythese cut-point values as theyare the onlyones that may change the value o fthe score given by Definit ion 3.2 , because they modify the set ofcases that go to the left and r ight branches. The second relevant part of the algorithmis the evaluat ion ofallcandidate splits. The number oftrialsplits is at most n t

- 1 (ifall instances have different value ofthe var iable X v ). Without the equation given in

Definit ion 3.2 we would have to calculate the ^var iance~ ofeach ofthe partit ions originated bythe candidate split. This would invo lve passing through all data points (using the optimised formula o fEquation 3.7 ) which is O ( n t ). This would lead to a worst case complexit yo f O ( n t ( n t -1)) for the second part ofthe algorithm. Our optimisat ion given by the for mula in Definit io n 3.2 leads to a worst case complexit yo f O ( n t - 1 ) as the ^var iance~ calculat ion is avo ided. Notice that this is onlyvalid for the least squares error criterion that leads to the given simplification. I fother criter ia were used the complexit ycould be different particular lyif no similar incrementalalgorithm could be found. Wit h the existence ofthis fast and incremental method ofcomput ing the error gain ofa split the complexit yo fthe algor ithmis do minated bythe sorting operation.

3.2.3 Splits on Discrete Variables

Splits on no minal(or discrete) variables usuallyinvo lve trying allpossible tests ofthe for m

X v = x v , where x v is one ofthe possible values ofvar iable X v . Ifthere are manypossible values this usually leads to larger trees. An alternative is not to use binar ytrees and have one branch for each possible value ofthe var iable. This has the disadvantage ofan increased splitt ing ofthe training samples, which leads to potentially less reliable est imates sooner than the alternat ive that invo lves binar ysplits. Yet another possible alter nat ive is to consider tests ofthe form X v Î { } ,... v x . This so lution has addit ionalcomputationalcosts although it can improve the comprehensibilit y ofthe result ing trees and it does not split too much the training cases. Breiman et. al. (1984) proved an interesting result (see their

26 A cut-point value is the value tested in a continuous variable split ( e.g. X < 10).

3.2 L EAST S QUARES R EGRESSION T REES 71

Theorem4.5, Proposit ion 8.16 and Section 9.4) that changes the complexit yo fobtaining this t ype ofsplits fro m O (2 # c v -1 ) into O (# c v - 1), where # c v is the cardinalit yo fthe domain o fvar iable X v . The method suggested byBreiman et. al. (1984, p.247) invo lves an init ialstage where the instances ofthe node are sorted as fo llows. Assuming that B is the set ofvalues of X v that occur in the current node t ( i.e. B = { b : x i Î t Ù X i,v = b }), and defining ( ) y b i as the average Y value ofthe instances having value b i in var iable X v , we sort the values such that,

( ) ( ) ( ) y b y b y b B 1 2

£ £ £

. . .

#

Having the var iable values sorted this way, Breiman and his co lleagues have proven that,

D EFINITION 3 . 3 (B REIMAN ETAL ., 1984) 27

The best split on discrete var iable X v in node t is one ofthe # B -1 split s

X v

Î { b 1 , b 2 , ... , b h } , h = 1, ..., # B -1

¨

This definit io n results froma theoremthat was proved byFisher (1958) for the case ofthe least squares error criter ion for regression and was extended byBreiman and his co lleagues

(1984, Sec. 9.4) for a larger class ofconcave impur it y(error) funct ions. Chou (1991) furthers generalised these results to an arbitrarynumber ofbins ( i.e. not onlybinar ysplits) and to other error funct ions.

Wit h this method we only have to look for # B -1 subsets instead of2 # B -1

. Notice that we stillneed to ^pass through~ alldata to obtain the values ( ) y b i , plus a sorting operation with # B elements. Before present ing the algor ithmfor discrete splits we provide a simple example to illustrate this method.

27 The proof of this theorem is given in Section 9.4 (p.274) of Breiman et. al. (1984). Amuch simpler demonstration based on Jensen´s inequalitycan be found in Ripley(1996, p.218).

C HAPTER 3 . T REE - BASED R EGRESSION 72

E XAMPLE 3 . 2

Suppose that we have the fo llowing instances in a node t :

COLOR ... Y leading to the averages green ... 24 ( ) ( ) y green = + + =

24 29 13 3 22 red ... 56 ( ) ( ) y red = + =

56 45 2 50 5.

green ... 29 and ( ) ( ) y blue = + =

120 100 2 110 green ... 13 blue ... 120 red ... 45 blue ... 100

Ifwe sort the values according to their respective average Y values we obtain the ordering

< green , red , blue >. According to Breiman´s theoremthe best split would be one ofthe # B -

1 (in this case 2 = 3-1) splits, namely X v Î { green } and X v Î { green , red }.

¨

Having the instances sorted according to the method explained above, we use the fo llowing incrementalalgorithmsimilar to the one presented for continuous var iables.

Algorithm 3 . 4 -Findingthebestsubsetsplitforadiscretevariable.

Input : n cases,sumoftheir Y values( S t ),thevariable X v Output :Anorderedsetofvaluesof X v andapartitionofthisset

ObtaintheaverageYvalueassociatedtoeachvalueof X v Sortthevaluesof X v accordingtotheaverage Y asociatedtoeachvalue

S R =S t ;S L =0 n R =n t ;n L =0

BestTillNow=0

FOReachvalue b oftheobtainedorderedsetofvalues DO

YB=sumoftheY valuesofthecaseswith X v = b

NB=numberofthecaseswith X v = b

S L =S L +YB;S R =S R -YB n L =n L +NB;n R =n R -NB

NewSplitValue=(S L 2 /n L )+(S R 2 /n R )

IF(NewSplitValue>BestTillNow)THEN

BestTillNow=NewSplitValue

BestPosition=positionof b insetoforderedvalues

ENDIF

ENDFOR

3.2 L EAST S QUARES R EGRESSION T REES 73

The complexit y ofthis algorithmis lower co mpared to the case ofcontinuous var iables. In effect, it is do minated bythe number ofvalues ofthe attribute (# B ). The except ion is the part ofsorting the values according to their average Y value. The sorting in itselfis O (# B log # B ) but to obtain the average Y values associated to each value b we need to run through allgiven instances ( O ( n t )), which is most probabilit y more complex than the sorting operation, unless there are almost as different values as there are instances.

3.2.4 Some Practical Considerations

The considerat ions on computationalco mplexit ydescr ibed in the previous sect ions, indicate that the keyco mputationalissue when build ing least squares regression trees is sorting. We confir med this in pract ice by looking at the execut ion profiles ofour tree induct ion system, RT. We observed that more than 50% ofthe CPU time was being spent inside o fthe Quick Sort funct ion. We have tried other sorting algorit hms like Heap Sort

( e.g. Press et al. , 1992) but no significant differences were observed. The weight ofthis sorting operation is so high that even the implementat ion ofthe Quick Sort algor ithmis a keyissue. In an ear lier versio n ofour RT systemwe used a ^standard~ recursive implementation ofthis algor ithm. This standard implementation has difficult ies when the data is alr eadyalmo st sorted. When we finally used the implementation given by Press et al. (1992) we have noticed dramat ic improvements in the co mputation time for large data sets. This means that when dealing with huge data sets the presence ofcont inuous var iables can beco me overwhelming due to the necessar ysorting oftheir values for finding the best cut-point. This was alr eadyment ioned in Jason Cattlet´s Ph.D. thesis (1991) in the context ofclassificat ion trees. The author described so me techniques that tryto overcome this problem, like attribute discret isation, which is o ften explored within Machine Lear ning

(see Dougherty et. al. 1995 for a survey), and sub-sampling to avoid sorting allvalues

(called by the author peepholing).

