105

C h a p t e r 4

O v e r f i t t i n g Av o i d a n c e i n R e g r e s s i o n

T r e e s

This chapter describes several approaches that tryto avoid over fitting ofthe training data with too complex trees. In the context oftree-based models these strategies are known as pruning methods. Over fitt ing avo idance within tree-based models is usually achieved by growing an over lylarge tree and then pruning its ^unreliable~ branches (also known as post-pruning). Post-pruning can be regarded as a search problem, where one looks for the

^best~ pruned tree. The pruning techniques we present in this chapter fo llow the same general strategyas the one used in systemCART (Breiman et al. ,1984). These techniques proceed in two separate stages, where init ially a sequence ofalternat ive pruned trees is generated, and then a tree selection process is carr ied out to obtain the final model.

Compared to CART pruning we descr ibe new methods ofgenerat ing sequences oftrees that proved to be advantageous on our benchmark data sets. Moreover, we descr ibe a new tree-matching procedure that extends the applicabilit yo fthe cross validat ion select ion method used in CART. We extend the use of m estimates (Karalic & Cestnik, 1991) by der iving the m estimate ofthe mean abso lute deviat ion, which allows the use ofthese estimators with LAD trees. We also der ive the standard errors ofthe m estimates ofboth

C HAPTER 4 . O

VERFITTING A VOIDANCE IN R EGRESSION T REES 106 the mean squared error and the mean absolute deviat ion, which allows the use ofthe 1-SE rule (Breiman et al. ,1984) with these est imators. We present a new error estimator for LS regression trees based on the sampling distr ibut ion properties ofthe mean squared error.

Dur ing a systemat ic exper imentalco mpar ison ofdifferent methods ofpruning by tree select ion, this new method together with our new algor ithms for generating sequences o f pruned trees, proved to be among the most competit ive on our benchmark data sets.

Finally, we have compared our most promis ing pruning methods with current state-of-the-art algor ithms for pruning regressio n trees. This compar ison revealed that our methods usually lead to more accurate trees in most ofour benchmark data sets. However, this advantage is usually associated with larger trees compared to some ofthe other algor ithms.

Apart fro maccuracygains, one ofour new pruning methods has significant advantage in terms ofco mputation effic iency, turning it into a good choice when dealing wit h large data sets.

4 . 1 I n t r o d u c t i o n

The methods descr ibed in the previous chapter obtain a tree using an algorithmthat recursively divides the given training set. As a consequence ofthis, the selection o fthe best split s is based on increasingly smaller samples as the tree grows. The split cho ices at the lower levels o fthe tree do often beco me statistically unreliable although the resubst itution error estimate 37 keeps decreasing. It is usuallyconsidered unlikely that this error estimate generalises to unseen cases and the tree is said to overfit the training data.

This means that the tree is captur ing regular it ies ofthe training sample and not ofthe domain fro mwhich the sample was obtained. This is usually taken as the motivat ion for pruning tree models. However, as Schaffer (1993a) pointed out, pruning can not be regarded as a statist icalmean to improve the true predict ion error. In effect, it is easyto find realworld domains where pruning is actually har mfulwith respect to predict ive

37 The estimate obtained with thetraining data, which is used during tree growth.

4.1 I NTRODUCTION 107 accuracyon independent and large test samples 38 . On the contrary, as suggested by

Schaffer (1993a), pruning should be regarded as a preference bias over simpler models.

Understanding the biases ofthe different pruning methods will provide usefulindications onthe strategies that suit best the user´s preferences.

Post-pruning is the process by which a large tree is grown and then reliable evaluat ion methods are used to select the ^r ight-sized~ pruned tree ofthis init ial model. Post-pruning methods are computationally inefficient in the sense that it is not unusualto find do mains where an extremely large tree with thousands ofnodes is post-pruned into few hundred nodes. This clear lyseems a waste ofcomputation. An alter nat ive consists ofstopping the tree growth procedure as soon as further splitt ing is considered unreliable. This is sometimes known as pre-pruning a tree. Pre-pruning has obvious computational advantages when compared to post-pruning. In effect, we maystop the tree growth sooner, and moreover, we avoid the post-pruning process. However, this method incurs the danger ofselect ing a sub-optimaltree (Breiman et al. ,1984) bystopping too soon and because of this the usualmethod ofavo iding over fitting is post-pruning.

This chapter starts with an overview ofexist ing techniques ofpruning regression trees.