C HAPTER 3 . T REE - BASED R EGRESSION 74

We have carr ied out a simulat ion studywith two artificialdata sets ( Fried and Mv ) 28 to observe the behaviour ofour RT systemwit h respect to computation time. In this exper iments we have generated training samples wit h sizes fro m1000 to 150000 cases. For each sample we have generated one LS regression tree, recording the respective CPU time 29 taken to carryout this task. The results for each ofthe data setsare shown in Figure

3 . 1 :

Fried Data Set

0

10

20

30

40

50

60

70

1000

10000

19000

28000

37000

46000

55000

64000

73000

82000

91000

100000

109000

118000

127000

136000

145000

Training Sample Size

CPU time

CPU T ime = 4.18E-9 + 0.00042 * Ncases (R 2 = 0 .9 918)

Mv Data Set

0

5

10

15

20

25

30

35

Training Sample Size

CPU T ime = 1.87E-9 + 0.000187 * Ncases (R 2 = 0 .9 954)

Figure 3 . 1 - Computation time to generate a LS tree fordifferent sample sizes.

These graphs show a clear linear dependence ofthe CPU time on the number oftraining cases. We also present two linear models obtained with the results ofthese exper iments, confir ming that the proportion ofvar iance explained bythe respective linear relat ions is ver ysignificant (R 2 > 0.99). This simulat ion studyconfir ms the validit y ofthe speed-ups we have proposed to the generation o fleast squares regression trees. Theydemo nstrate that our RT systemcan easily handle large data sets and, moreover, theyshow a desirable linear dependence ofthe necessar yco mputation time on the sample size.

28 Full detailsof these data sets can be found in Appendix A.2 .

29 The experiments were carried out in a dual Pentium II 450MHz machine running Linux.

3.3 L EAST A BSOLUTE D EVIATION R EGRESSION T REES 75

3 . 3 L e a s t A b s o l u t e D e v i a t i o n R e g r e s s i o n T r e e s

In their book on classificat ion and regressio n trees, Breiman and co lleagues (1984) ment ioned the possibilit yo fusing a least abso lute deviat ion (LAD) error criter ion to obtain the best split for a node ofa regressio n tree. However, at the time the method was not yet fully implemented (Breiman et al. ,1984, p.258), so no algor ithms or results were given.

LAD regressio n trees use as select ion cr iter ion the minimisat ion ofthe abso lute deviat ion between the modelpredict ions and the Y values ofthe cases. The use ofthis cr iter ion leads to trees that are more robust with respect to the presence ofoutliers and skewed distr ibut ions. This is the main mot ivat ion for studying LAD regressio n trees. Least squares

(LS) regression trees do not have this nice property. In effect, the squared differences amplify the effect ofthe error ofan outlier. Moreover, the presence ofoutlier s can strongly influence the average, thus leading to values in the leaves that are not ^represent ing~ correctlythe corresponding training cases.

Building a regressio n modelbased on a sample { } n i i i y

1

,

=

x using the least abso lute deviat ion error criterion consists offinding the modelparameters that minimise the estimated mean abso lute deviat ion,

( ) å

=

- n i

i i r y n 1

,

1 x

b ( 3 . 8 )

where, ( )

i r x, b is the predict ion ofthe model ( ) x , b r for the case i i y , x .

The constant k that minimises the estimated mean absolute deviat ion ofthe obser vations

with respect to k , is the median Y value. Minimising the mean abso lute deviat ion to a

constant k corresponds to minimising the statist ical expectation of| y i ˘ k |.

T HEOREM

3 . 2

The constant k that minimises the expected value of the absolute deviation to a continuous

random variable Y, with probability density function f(y), is the median of the variable Y,

n Y .

¨

C HAPTER

3 . T REE - BASED R EGRESSION 76

A for malproofofthis theoremcan be found in the appendix at the end ofthis chapter. As a

consequence o fthis theoremLAD trees should have medians at the leaves instead of

averages like LS regressio n trees. The median is a better statist ic o fcentralit ythan the

average for skewed distr ibut ions. When the distribut ion is approximately normal the

median and the average are almo st equivalent. This generalit ycan be seen as an advantage

ofLAD trees over LS trees. However, we willsee that LAD trees bring addit ional

computationalcosts, which can make themless attractive for extremelylarge data sets.

Growing a LAD regressio n tree invo lves the same three major questions ment ioned

before with respect to LS trees: a splitting rule; a stopping cr iterion; and a rule for

assigning a value to all terminal nodes. Moreover, the algor ithmdr iving the induct ion

process is again the Recursive Partit ioning algorithm. Wit h respect to the stopping rule the

same considerat ions regarding over fitt ing can be made for LAD trees. In effect, the

overfitt ing avo idance strategyis independent ofthe error criter ion selected for growing the

trees. We can stop earlier the growth ofthe tree, or we may post-prune an extremelylarge

tree. With respect to the value to assign to each leaf, we have seen that it is the median of

the Y values ofthe cases falling in the leaf. This leads to some differences in the splitt ing

rule. Using the definit io n presented in Equation 3 . 6 for the error ofa split, we can define

the best split for a node t using the least abso lute deviation cr iter ion as,

D EFINITION

3 . 4

The best split s * is the split belo nging to the candidate set ofsplit s S that maximises

( ) ( ) ( ) t s Err t Err t s Err , , - = D

which using Equations 3 . 6 and 3 . 8 turns out to be equivalent to minimising

å å n - ´ + n - ´

Rt

R

R

R

Lt

L

L

L

D t i

t t t

D t i

t t t y

n n n

y

n n n 1 1

or equivalent ly minimis ing å å n - + n -

Rt

R

Lt

L D t i

D t i y y

where,

L t n and

R t n are the medians o fthe left and r ight sub-nodes, respect ively.

¨

3.3 L EAST A BSOLUTE D EVIATION R EGRESSION T REES 77

Thus the best split minimises the sumo fthe abso lute deviat ions to the respective medians

ofthe left and r ight branches. Obtaining the median ofa set ofvalues invo lves sorting

them, the median being the ^middle~ value after the sorting. Wit hout anycomputational

simplificat ion this would mean that for each trialsplit we would need to sort the cases by Y

value in each sub-branch to obtain the medians and then ^pass through~ the data again to

obtain the two sums ofabsolute deviat ions. This would have an average co mplexit yo f

O ( n 2 log n ) for each trialsplit. Furthermore, this would have to be done for allpossible

split s ofever yvar iable. For instance, a continuous var iable has potentially n -1 trialcut-

points, which would lead to a average complexit y proportionalto O ( n 3 log n ). This

represents too much computation even for simple problems. We willpresent algor ithms

that overcome this ser ious limit ation ofLAD trees.

3.3.1 Splits on Continuous Variables

As we have seen in Algor ithm 3 . 3 the first step before trying allpossible splits ofa

continuous var iable X i is to sort the instances bythe values o fthis var iable. According to

Definit ion 3 . 4 , given a set ofcases and a cut-point V , we need to obtain the sumofthe

abso lute deviat ions ( SAD ) ofthe left and r ight branches to evaluate the split. For this

purpose we need to knowthe Y medians ofthe cases in each branch ofthe test. As we have

seen the median ofa rando mvar iable Y with probabilit y densit y funct ion f ( y ), is the value

n for which the probabilit yo fa value being greater or equalto it is 0.5 ( i.e.

( ) ( ) ò ò +¥

¥ -

=

n n dy y f dy y f ). Ifwe have a sample o fsuch a var iable we approximate these

probabilit ies with frequencies. Thus the sample median ofa set of n measurements ofa

var iable Y , is the middle value when the observations are arranged in ascending order. If n

is an odd number, there is a unique middle value, otherwise the median is taken as the

average between the two middle points. This means that we need to sort the set of

observat ions to obtain the median. Figure 3 . 2 shows an example split ( X i < 145) to help

clar ifying this task:

C HAPTER

3 . T REE - BASED R EGRESSION 78

X i 100 123 130 131 140 150 150 170 175 230

Y values 230 200 10 13 53 234 546 43 23 67

Sorted

Y values

10 13 53 200 230 23 43 67 234 546

Figure 3 . 2 - A split on X i < 145.

The keyissue we face wit hin LAD trees, is how to efficient lyco mpute the sumofabso lute

deviat ions for a new trialsplit X i < V´ (with V´ > V ). Obtaining these SAD values for a new

cut point invo lves ^mo ving~ so me cases fro mthe right branch to the left branch. For

instance, in Figure 3 . 2 ifthe new trial cut-point is 160 this would mean that 234 and 546

would now belo ng to the left branch. We would like to avoid having to re-sort the Y values

for each new trial cut point to obtain the new medians. Moreover, we would also like to

avo id passing again through the data to calculate the new SAD values. Thus the keyto

solve the efficiency problems ofLAD trees resumes to the fo llowing two related problems:

· Given a set ofpoints with median n and respective SAD , how to obtain the new median

n ´ and the new SAD ´ , when we add a new set ofdata points to the init ialset.

· Given a set ofpoints with median n and respective SAD , how to obtain the new median

n ´ and the new SAD ´ , when we remove a set ofdata points fro mthe initial set.

In the remaining o fthis section we will descr ibe an efficient method for solving these two

problems. The algor ithmwe willpresent obtains the new medians and SAD s based on the

values ofthe previous trial cut point, which largely improves the efficiencyo ffinding the

best LAD split o fa continuous var iable.

Let P be a set containing the ordered Y values ofa branch. Let us divide this set in two

ordered subsets, P - and P + . The set P - contains all obser vat ions less or equalto the median,

X i < 145 X i ³ 145

n L = 53

SAD L = 407 n R = 67

SAD R = 708

3.3 L EAST A BSOLUTE D EVIATION R EGRESSION T REES 79

and P + the remaining observat ions. For the left branch ofthe example in Figure 3 . 2 , we

would have P - = {10, 13, 53} and P + = {200, 230}. Given the definit io n ofthe median it is

easyto see that the fo llowing ho lds:

î í ì

= -

= -

+ -

+ -

odd is # if 1 # # even is # if 0 # #

P P P

P P P

( 3 . 9 )

Ifthe totalnumber ofobservations in P is even, the median is the average between the

maximumvalue in P - and the minimum value in P + , otherwise the median is the maximum

value of P - . Adding (or removing) a set ofobser vatio ns to P is equivalent to obtaining two

new ordered subsets subject to the restrict ions given in 3 . 9 . Ordered insertion (removal) in

sorted sets can be achieved wit h computational efficiencyusing balanced binar ytrees

(AVL trees) (Wirth, 1976). Using these data structures we can efficient ly update P - and P +

when given a new set ofdata points B that we wish to add to P . An insertion (removal) in

an AVL tree can be done in an average time o fthe order of O (log SizeOfTree ). This means

that the addit ion (removal) o fa set ofpoints B can be done in an average t ime ofthe order

of O (# B log # P /2). The only problemwe face is that when new points are added (removed)

the restrict ions given in 3 . 9 may be vio lated. We thus may need so me addit ional

bookkeeping to maintain these constraints. Byupdating the new subsets subject to the

restrict ions given in 3 . 9 , we can easily obtain the new median after the addit ion (removal)

ofa set ofobservat ions.

We now address the issue o fobtaining the new sum o fabso lute deviat ions, SAD´ . Let

d ( y 1 , y 2 ) be defined as

d ( y 1 , y 2 ) = y 2 ˘ y 1

The sumo fabso lute deviations ofa set ofpoints P with median n P is given by ,

( ) ( ) ( )

( ) + - - n + - = n - + - n = n + n = n =

å å å å å å å å å

- + + + - -

- +

P P y y y y y d y d y d SAD

P

P i

P i

P

P

P i

P i

P

P

P P P i P P i P i P P

# #

, , , , n

( 3 . 10 )

Using again the example in Figure 3 . 2 , we can confir mthis expressio n obser ving that

C HAPTER

3 . T REE - BASED R EGRESSION 80

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) 407 230 , 53 200 , 53 53 , 53 53 , 13 53 , 10

53 , 230 53 , 200 53 , 53 53 , 13 53 , 10

= + + + +

= + + + + =

d d d d d d d d d d SAD L

or equivalent ly,

( ) ( ) ( ) 407 53 76 430 2 3 53 53 13 10 230 200 =+-=-´+ + + - + =

L SAD

We willnow address the problem ofwhat happens to this SAD value when we remove a

set ofpoints from P . Let B be a set ofpoints we want to remove fro m P , originating the set

R ( i.e. R = P \ B ). According to 3 . 10 , the sumofabso lute deviat ions ofthe set R is given

by:

( ) + - - n + - = å å

- +

R R y y SAD R

R i

R i R R

# # ,n ( 3 . 11 )

We willpresent an alternative formulat ion for SAD

R, n R based on the value of SAD

P, n P and

B . This willreduce the co mputationalco mplexit yo fobtaining SAD

R, n R fro m O (# R ) to

O (# B log # R /2). Furthermore our solut ion avoids the second pass through the data, and we

manage to obtain SAD

R, n R as we update the median.

Let us assume that in the set B there are more values smaller than the median n P , than

values above this median. Ifwe denote these two subsets of B as B - and B + , respectively,

this corresponds to saying that # B - > # B + . This implies that the new median after the

removalo f B will be larger than the previous value, i.e. n R > n P . The fo llowing example

clar ifies this reasoning.

· · · · · · · · · · ·

where,

P - is the set ofvalues smaller or equalto the median o fthe set P ;

P - P +

B - n P

Q n R B +

R - R +

10 15 21 25 28 35 36 42 45 56 70

3.3 L EAST A BSOLUTE D EVIATION R EGRESSION T REES 81

P + is the set ofvalue greater than this median;

B is the set ofpo ints we want to remove fro m P 30 ;

B - is the subset of B with values smaller or equalto the median o f P ;

B + is the subset of B containing the values greater than this median;

R is the new set result ing fro mremoving B fro m P ;

R - is the subset of R containing the values smaller or equalto the median of R ;

R + is the subset of R with the values greater than this median;

and Q is the subset of R containing values in the intervalbetween the median of P

and the median o f R .

The fo llowing set relat ions ho ld under the assumptio n that n R > n P after removing B fro m

P :

R + = P + - B + - Q

R - = P - - B - + Q

where, Q is the set containing all po ints for which d ( y i , n P ) < d ( n R , n P ).

Using these relat ions we can re-wr ite Equation 3 . 11 as :

( )

( )

Q B B P P y y y y y

Q B P Q B P y y y y y y SAD

R

Q i

B i

B i

P i

P i

R

Q Q i

B i

P i i

B i

P i R R

# 2 # # # # 2

# # # # # #

,

+ - + - n + - - + - =

+ + - + - n +

+ - + - - - =

- + + -

+ + - -

å å å å å å å å å å å

+ - - +

- - + + n

Similar ly, ifwe assume that n R < n P ( i.e. # B - < # B + ):

R + = P + - B + + Q

R - = P - - B - - Q

This leads to,

( )

( )

Q B B P P y y y y y

Q B P Q B P y y y y y y SAD

R

Q i

B i

B i

P i

P i

R

Q Q i

B i

P i i

B i

P i R R

# 2 # # # # 2

# # # # # #

,

- - + - n + + - + - =

- + - - - n +

+ + + - + - =

- + + -

+ + - -

å å å å å å å å å å å

+ - - +

- - + + n

Finally, if n R = n P ( i.e. # B - = # B + ), we have :

30 For instance as a result of a newtrial cut-point split ( c.f. example of Figure 3 . 2 )

C HAPTER

3 . T REE - BASED R EGRESSION 82

R + = P + - B +

R - = P - - B -

leading to,

( )

( ) - + + -

+ + - -

- + - n + - + - =

+ - - n + + - - =

å å å å å å å å

+ - - +

- - + +

B B P P y y y y

B P B P y y y y SAD

R

B i

B i

P i

P i

R

B i

P i

B i

P i R R

# # # #

# # # #

, n

Integrating allthree cases into one single for mula we get,

( ) ( ) ( )

( ) ( ) ( ) ( )

Q B B P P y y y y y SAD

P R

P R

R

P R R

Q i P R

B i

B i

P i

P i R

# 2 # # # #

2

,

´ n ¹ n - + - + - n +

´ n ¹ n - + - + - =

n < n - + + - n > n å å å å å

+ - - + n ( 3 . 12 )

This for mula looks much more complex than Equation 3 . 11 . However, froma

computationalpo int ofview, it is more suitable for the incrementalevaluation o fthe trial

split s. In effect, we are defining the SAD ofthe new set ofpoints ( R ) as a funct ion ofthe

previous set ( P ) plus so me addit io nalcalculat ions with B and Q . Moreover, as we have to

remove the observat ions in B fro mthe two AVL trees in order to obtain the new median

n R , we can obtain the summat ions over B at the same t ime, thus adding no addit ional

computationalcost.