We then address a particular type ofpruning methodologythat works bytree selection fro ma set ofcandidate alternative models. We claim t hat these techniques are more advantageous fro man applicat ion perspect ive. We descr ibe severalnew techniques of pruning by tree select ion. Amo ng these we remark two new methods ofgenerating sets of pruned trees based on heur ist ic est imates oferror reliabilit y that we conjecture as being advantageous fro ma predict ive accuracyperspect ive. We also descr ibe a new error estimat ion method that we hypothesise as being compet it ive with resampling est imators with the advantage ofbeing co mputationallyless demanding.

38 Empirical evidence supporting this observation is given in Section 4.4 ( Figure 4 . 23 ).

C HAPTER 4 . O

VERFITTING A VOIDANCE IN R EGRESSION T REES 108

4 . 2 A n O v e r v i e w o f E x i s t i n g A p p r o a c h e s

Post-pruning is the most commo n strategyofover fitting avo idance wit hin tree-based models. This method consists oftrying to obtain a sub-tree ofthe init ialover lylarge tree, excluding its lower levelbranches that are estimated to be unreliable. As it was ment ioned byEsposito et al. (1993) pruning can be seen as a search problem. Fromthis perspect ive two main issues ar ise when searching for the best pruned tree. The first is the method used to explore the large space ofall possible pruned trees, and the second is how to evaluate the different alternat ives considered dur ing this process. In this sect ion we br ieflydescr ibe the main exist ing methods ofpruning regressio n trees.

4.2.1 Error-Comp lexity Pruning in CART

CART (Breiman et al. , 1984) prunes a large regressio n tree T max using a two-stage algor ithmcalled Error-Complexit y 39 pruning (Breiman et al. ,1984, p.233). This method is based on a measure ofa tree called error-complexit y ( ) T EC a , which is defined as,

( ) ( ) T T Err T EC ~ # ´ a + = a ( 4 . 1 ) where,

Err ( T ) is the resubst itution error estimate oftree T ;

T ~ # is the cardinalit yo fthe set T ~ containing the leaves ofthe tree T ;

and a is called the complexit yparameter and defines the cost ofeach leaf.

Depending on the cost ofeach addit ional leaf( i.e. the a value) different sub-trees of T max minimise the error-complexit ymeasure. Breiman and his co lleagues proved that although a can run through a continuumo fvalues there is a sequence ofpruned trees such that each element is optimal for a range of a , and so there is only a finite number of^interest ing~ a values. Further more, theydeveloped an algorithm that generates a parametr ic familyo f pruned trees T ( a ) = < T 0 , T 1 ,�, T n >, such that each T i in the sequence is character ised bya different value a i . Theyproved that each tree T i in this sequence is optimalfro mthe EC

39 For classification trees this algorithm isknown as Minimal Cost-Complexity.

4.2 A N O VERVIEWOF E XISTING A PPROACHES 109 perspective within the inter val[ a i .. a i +1 ). Using this algorithm, CART generates a sequence ofpruned trees bysuccessively pruning the node t such that the fo llowing funct ion is minimised,

( )

( ) ( )

1 ~ #

,

-

-

= t

t

T

T Err t Err

T t g ( 4 . 2 ) where,

T t is the sub-tree of T rooted at node t ;

and t T ~ # is the number ofleaves ofthis sub-tree.

The successive g funct ion values for mthe sequence of^interest ing~ a values. For each of these values a new tree results as the minimis ing error-complexit y tree. We should note that there is no theoretical just ification for preferr ing this set ofpruned trees to anyother.

However, Breiman and his colleagues prove that ifone wishes to characterise a tree bya linear combinat ion ofits error and a cost for each ofits leaves, then this sequence is optimal. By optimal it is meant that for anyhypotheticalcost per leafvalue ( a ), the subtreeof T ma x that would minimise the expressio n ofEquation 4 . 1 is included in the sequence generated bythis algor ithm. However, this does not mean that the sequence oftrees T ( a ) includes the best possible sub-trees of T max fro mthe perspect ive oftrue predict ion accuracy, as po inted out byGelfand et al. (1991) and Gelfand & Delp (1991).

The second stage ofthe Error Complexit ypruning method consists ofest imat ing the predict ive accuracyo feach ofthe trees in the sequence T ( a ), and select ing one ofthe trees based on these estimates. Breiman and his co lleagues suggest using a resampling strategy

(either a ho ldout or a cross validat ion process) to estimate the error ofeach tree in the sequence. When using k - fo ld Cross Validat ion (CV), CART divides the given training data into k disjo int fo lds, each containing approximately the same number ofobser vat ions. For each fo ld v an over ly large tree vT max is lear ned using the remaining k -1 fo lds. For each of these k large trees CART generates a parametric family o fpruned trees ( ) a v T , using the method mentioned ear lier. Reliable est imates ofthe error ofthe trees in each ofthe k sequences are obtained using the fo ld that was left out ofthe respective training phase.

C HAPTER 4 . O

VERFITTING A VOIDANCE IN R EGRESSION T REES 110

This means that for each tree in the k sequences we have an a value plus a reliable est imate ofits predict ion error. The goalo fthis CV process is to estimate the predict ion error ofthe trees in the init ialsequence T ( a ). CART obtains the error estimate ofeach tree ( ) a Î T T i bya tree-matching procedure that finds its k ^mo st similar~ trees in the k sequences, and defines the error estimate of T i as the average ofthe error estimates ofthese k trees. CART heur ist ically asserts similar it ybetween trees using their a values. The main danger ofthis tree-matching process results fro mthe fact that these trees with similar a value are different. Moreover, the tree T max is obtained with a larger training set and this maylead to a larger set ofpruned trees, T ( a ). Still, CART obtains the k most similar trees of ( ) a Î T T i as fo llows: let 1 +

a a = a ¢ i i i ; define the k most similar pruned trees in the k sequences

( ) a v T as the trees with a value most similar to i

a ¢ . There is no theoretical just ification for this heur ist ic tree-matching process as it was mentioned by Esposito et al. (1997).

The other alternative method ofobtaining reliable error estimates in CART is using the holdout method. Given a training set a proportion ofcases is left aside and the tree T max is obtained using the remaining cases. The separate set ofcases (the holdout set) is then used to obtain unbiased est imates ofthe predict ion error ofthe trees in the respective sequence T ( a ).

Breiman and his co lleagues descr ibe two alternat ives for the final tree select ion based on the obtained error estimates. Either to select the tree with lowest estimated error or to choose the smallest tree in the sequence, whose error estimate is within the interval

( ) b b rr E E S rr E � . . � + , where b rr E � is the lowest error estimate and

( ) b rr E E S � . . is the standard error ofthis est imate. This latter method is usually known as the 1-SE rule, and it is known to favour simpler trees although possiblyleading to lower predictive accuracy( e.g.

Esposito et al. , 1997).

4.2.2 Pruning based on m estimates in RETIS

RETIS (Karalic & Cestnik,1991; Karalic, 1992) uses a pruning method based on the

Niblett & Bratko (1986) algor ithm. Contraryto CART pruning algorithm, this method

4.2 A N O VERVIEWOF E XISTING A PPROACHES 111 proceeds in a single-step byrunning in a bottom-up fashio n through all nodes of T max . At each inner node t Î T max the Niblet & Bratko algorit hm( N &B ) co mpares the error of t and the weighed error ofthe sub-tree rooted at t ( T t ). The weights are determined bythe proportion ofcases that go to each branch of t . Ifthe error of t is less than the error of T t the tree T max is pruned at t .

One ofthe crucialparts ofthis pruning algorithmis how to obtain the error estimates.

Bayesian methods can be used to obtain reliable est imates ofpopulat ion parameters (Good,

1965). An example o fsuch techniques is the m-estimator (Cestnik, 1990). This bayesian method estimates a populat ion parameter using the fo llowing co mbinat ion between our pr ior and posterior knowledge,

( ) ( ) ( ) q p

+

+ q z

+

= q m n

m m n

n m Est ( 4 . 3 ) where,

( ) q z is our posterior obser vat ion ofthe parameter (based on a size n sample) ;

( )

p q is our prior estimate ofthe parameter;

and m is a parameter ofthis type ofest imators.

Cestnik and Bratko (1991) used this method to estimate class probabilit ies in the context of

post-pruning classificat ion trees using the N &B pruning algorithm. Karalic and Cestnik

(1991) extended this framework to the case ofleast squares (LS) regression trees. These

authors have used m -est imators to obtain reliable tree error estimates dur ing the pruning

phase. Obtaining the error ofan LS tree invo lves calculat ing the mean squared error at

each leafnode. The resubstitution est imates ofthe mean and mean squared error obtained

with a sample consist ing ofthe cases in leaf l are given by,

( ) ( ) ( ) ( ) å å

= =

- = = l l n

i l i

l l y n

i i

l l D y y

n

D MSE y

n

D y

1

2

1

1

and

1 ( 4 . 4 )

where,

{ } l y D i i l

Î = , x ;

and n l = # D l .