We willnow present an algor ithm 31 that given a set P and a subset B , obtains the value

ofthe SAD in the set result ing fromremo ving B from P . This is one ofthe steps for the

evaluat ion ofa new trialsplit based on a previous one, as it was ment ioned before. Going

back to the example in Figure 3 . 2 this algorithm solves the problem ofobtaining the SAD

ofthe right branch ofthe test X i < 160 based on the SAD ofthe test X i < 145. In this

example the set B is {234, 546}. The algorithmwe present below assumes that we have the

values in P stored in two AVL trees P - and P + . Furthermore we must have the values o f n P ,

å

+ P i y , å

- P i y , # P - and # P + . The algor ithmreturns the values of n R , å

+ R i y , å

- R i y , # R - , # R +

plus the updated AVL trees. According to Equation 3 . 11 we can use these values to

31 An algorithm with similar objectives was presented in Lubinsky(1995).

3.3 L EAST A BSOLUTE D EVIATION R EGRESSION T REES 83

calculate SAD

R, n R . To avoid over-cluttering ofthe algor ithmwe have omitted some special

cases like when the AVL trees turn empt yafter removing the cases in B .

Algorithm 3 . 5 ˘Updating the median and SADafterremoving a set of

pointsB.

Input :

P + ,P - %AVĹscontainingtheelementsinthecurrentpartition

SP + ,SP - %ThesumoftheYvaluesofthecasesineachAVL

NP + ,NP - %NumberofelementsineachAVL

Med %Thecurrentmedianvalue

B %Thedatapointstoberemoved

Output :

Theupdatedvaluescharacterisingthenew partition

(i.e.updatedP + ,updatedP - ,SR + ,SR - ,NR + ,NR - ,andNewMED)

SB - =SB + =NB - =NB + =SQ=0

FOReachbinBDO %removingtheBcases

IF(b<=Med)THEN

SB - =SB - +b

NB - =NB - +1

P - =AVLremove(b,P - )

ELSE

SB + =SB + +b

NB + =NB + +1

P + =AVLremove(b,P + )

ENDIF

ENDFOR

NQ=(NB + -NB - )DIV2 %DIVstandsforintegerdivision,e.g.5DIV2=2

NR + =NP + -NB + +NQ %ObtainingthenumberofcasesinthetwonewAVĹs

NR - =NP - -NB - -NQ

IF(NR + >NR - )THEN %Checkconsistencywith 3.9

NR + =NR + -1

NR - =NR - +1

NQ=NQ̆1

ENDIF

IF(NQ>0)THEN %NowmovingthecasesbelongingtoQ

FORi=1TONQDO

X=AVLmaximum(P - )

P - =AVLdelete(X,P - )

P + =AVLinsert(X,P + )

SQ=SQ+X

ENDFO R

ELSEIF(NQ<0)THEN

FORi=1TO-NQDO

X=AVLminimum(P + )

P + =AVLdelete(X,P + )

P - =AVLinsert(X,P - )

SQ=SQ+X

ENDFOR

ENDIF

IF(NR - >NR + )THEN %CalculatingthenewMedian

C HAPTER

3 . T REE - BASED R EGRESSION 84

NewMED=AVLmaximum(P - )

ELSE

NewMED=(AVLmaximum(P - )+AVLminimum(P + ))/2

ENDIF

SR + =SP + -SB + +(-(NewMED ¹ MED))^(NewMED>MED)*SQ %CalculatingtheSŔs

SR - =SP - -SB - +(-(NewMED ¹ MED))^(NewMED<MED)*SQ

Fo llowing a similar reasoning it would be possible to prove that the sumofabso lute

deviat ions o fa set A , resulting fro m adding a set ofpoints B to our originalset P can be

obtained by,

( ) ( ) ( )

( ) ( ) ( ) ( )

Q B B P P y y y y y SAD

P A

P A

A

P A A

Q i P A

B i

B i

P i

P i A

# 2 # # # #

2

,

´ n ¹ n - + - + - n +

´ n ¹ n - + - + - =

n < n + - + - n > n å å å å å

- + - + n ( 3 . 13 )

This equat ion leads to a ver ysimilar algor ithmthat updates the median and SAD when we

add a set ofpoints. In the example ment ioned before this algorithm would enable to obtain

the value ofthe SAD ofthe left branch ofthe test X i < 160 based onthe SAD ofthe test X i <

145. Due to its similar it yto Algor ithm 3 . 5 we do not present it here.

The computational co mplexit yo fthese algorithms is do minated bythe operations in

the AVL trees with the cases in B . These operations can be done in t ime proportional to

O (# B log # P /2). Ifwe consider allpossible splits ofa continuous var iable we get to an

average co mplexit yo f O ( n log n /2), where n is the number ofobser vat ions in the node.

This number results fro mthe fact that allobservations need to be moved fro mthe r ight

branch to the left branch when we tryallpossible splits. As we have seen the naïve

approach has an average complexit y of O ( n 3 log n ), which means that our algor ithms

provide a significant computationalco mplexit ydecrease for the task offinding the best

split ofa continuous var iable in LAD trees. However, we have seen in Section 3.2.2 that

the corresponding complexit yin LS regressio n trees is O ( n ), which means that even wit h

our optimisat ions LAD trees are more complex. Still, both type oftrees need a previous

sorting operation on the values o fthe var iable that is done on average in O ( n log n ), which

turns out to be the major computationalburden.

3.3 L EAST A BSOLUTE D EVIATION R EGRESSION T REES 85

Having so lved the problemo fincrementally obtaining the SAD ofa new split based on

a previous one, we are now readyto present the algorithm for obtaining the optimal LAD

split for a continuous var iable.

Algorithm 3 . 6 -BestLADsplitofacontinuousvariable.

Input : n cases;theirmedian,SAD,andrespectiveAVĹs;thevariable X v Output :Thebestcut-pointspliton X v

Sortthecasesaccordingtotheirvaluein X v

InitialiseRightwiththeInputmedianinformation(med,sadandavĺs)

SetBtotheemptyset

BestTillNow=0

FORallinstances i DO

Add y i toB

IF( X

i+1 , v > X i , v

)THEN

Left=AdToSet(Left,B)

Right=RemoveFromSet(Right,B)

RightSAD=Right.R + -Right.R - +Right.Median*(Right.N - -Right.N + )

LeftSAD=Left.R + -Left.R - +Left.Median*(Left.N - -Left.N + )

NewSplitValue=RightSAD+LeftSAD

IF(NewSplitValue>BestTillNow)THEN

BestTillNow=NewSplitValue

BestCutPoint=( X

i +1, v + X i , v )/2

ENDIF

SetBtotheemptyset

ENDIF

ENDFOR

Algor ithm 3 . 6 uses the algor ithms we have descr ibed before (the call RemoveFromSet is

Algor ithm 3 . 5 , while AddToSet is the corresponding algorithm for adding a set). The

values returned bythese two algorithms enable us to calculate the SADs ofboth branches

using Equation 3 . 11 .

We have carr ied out an exper iment with the Fried do main in order to confir m the

validit yo four proposed algor ithms as a means to allow growing LAD trees within

reasonable computation times. In this exper iment we have var ied the training sample size

fro m1000 to 150000 cases. For each size, we have grown a LAD tree storing the

respective CPU time taken to carryout this task. The results are shown in Figure 3 . 3 :

C HAPTER

3 . T REE - BASED R EGRESSION 86

Fried Data Set

0

50

100

150

200

250

300

350

400

450

1000

10000

19000

28000

37000

46000

55000

64000

73000

82000

91000

100000

109000

118000

127000

136000

145000

Tra in in g Sa mp le Size

CPU time

CP U T ime = 2.53E-8 + 0.00254 * Ncas es ( R 2 = 0 .9 8 1 5 )

Figure 3 . 3 - Computation time to growa LAD tree for different sample sizes

of the Fried domain.

This exper iment shows that although LAD trees are computationallymore demanding than

LS trees ( c.f. Figure 3 . 1 ), theyst illmaintain an almost linear dependence ofthe CPU time

with respect to the training sample size. This behaviour clear lyconfir ms that our

algor ithms are able to evaluate allpossible splits ofcont inuous var iables in a

computationallyefficient way.

3.3.2 Splits on Discrete Variables

The best nominal split ofthe form X v Î { } ,... v x can be efficient ly obtained in LS trees due

to a theoremproved byBreiman et al. (1984). This theoremreduces the number oftried

split s from2 # c v -1 to # c

v ˘ 1. Even for a smallnumber ofvalues ofthe var iable this

reduction is significant. This means that the question whether this theoremalso applies to

the LAD error criter ion is a keyissue in ter ms o fcomputational efficiency.

According to Definit ion 3 . 4 the value ofa split is given by the sumo fthe SADs ofthe

left and r ight branches. A theoremequivalent to the one proved byBreiman et. al. (1984)

for the LAD cr iter ion would mean that the fo llowing hypothesis is true :

3.3 L EAST A BSOLUTE D EVIATION R EGRESSION T REES 87

H YPOTHESIS

3 . 1

If P 1 , P 2 for ma partition result ing fro mthe best split in a discrete var iable ( i.e. P 1 , P 2 is an

optimalpart it ion) and n P 1

< n P 2 then

2 1 2 2 1 1

: , B B P B P B n < n "

Ì Ì

¨

Ifthis hypothesis is true, to obtain the best discrete split it would be suffic ient to order the

values ofthe discrete var iable by their median and the best split is guaranteed to be

between two ofthese ordered values. This is exactly t he same procedure followed in

Example 3 . 2 presented in Sect ion 3.2.3 , but now with medians instead ofaverages.

To prove Hypothesis 3 . 1 it is sufficient to demonstrate that ifwe exchange any two

subsets ofthe optimal partit ion we get a worse value ofthe split. In particular if y P 1 , P 2 is

the sumofthe SADs ofthe optimal partit ion ( i.e. y P 1 , P 2

= SAD P 1

+ SAD P 2

), B 1 =

i i p P p n

Î 1 max

and B 2 =

i i p P p n

Î 2 min , then if we exchange B 1 with B 2 , originating the partit ion N 1 , N 2 , we

should be able to prove that y P 1 , P 2

£ y N 1 , N 2

. Notice that,

N 1 = P 1 ˘ B 1 + B 2 and N 2 = P 2 ˘ B 2 + B 1

For instance, let X 1 Î {a, b, c} be an optimalsplit for the var iable X 1 , with the domain of

the var iable being c

1 = {a, b, c, d, e}. Let P 1 and P 2 be the sets containing the respective Y

values associated with the divisio n entailed by the split. Further more, let us suppose 32 that

n a > n c > n b , and n e < n d . If B 1 is the subset of P 1 containing the Y values ofthe cases for

which X 1 = a, and B 2 is the subset of P 2 containing the Y values o fthe cases for which X 1 =

e, we want to prove that SAD {b,c,e}

+ SAD {a,d}

£ SAD {a,b,c}

+ SAD {d,e}

( i.e. that y {b,c,e},{a,d} £

y {a,b,c},{d,e} ).

32 n i represents the median of the Y values of the cases for which thevalue of the variable is i .

C HAPTER

3 . T REE - BASED R EGRESSION 88

The der ivat ion ofequat ions for the SAD ofthe sets N 1 and N 2 fo llows a similar

reasoning used for deriving Equations 3 . 12 and 3 . 13 . However, the expressio ns are a bit

more complex. Our goalis to find an expressio n for y N 1 , N 2 asa funct ion of y P 1 , P 2

. Namely,

we want an expressio n ofthe form

2 1 , 2 1 2 1 2 1

K SAD K SAD SAD SAD P P N N N N

+ + + = + = y ( 3 . 14 )

Ifwe manage to obtain expressio ns for K 1 and K 2 and to prove that their sumis greater or

equalto zero, we would be able to obtain a demonstration o f Hypothesis 3 . 1 . At the end of

this chapter we present a derivation ofsuch an expressio n for y N 1 , N 2

. However, the

expressio ns we were able to derive for K 1 and K 2 are stilltoo complex for a clear

understanding ofthe behaviour of y N 1 , N 2

. Still, we were able to prove the falsit yo f

Hypothesis 3 . 1 byfinding a counter-example through a large-scale simulat ion study. This

means that its use maylead to the cho ice ofsub-optimaldiscrete splits for LAD tree nodes.

The quest ion that arises is whether the predict ive accuracyo fLAD trees is affected by

these potentially sub-optimal splits. In effect, although we were not able to formally

character ise the cases where sub-optimalit yoccurs, we have exper imentally observed that

these are rare events. In most ofour simulat ion exper iments using Hypothesis 3 . 1 leads to

the optimal split. Moreover, ifthe split is sub-optima l it does not means that the resulting

LAD tree will have lower per formance in a separate independent test set. We have

implemented in our RT systemboth alternat ive ways offinding the best nominal split:

using Hypothesis 3 . 1 ; or trying all possible co mbinat ions. Regressio n data sets with lots of

no minalvar iables do not abound. In our benchmark data sets only Abalone and Mv include

no minalvar iables. In allexper iments we have carried out with these two domains, we

never obser ved anydifference in terms ofaccuracy or tree size 33 , between the two

alternat ives. On the contrary, in terms ofcomputation time there is an overwhelming

advantage ofusing the heur ist ic method offinding best no minalvar iable splits outlined by

Hypothesis 3 . 1 . We have carr ied out an exper iment with the Mv artificialdo main to

33 Actuallythe trees were always thesame, meaning that the use of the Hypothesis in these data sets is not

leading to sub-optimal splits.

3.3 L EAST A BSOLUTE D EVIATION R EGRESSION T REES 89

confir m this advantage. We have var ied the training sample size from1000 to 150000

cases, generating two LAD trees. The fir st (LAD) was obtained byexplor ing all possible

combinat ions o fthe discrete var iable values, when addressing the task offinding the best

sub- set split ofa tree node. The latter (LAD, fast) was generated through the use ofthe

results of Hypothesis 3 . 1 as a heur istic process of finding the best discrete split ofa node.

The computation time taken to growthese two trees is shown in Figure 3 . 4 :

LAD vs.LAD(fast)/MvData Set

0

100

200

300

400

500

600

100011000

21000

31000

41000

51000

61000

71000

81000

91000

101000

111000

121000

131000

141000

Tra i n in g S a mp l e S i ze

CPU time

LA D LA D(fa s t)

CPU T ime(LAD) = 3.34E-8 + 0.00335 * Ncases (R 2 = 0 .97 6 8)

CPU T ime(LAD,fast) = 2.62E-8 + 0.00263 * Ncases (R 2 = 0 .97 2 7)

Figure 3 . 4 - Computation Time of LAD and LAD(fast) trees for different sample sizes.

This exper iment confir ms the clear computational advantage ofusing our proposed

heur ist ic process offinding the best discrete split for the nodes ofLAD trees. Moreover,

we should remark that the three discrete var iables o fthe Mv domain, have ver yfew values

(two or three). This means that the cost ofevaluat ing all possible discrete split s is not too

large when compared to our heur ist ic process. In domains containing discrete var iables

with a large set ofvalues ( e.g. Costa, 1996) the advantage ofour proposalwould be even

more evident. Still, we should remark that both alternat ives have a near lylinear behaviour

with respect to the relat ion between CPU time and number oftraining cases.

C HAPTER

3 . T REE - BASED R EGRESSION 90

3 . 4 L A D v s . L S R e g r e s s i o n T r e e s

In the previous sect ions we have descr ibed two methods ofgrowing regressio n trees. These

alternat ives differ in the cr iter ia used to select the best split for each tree node. While LAD

trees tryto ensure that the result ing modelhas the smallest possible deviat ion fromthe true

goalvar iable values, LS trees tryto minimise the squared differences between the

predicted and true values. In this sect ion we address the question ofwhich type oftrees

should we prefer given a new regressio n task.