C HAPTER

4 . O VERFITTING A VOIDANCE IN R EGRESSION T REES 112

Karalic and Cestnik (1991) have der ived m -est imates ofthese two statist ics. Priors are

usually difficult to obtain in real-wor ld domains. The standard procedure to overcome this

difficult y consists ofusing all training set as the source for obtaining the pr iors. This means

that the pr iors for the mean and the MSE are obtained byest imat ing their values using all

training data. Using equation 4 . 3 we can obtain the m est imate ofthe mean in a leaf l by,

( ) ( ) ( )

( ) å å å å

= = +

+

+

=

=

+

+

+

=

= p

+

+ z

+

=

n

i i

l n

i i

l

D i

l D i

l l l l l l

y

m n n m y

m n y

n m n m y

n m n n y

m n m y

m n n

y m

l l

1 1

1

1 1

Est

( 4 . 5 )

and for the mean squared error,

( ) ( ) ( ) ( ) ( )

( )

( ) ( ) ( )

( ) ( ) ( )

( )

( ) ( )

( )

( )

( ) ( ) ( ) ( )

( )

( ) ( ) 2

1

2

1

2

2 2

1

2

1

2

1 1

2

1

2

1

2

1

2

1

2

1

2

1

2

2 2

Est

1

Est 2 Est 1

1 1 Est 2

Est

1

1 Est 2 Est

1 Est 2 Est

1

Est 1 Est 1 Est

y m y

m n n m

y

m n y m y m y

m n n m y

m n y

n m n m y

n m n n

y m m n m

m n n

y m y

m n n m y

m n y

n y m y m

m n m y

n y m y m

m n n y

m n n m y

m n y m y

n m n m y m y

n m n n

MSE m

n

i i

l n

i i

l n

i i

l n

i i

l n

i i

l n

i i

l l l l l l n

i i

l n

i i

l n

i i

l n

i i

l l l n

i i

l n

i i

l

D i

l D i

l l l

y

l l l l l l l

-

+

+

+

=

- +

+

+

+

=

÷ ÷

ø ö

ç ç

è æ

+

+

+

´ -

- ÷ ÷

ø ö

ç ç

è æ

+

+

+

+

+

+

+

+

=

÷

ø ö ç

è æ ´ -

+

+

+ ÷ ÷

ø ö

ç ç

è æ

´ -

+

+

+

+

+

+

=

-

+

+ -

+

=

å å å å å å å å å å å å å å

= =

= =

= =

= =

=

=

= =

( 4 . 6 )

¨

4.2 A N O VERVIEWOF E XISTING A PPROACHES 113

Froma co mputationalpo int ofview, obtaining the m est imate for the MSE in any leaf

demands calculat ing å å

= = n

i i n

i i y y

1

2

1 and for the cases at the leafand for the who le training set,

besides determining n l , n and m . These values can be easilyobtained dur ing tree growth

without significant increase in the computation. Thus the computationalcost ofobtaining

m -estimates for LS trees reduces to simple ar ithmet ic calculat ions.

A crucialaspect of m -est imates is the value ofthe parameter m . Karalic & Cestnik

(1991) ment ion that the best value o fthis parameter is do main dependent. However,

resampling strategies can be used to automat ically tune m byevaluating a set of

alternat ives and choosing the one that obtained best estimated predict ive accuracy.

4.2.3 MDL-based pruning in CORE

CORE (Robnik-Sikonja,1997; Robnik-Sikonja and Kononenko, 1998) also uses the N&B

pruning algor ithmment ioned in the previous sect ion. However, instead ofcompar ing the

error estimates ofeach node t and its sub-tree T t , CORE uses the Minimum Descr ipt ion

Length pr inciple to guide the decision regarding whether or not to prune anynode ofa tree.

Classicalcoding theory(Shannon and Weaver, 1949; Rissanen and Langdon, 1981)

tells us that anytheor y T about a set ofdata D can be used to encode the data as a binar y

string. The main idea behind the use ofthe Minimum Descr ipt ion Length (MDL) pr inciple

(Rissanen, 1982) is that ^the simplest explanat ion ofan observed pheno mena is most likely

to be the correct one~ (Natarajan, 1991). Mitchell(1997) descr ibes the MDL pr inciple as a

preference for the theory Th such that,

( ) ( ) Th D L Th L Th

TH Th

+ =

Î min arg ( 4 . 7 )

where,

Th is a theorybelo nging to the space oftheories TH ;

D is a data set;

and L (.) represents the binar ydescr ipt ion length.

C HAPTER

4 . O VERFITTING A VOIDANCE IN R EGRESSION T REES 114

This for malisat ion shows how this theoretical framework provides a wayoftrading o ff

modelco mplexit yfor accuracy. In effect, according to this pr inciple we mayprefer a

shorter theorythat makes few errors on the training data to a large theorythat perfectly fit s

the data. Thus this pr inciple can be regarded as a method for guiding over fitting avo idance

within induct ive lear ning.

Robnik-Sikonja & Kononenko (1998) describe a coding schema for regression trees 40

that allows using this pr inciple to prune the trees. This coding deter mines the binar ycode

length ofa tree-based model. The binar y code ofa regressio n tree consists ofthe code of

the modeland ofits errors. The pruning algor ithmused in CORE runs through the tree

nodes using the N &B algorithm and at each node t compares its binar ycode length with the

code length ofits sub-tree T t . Ifthe latter is larger the tree T max is pruned at t .

4.2.4 Pruning in M5

M5 (Quinlan, 1992; Quinlan, 1993) uses a bottom-up method similar to the N&B

algor ithm. M5 can use mult ivar iate linear models in the tree leaves. Because o fthis, the

pruning decisio n is guided bya cr iter ion different fromthe ones used in eit her RETIS or

CORE. For each node t , M5 builds a mult ivar iate linear modelusing the cases in the node

and including onlythe attributes tested in the sub-tree T t . M5 calculates the Mean Abso lute

Deviat ion ofthis linear modelusing the cases in t . This value is then mult iplied by a

heur ist ic penalisat ion factor,

( ) ( ) v n v n t t

- + , where n t is the number ofcases in t , and v is

the number ofattributes included in the linear model. The result ing error estimate is then

compared with the error estimate for the sub-tree T t , and ifthe latter is larger the sub-tree is

pruned.

40 Full details on thisschema can be found in an appendix at the end of this chapter.

4.3 P RUNING BY T REE S ELECTION 115

4 . 3 P r u n i n g b y T r e e S e l e c t i o n

Given an over ly large tree T max , the set ofallsub-trees ofthis modelis usuallytoo large

for exhaustive search even for moderate size of T

ma x

. We have seen in the previous sect ion

examples oftwo different approaches to this search problem. The fir st one considers

pruning as a two-stage process. In the first stage a set ofpruned trees of T max is generated

according to some cr iter ion, while in the second stage one ofsuch trees is selected as the

final model. This is the approach fo llowed in CART (Breiman et al. ,1984). The second

type ofpruning methods uses a single-step procedure and is more frequent. These latter

algor ithms run through the tree nodes either in a bottom-up or top-down fashio n, deciding

at each node whether to prune it according to some evaluat ion cr iter ion. These two distinct

for ms ofpruning a tree influence the evaluat ion methods used in the pruning process.

When consider ing two-stage methods, the evaluat ion ofthe trees can be seen as a model

select ion problem, due to the fact that we want to compare alternative pruned trees with the

aimo fselecting the best one. On the contrary, single-step methods use evaluat ion at a local

level, i.e. theyneed to decide at each node whether to prune it or not. Moreover, two-stage

methods have an addit ional degree offlexibilit ythat we claimto be relevant fro mthe

perspective ofthe practicaluse oftree-based regressio n. In effect, theycan output the

sequence 41 ofalternat ive tree models generated in the first stage together with their

evaluat ion (either an est imate oftheir prediction error or other criterion like their binar y

descr ipt ion length). These trees can be regarded as alternat ive models with different trade-

offbetween modelco mplexit y and evaluat ion score. The systemselects one ofthese trees

according to some bias ( e.g. the lowest estimated error), but without anyaddit io nal

computation cost we can allow the user to inspect and select anyother tree that better suits

his applicat ion needs. We think that this is a ver yimportant advantage fro man applicat ion

point ofview and because ofthis the new pruning met hods presented in this chapter all

fo llo w this two-stage framework.