The answer to this quest ion is related to the predictive per for mance measure that will

be used to evaluate the result ing regressio n models. There are two major groups of

predict ion error statistics ( c.f. Section 2.3.2 ): one based on abso lute differences between

the predicted values and the true Y values ofthe cases; and the other based on the squared

differences between these values. These two forms o fquant ifying the prediction error ofa

modelentaildifferent preference biases. In effect, the squared differences are more

^influenced~ bylarge prediction errors than the abso lute differences. As such, any

regression modelthat tries to minimise the squared error will be strongly influenced by this

type oferrors and will tryto avoid them. This is the case o fLS regression trees whose

splitt ing cr iter ion revo lves around the minimisat ion ofthe result ing mean squared error

( c.f. Definit io n 3.1 ). On the contrary, the minimisation o fthe abso lute differences will

result in a modelwhose predict ions willon average be ^nearer~ the Y value ofthe training

cases. This modelis not so influenced bylarge predict ion errors as theyare not so

^amplified~ as when using squared differences. Models obtained by minimis ing the

abso lute differences are expected to have lower average difference between the true and

predicted values. However, these models will probablyco mmit extreme errors more often

than models built around the minimisation o fthe squared differences. This is the case o f

LAD trees that use a splitting cr iter ion that tries to minimise the abso lute differences ( c.f.

Definit ion 3 . 4 ). Fromthis theoreticalperspect ive we should prefer LAD regression trees if

we willevaluate the predictions ofthe result ing modelusing the Mean Abso lute Deviat ion

(MAD) statist ic. On the contrary, ifwe are evaluating the predict ion error using the Mean

3.4 LAD VS . LS R EGRESSION T REES 91

Squared Error (MSE) statistic, we should prefer LS regression trees. So, given a new

regression problem, which statist ic should we use? In applicat ions where the abilit yto

avo id large errors is crucial( for instance due to economicalreasons), achieving a lower

MSE is preferable as it penalises this type oferrors, and thus LS trees are more adequate.

In applicat ions where making a few ofsuch extreme errorsis not as crucialas being most

ofthe times near the true value, the MAD statistic is more representative, and thus we

should theoreticallyprefer LAD trees.

We should remark that both types oftrees are built using est imates ofboth the MAD

and MSE predict ion error statistics. Any statist ical estimator is prone to error. Thus, if

either our estimators are unreliable or our training sample is not representative, the

expected theoretical behaviour descr ibed above can be mis leading. In these cases, we could

see a LS tree outperforming a LAD tree in terms ofMAD, or a LAD tree outperforming a

LS tree in terms ofMSE. Still, as we will see by a ser ies ofexample applicat ions, this is

not the more frequent case.

The fir st application we descr ibe concer ns the environmentalproblem ofdeter mining

the state ofrivers and streams by monitor ing and analysing certain measurable chemical

concentrations with the goalofinferr ing the bio logicalstate ofthe river, namely the

densit yo falgae communit ies 34 . This studyis motivated byan increasing concer n as to

what impact human act ivit ies have on the environment. Ident ifying the keychemical

controlvar iables that influence the bio logicalprocess associated with these algae has

beco me a crucialsub-task in the process ofreducing the impact ofman act ivit ies. The data

used in this application co mes fromsuch a study. Water qualit ysamples were collected

fro mvar ious European rivers dur ing one year and an analysis was carr ied out to detect

34 This application was used in the 3 rd International Competition ( http://www.erudit.de/erudit/activities/ic-99/ )

organised byERUDIT in conjunction with thenewComputational Intelligence and Learning Cluster

( http://www.dcs.napier.ac.uk/coil/ ). This cluster is a cooperation between four EC-funded Networks of

Excellence : ERUDIT, EvoNet, MLnet and NEuroNet. The regression system implementing theideasin this

thesis (RT) was declared one of the runner-up winnersbythe international juryof this competition.

C HAPTER

3 . T REE - BASED R EGRESSION 92

var ious chemical substances. At the same time, algae samples were collected to determine

the distribut ions ofthe algae populat ions. The dynamics ofalgae communit ies is strongly

influenced by the externalchemicalenvironment. Determining which chemicalfactors are

influencing this dynamics represents important knowledge that can be used to controlthese

populat ions. At the same time there is also an economical factor motivating this analysis.

In effect, the chemicalanalysis is cheap and can be easilyautomated. On the contrary, the

bio logicalpart involves microscopic examination, requires trained manpower and is

therefore both expensive and slow. The compet it ion task consisted ofpredict ing the

frequencydistr ibut ion ofseven different algae on the basis o feight measured

concentrations ofchemicalsubstances plus so me addit ional infor mat ion characterising the

environment fromwhich the sample was taken (season, r iver size and flo w velocit y).

The fir st regression problemwe analyse concer ns the task ofpredict ing the frequency

distr ibut ion ofone ofthe algae ( Alga 6 ). Using the 200 available training cases we have

grown a LS regression tree. The result ing modelis shown in Figure 3 . 5 . Ifwe test this tree

on the available testing set consist ing of140 test cases we get a Mean Squared Error

(MSE) of162.286. In alternat ive, ifwe evaluate the same modelusing the Mean Abso lute

Deviat ion (MAD) ofthe modelpredict ions we obtain a score of7.328. This latter score is

more intuit ive in the sense that it is measured using the same unit s as the goalvar iable.

This means that the induced tree (shown in Figure 3 . 5 ) makes on average an error of7.328

in guessing the distribut ion frequency ofthe alga.

3.4 LAD VS . LS R EGRESSION T REES 93

Figure 3 . 5 - A LS regression tree for the Alga 6 problem 35 .

(MSE = 162.286; MAD = 7.328)

Using the same training data we have also grown a LAD regressio n tree. The resulting

modelis shown in Figure 3 . 6 . The MSE ofthis tree on the same testing set is 179.244,

which is worse than the MSE ofthe LS tree shown ear lier (MSE = 162.286). However, if

we evaluate this LAD tree using the MAD statistic we obtain a score of6.146, which is

better than the MAD ofthe LS tree (MAD = 7.328). With respect to the training times,

both trees are obtained with little co mputation time due to the smallsize ofthe training

35 Left branches correspond to cases were the node test is true, whileright branches correspond to the

opposite.

Mea nNO3N £ 28.03

Mea nNO3N £ 3.00

sea son Î { winter,spring}

Mea nNO3N £ 1.48

MinO2 £ 5.30

Mea nOrtPO4 £ 21.83

Mea nNO3N £ 6.19

sea son Î { winter,spring}

riversz Î { small,mediu m}

Mea nNO3N £ 3.05

Y = 77.60

Y = 16.81

Y = 0.21 Y = 2.16

Y = 32.10

Y = 1.12 Y = 5.67

Y = 3.42

Y = 11.81

Y = 42.70 Y = 10.45

C HAPTER

3 . T REE - BASED R EGRESSION 94

sample. Regarding comprehensibilit y, both models are acceptable although the LAD tree is

considerably smaller.

Figure 3 . 6 - A LAD regression tree for the Alga 6 problem.

(MSE = 179.244; MAD = 6.146)

This example clear ly illustrates our previous position concerning which type ofmodelis

better. This quest ion depends on the goals ofthe application. In effect, ifone is willing to

accept a few except ionallylarge errors but give more weight to a modelthat on average

leads to predictions that are nearer the true frequency distribut ion ofthe alga, then we

should prefer the LAD tree. On the contrary, ifwe consider that extreme errors are

inadmissible because, for instance, theycould lead to an environmentaldisaster, then we

should definit ely use the LS model. To support these arguments we show in Figure 3 . 7 the

abso lute difference between the predicted and true values for both trees on all140 test

cases. As it can be confir med, the LAD tree makes severalver y large errors.

Mea nNO3N £ 3.00

Mea nNO3N £ 28.03

MinO2 £ 8.55

Y = 0.00

Y = 0.60 Y = 6.90

Y = 77.60

3.4 LAD VS . LS R EGRESSION T REES 95

0

10

20

30

40

50

60

70

80

LA D E rrors LS Errors

Figure 3 . 7 - The absolute difference of the errors committed by the LAD and LS trees.

A closer inspect ion ofthe distribut ion ofthe error size co mmitted bythe two models is

given in Figure 3 . 8 . This histogramconfir ms that the LAD tree errors are more often

nearer the true value ( in 108 ofthe 140 test cases the error is less than 10) than those ofthe

LS model. In effect, looking at the fir st two error bins that can be seen as the best scores of

both models, we observe that the frequency o ferrorsis more balanced in the case ofthe LS

tree, while the LAD tree is clear lyskewed into the bin ofsmallest errors. Moreover, this

histogramalso confir ms that the LAD tree makes more extreme errors than the LS tree.

H istogram ofE rrors

0

2

4

6

8

10

12

14

16

18

20

0-10 10-20 20-30 30-40 40-50 50-60 60-70 70-80 >80

Error

Fre que ncy

LAD LS

1 0 89 63 2

Figure 3 . 8 - The histogram of the errors of the LAD and LS trees.

C HAPTER

3 . T REE - BASED R EGRESSION 96

We have repeated similar exper iments with other data sets and we have observed a similar

behaviour. Table 3.1 summar ises the results ofthese exper iments in other domains: Alga 2

ofthe same co mpet it ion data; the Abalone data set; and the Pole domain. Further details

concerning these problems can be found in Appendix A.2 .

Table 3 . 1 . Results ofcompar isons between LAD and LS trees.

Alga 2

200 train cases/140 test cases

Abalone

3133 / 1044

Pole

5000 / 4065

LAD LS LAD LS LAD LS

MSE 109.347 92.431 5.894 5.094 119.342 41.612

MAD 6.232 6.422 1.632 1.639 2.889 2.984

N. Leaves 13 5 51 39 119 97

Error Bins

Frequencies

1 st bin

2 nd bin

117

6

102

2

658

162

452

280

1782

38

1772

91

Last but one

Last bin

2

1

0

0

3

1

1

0

11

3

1

0

We observe that depending on the cr iteria used to evaluate the models (MSE or MAD),

either the LAD or LS trees achieve the best score. Moreover, the last lines ofthe table,

showing the frequency distr ibution o fthe first two error bins containing the smallest errors

and the last two error bins containing the largest errors, confir ma similar error distr ibution

exists as the one shown in Figure 3 . 8 .

The exper iments descr ibed in this sect ion lead to the fo llowing conclusio ns regarding

the applicabilit yo fboth LS and LAD regressio n trees. LAD trees are, on average, more

accurate than LS trees, although theyalso commit extreme errors more often. LS trees, on

the other hand, are less prone to large predict ion errors, while achieving less accurate

predict ions than LAD trees, on average. Both types o ftrees are comparable in ter ms of

comprehensibilit yo fthe models, but LAD trees are considerably more demanding in terms

ofcomputation time. Still, this latter observat ion can only be regarded as relevant for

extremelylarge training samples.

3.5 C ONCLUSIONS 97

3 . 5 C o n c l u s i o n s

In this chapter we have addressed the issue ofgrowing regressio n trees. We have descr ibed

in detailtwo alternat ive methods oftree induct ion: one based on the least squares (LS)

cr iterion and the other on the least abso lute deviat ion (LAD) cr iter ion.

Least squares (LS) regression trees had alreadybeen descr ibed in detailin the book by

Breiman et. al. (1984). Compared to this work we have presented some simplifications of

the splitting cr iter ion that lead to gains in co mputationalefficiency. Wit h these

simplificat ions the task ofgrowing a tree is carr ied out in co mputation t imes that are

practicallylinear with respect to the training sample size.

Wit h respect to LAD regressio n trees we have presented a detailed descr ipt ion ofthis

methodology. These trees can be considered more adequateto certain types ofapplicat ions.

However, theybr ing addit io nalco mputational difficult ies to the task offinding the best

split ofa node. We have presented algor ithms that overcome these difficult ies for numer ic

var iables, as confir med byour exper iments. With respect to nominal var iables we have

shown that the theoremproved byBreiman et. al. (1984) for subset splits in LS trees does

not hold for the LAD error criterion. Still, we have exper imentally obser ved that the use of

a heur ist ic based on the ^theorem~ does not entailanysignificant loss in predict ive

accuracy. Moreover, using this heur ist ic to find the best discrete split br ings ver y

significant gains in co mputation time as we have obser ved through a large exper iment with

a domain containing discrete var iables.

We have shown through a set ofexper iments that both types oftrees can be useful

depending on the applicat ion goals. LAD trees were found to be more accurate on average,

while being more susceptible to make large errors. Ifa few ofthese errorsdo not present a

problemin the applicat ion under consideration then these trees are clear lypreferable to LS

trees. On the contrary, ifextreme errors are unacceptable then LS trees should be the

cho ice. Moreover, these latter trees are obtained in a considerably smaller co mputation

time.

C HAPTER

3 . T REE - BASED R EGRESSION 98

3.5.1 Open Research Issues

A simple for malproofofthe fals it yo f Hypothesis 3 . 1 would also be useful. This could

provide safe indicat ions ofwhen we should or should not use the hypothesis to find the

best subset split ofa no minalvar iable in LAD trees.

A further comparat ive studybetween LAD and LS trees would be desirable. As

Breiman et. al. (1984, p.262) ment ioned, it is difficult to decide which tree is best. Ifwe

use as measure ofaccuracy on unseen cases the mean squared error (MSE), LS trees will

usually have better score as theyare grown to minimise this error. Ifwe use instead the

mean abso lute deviat ion (MAD) the opposite occurs because LAD trees minimise abso lute

errors. Apart fromextended exper imentalco mpar isons a theoreticalstudyofthe properties

ofthese two types o ftrees would certainly help to decide which type o fmodelto use in a

new applicat ion.

A PPENDIX 99

A PPENDIX .

P ROOF OF T HEOREM

3 . 1 .

If Y is a cont inuous randomvar iable with probabilit ydensit yfunct ion f ( y ), the funct ion that

we want to minimise with respect to k is,

( ) ( ) [ ] ( ) ( ) [ ] ( )

( ) ( )

( ) ( ) ( ) ò ò ò ò ò ò

¥ +

¥ -

¥ +

¥ -

¥ +

¥ -

¥ +

¥ -

+¥

¥ -

+¥

¥ -

= + - =

+ - =

= - = - = f

1 as , 2

2 as ,

2 2

2 2

2 2

dy y f k dy y f y k dy y f y dy y f k yk y dy y f y Y E dy y f k y k Y E k

Minimising wit h respect to k we have,

( ) ( ) ( ) ò ò ¥ +

¥ -

¥ +

¥ -

= Û = + - Û =

¶

¶

dy y f y k k dy y f y k

k

0 2 2 0 0 f

which bydefinit io n is E [ Y ], i.e. the mean value ofthe var iable Y .

¨

P ROOF OF T HEOREM

3 . 2 .

The funct ion we want to minimise wit h respect to k is,

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ò ò ò ò ò ò ò

¥ + ¥ +

¥ - ¥-

¥ -

¥ +

+¥

¥ -

- + - =

- + - =

- = =

k k k k k

k

dy y f k dy y f y dy y f y dy y f k dy y f k y dy y f y k dy y f k y y-k E k f

, as

( ) ( ) ò ò

¥ -

+¥ - = k

k dy y f dy y f 1 .

So, we have

C HAPTER

3 . T REE - BASED R EGRESSION 100

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ò ò ò ò ò ò ò ò ò

¥ +

¥ -

¥ +

¥ - ¥-

+¥

¥ - ¥- ¥ -

+ - - =

+ - - =

+ - + - = f

k k k k k k k k k

dy y f y dy y f y k k F k dy y f y dy y f y k dy y f k dy y f y dy y f y dy y f k k dy y f k k

2

2

where, F ( y ) is the cumulat ive distribut ion function ofthe var iable Y .

Now, obtaining the der ivat ive ofthis funct ion in order to k , and making it equalto zero we

get,

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

2

1

0 so,

1 2 1 2 2

= Û =

¶

¶

- = - - - + =

¶

¶

k F k

k k F k f k k f k k f k k F k

k

f f

As by definit io n the cumulat ive distribut ion funct ion is equalto ½ for the median ofany

distr ibut ion, the proofis co mplete.

¨

T ENTATIVE P ROOF OF H YPOTHESIS

3 . 1 .

To prove Hypothesis 3 . 1 it is sufficient to demonstrate that ifwe exchange any two subsets

ofthe optimalpart ition we get a worse value ofthe split. In particular if y P 1 , P 2 is the sum

ofthe SADs ofthe optimalpart it ion ( i.e. y P 1 , P 2

= SAD P 1

+ SAD P 2

), B 1 =

i i p P p n

Î 1 max and B 2 =

i i p P p n

Î 2 min , then if we exchange B 1 with B 2 , originating the partit ion N 1 , N 2 , we should be

able to prove that y P 1 , P 2

£ y N 1 , N 2

. Notice that,

N 1 = P 1 ˘ B 1 + B 2 and N 2 = P 2 ˘ B 2 + B 1

In this appendix we der ive an expressio n for y N 1 , N 2 based on the SADs of P 1 and P 2 . The

der ived expressio n as the for m

A PPENDIX 101

2 1 , 2 1 2 1

K SAD K SAD P P N N

+ + + = y

Understanding the sign of K 1 + K 2 , is a fundamentalstep for the proofof Hypothesis 3 . 1 .

The SAD ofthe set N 1 consisting o fremoving a set B 1 froma set P 1 and adding to the

same set the set B 2 , is given by

( ) ( ) ( ) ( ) + - n > n - n + ´ n ¹ n - +

- + - + - =

å å å å å å å

- + + - - +

1 1

,

# # 2

1

1

1 1

1 1

2 2 1 1 1 1

1 1

N N y y y y y y y SAD

N

Q i P N

B i

B i

B i

B i

P i

P i N

P N

N n

( 3 . 15 )

We o mit the derivation ofthis equat ion, as it is similar to the derivat ion ofEquations 3 . 12

and 3 . 13 . As we need to obtain an expressio n for the sumo fthe two SADs (Equation 3 . 14 ),

it is necessar yto introduce notation for different iating numbers bigger (smaller) than n P 1

fro mthe ones bigger (smaller) than n P 2

. The fo llowing figure illustrates this problem for

the set B 1 and the adopted notation.

· · · · · ·

The same kind ofnotation can be used to descr ibe the relat ion ofset B 2 with both medians.

Using Equation 3 . 15 and the notation presented above, we can der ive an expression for our

target funct ion y N 1 , N 2 ,

- 1

1 B

n P 1 n P 2 n B 1

+ 1

1 B

- 2

1 B + 2

1 B

+ -

1 B

C HAPTER

3 . T REE - BASED R EGRESSION 102

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) + - n > n

+ - n > n

- n + ´ n ¹ n - +

- + - + - +

- n + ´ n ¹ n - +

- + - + -

= + = Y

å å å å å å å å å å å å å å

- + + - - +

- + + - - +

2 2

1 1

, , ,

# # 2

# # 2

2

2

2 2

2 2

2 1 2 1 2 2 2 2 2 2 2 2

1

1

1 1

1 1

1 2 1 2 1 1 1 1 1 1 1 1

2 2 1 1 2 1

N N y y y y y y y

N N y y y y y y y

SAD SAD

N

Q i P N

B i

B i

B i

B i

P i

P i

N

Q i P N

B i

B i

B i

B i

P i

P i

N N N N

P N

P N

N N n n

as it may be confir med in the figure presented above the following ho lds,

å å å

+ - - -

- = -

1 2 1 1 1 B i

B i

B i y y y and å å å

+ - + +

- = -

1 1 1 2 1 B i

B i

B i y y y

å å å

+ - + +

= -

2 2 2 1 21 B i

B i

B i y y y and å å å

+ - - -

= -

2 1 2 2 2 B i

B i

B i y y y

which leads to,

( ) ( ) ( ) ( )

( ) ( )

( ) ( ) + - + - n > n n > n

- n + - n +

+ ÷ ÷

ø ö

ç ç

è æ

´ n ¹ n - + ´ n ¹ n - ´ +

+ ÷

÷

ø ö

ç ç

è æ

- ´ +

+ - + - = Y

å å å å å å å å

+ - + -

- + - +

2 2 1 1

,

# # # #

2

2

2 1

2

2 2

2 2

1

1 1

1 1

1 2

2 2 2 2 1 1 1 1

2 1

N N N N y y y y y y y y

N N

Q i P N

Q i P N

B i

B i

P i

P i

P i

P i N N

P N P N

We know that 36

( ) ( )

( ) ( )

2 1 ,

2 1 ,

# #

# #

2 1 2 1 2 2 2 2 1 1 1 1

2 2 2 2 2

1 1 1 1 1

2 1

P ODD P ODD y y y y

P ODD y y P ODD y y

P P P P

P i

P i

P i

P i

P

P i

P i P

P i

P i P P

´ n - ´ n - Y = - + - Û

´ n + - + ´ n + - = Y

å å å å å å å å

- + - +

- + - +

where,

( )

î í ì

=

otherwise 0 odd is if 1 i

i ODD

36 Notice that due to the restrictionspresented in Equation 3 . 9 , ODD (# P ) = # P - - # P + .

A PPENDIX 103

So, finally we get

( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )

2 2 1 1

, ,

# # # #

2

2

2 2 1 1

2

2 2

2 2

1

1 1

1 1

1 2

2 1 2 1

P ODD N ODD P ODD N ODD y y y y

P N P N

Q i P N

Q i P N

B i

B i

P P N N

P N P N

n - n + n - n +

+ ÷ ÷

ø ö

ç ç

è æ

´ n ¹ n - + ´ n ¹ n - ´ +

+ ÷

÷

ø ö

ç ç

è æ

- ´ +

+ Y = Y

å å å å

n > n n > n

+ - + - ( 3 . 16 )

This means that to prove Hypothesis 3 . 1 we need to prove that

( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( ) 0 # # # #

2

2

2 2 1 1 2 2 1 1

2

2 2

2 2

1

1 1

1 1

1 2

³ n - n + n - n +

+ ÷ ÷

ø ö

ç ç

è æ

´ n ¹ n - + ´ n ¹ n - ´ +

+ ÷

÷

ø ö

ç ç

è æ

- ´

å å å å

n > n n > n

+ - + -

P ODD N ODD P ODD N ODD y y y y

P N P N

Q i P N

Q i P N

B i

B i

P N P N ( 3 . 17 )

The analyt ic proofofthe fals it yo f 3 . 17 is rather complex as there are too many var iants

depending on the relation between the medians and also the cardinalit ies ofthe sets

invo lved ( P 1 , P 2 , B 1 and B 2 ). Being so, we have decided to present a simple example that

falsifies Hypothesis 3 . 1 .

Let X 1 be a discrete var iable with the fo llowing domain : c

1 = {a, b, c, d, e}. Let us

further suppose that we have the fo llowing set ofcases,

X 1 Y X 1 Y X 1 Y X 1 Y X 1 Y X 1 Y

d -582 a -143 c -356 e -594 b -138 b 924

d -289 a 503 c -94 e -280 b 98

d -274 a -400 c 79 e 231 b 177

d -226 a -128 c 562 e 601 b 194

a 568 c -995 e -986 e 711 b 717

C HAPTER

3 . T REE - BASED R EGRESSION 104

This set ofcases leads to the fo llowing ordering ofthe values, based on their respective

medians,

{d, a, c, e, b} as n d (-281.5) < n a (-128) < n c (-94) < n e (-24.5) < n b (185.5)

Let us consider the split X 1 Î {d,a}. The value ofthis split is given by the sumo fthe

two respective SADs and is equalto y { d,a},{c,e,b}

= 2345 + 7481 =

9826. According to

Hypothesis 3 . 1 , ifwe exchange a and c we should get a value ofthe split at most equalto

this value, but never smaller. Ifwe make the necessar ycalculat ions we obtain the value of

y {d,c},{a ,e,b}

= 2543 + 7020 =

9563, which proves that the hypothesis is false. This means

that using Hypothesis 3 . 1 maylead to a sub-optimalno minal split.