41 Or part of it as suggested by Breiman et al. (1984, p. 310).

C HAPTER

4 . O VERFITTING A VOIDANCE IN R EGRESSION T REES 116

Wit hin pruning methods based on tree select ion we can make a further distinction,

depending on the methods used to generate the set ofpruned trees. Optimal pruning

algorithms (Breiman et al. ,1984) produce a set oftrees decreasing in size by one node,

ensur ing that each tree in the sequence is the tree with highest accuracyofallpossible

pruned trees with the same size. Breiman and his co lleagues ment ioned that an efficient

backward dynamic programming algor ithmexisted but theyhave not provided it. Bohanec

and Bratko (1994) independent ly developed an algor ithm(OPT) also based on dynamic

programming that is able to produce a sequence o foptimalpruned trees. This algor ithmis

based on the approach suggested byBreiman et al. (1984, p.65). Almuallim(1996)

recent lypresented an improvement ofBohanec and Bratko´s algor ithm, called OPT-2 that

improves the computational efficiency o fOPT. Bothalgor ithms were designed for

classificat ion trees and domains wit hout noise (Bohanec & Bratko, 1994). According to

Bohanec & Bratko (1994) the expected gains in accuracyo foptimal algorithms in no isy

domains are not high when co mpared to non-optimal algorithms. We have re-implemented

OPT-2 and confir med this observat ion. For this reason we do not consider this algor ithmin

further comparative studies reported in this chapter.

Nested pruning algorithms generate a sequence oftrees where each tree is obtained by

pruning the previous element in the sequence at some node. These algor ithms are

obviously more efficient as their search space is sma ller, which means that theymaymiss

some good trees found byan optimalalgor ithm. The main difference between nested

pruning algor ithms is in the methods used for choosing the next node to prune.

In the fo llowing sect ions we descr ibe in detailthe main co mponents ofpruning by tree

select ion algor ithms: the generat ion ofa sequence o fcandidate trees; the evaluat ion of

these candidate models; and the finalselect ion ofthe tree result ing fromthe pruning

process. Moreover, we willpresent our novelproposals to both tree generation and

evaluat ion, and descr ibe the results ofan extensive exper imentalco mpar ison ofdifferent

alternat ive methods ofpruning bytree select ion.

4.3 P RUNING BY T REE S ELECTION 117

4.3.1 Generating Alternative Pruned Trees

In this section we address methods for generating a sequence < T 0 , T 1 , �, T n > ofnested

pruned trees ofan over lylarge tree T max . We descr ibe two exist ing methods ( Error-

Complexity and MEL ) and present our two proposals for this task ( MCV and LSS ).

The generation ofa sequence oftrees is the first step ofpruning bytree selection. We

have alreadyseen in Sect ion 4.2.1 that CART (Breiman et al. , 1984) uses an algor ithm

called Error-Complexity ( ErrCpx ) to generate a sequence o fnested pruned trees. Error

Complexit y is an iterative algor ithmthat starts with the tree T max , which is taken as the fir st

element in the sequence ( T 0 ), and generates the first pruned tree byfinding the node

max

T t Î that minimises,

( ) ( )

÷ ÷

ø ö

ç ç

è æ

-

-

1 ~ # min

t t

t T

T Err t Err

( 4 . 8 )

where,

T t is the sub-tree of T rooted at node t ;

and t T ~ # is the number ofleaves ofthis sub-tree.

The fo llowing pruned trees are obtained using the same method applied to the previous

pruned tree in the sequence unt il a tree consisting onlyo fthe root node is reached. Finding

the node t at each step invo lves running through all tree nodes ofthe current tree, which

can be co mputationally heavy depending on the size ofthe trees. However, Breiman et al.

(1984, p.293) have developed an efficient algorithm t hat avoids running through all tree

nodes to find the node to prune at each step. This turns the Error Complexit y into an

efficient algor ithmhaving an average complexit yo f

( )

T T O ~ # log ~ # , and a worst case

complexit yo f

( )

2 ~ # T O according to Bohanec & Bratko (1994).

A simpler method to generate a sequence ofnested pruned trees was used in a ser ies of

compar isons carr ied out byBohanec and Bratko (1994). This method consists ofselect ing

the node t that willlead to the lowest increase ofresubst itution error. This notion can be

for mally stated as finding the node t minimising,

( ) ( ) ( )

t t

T Err t Err - min ( 4 . 9 )

C HAPTER

4 . O VERFITTING A VOIDANCE IN R EGRESSION T REES 118

We willrefer to this method as the Minimal Error Loss ( MEL ) algorithm. This method is

quite similar to the Error-Complexit yalgorithm, the single differ ence being that MEL uses

a slight lydifferent function to select the next node to prune. Due to this similar it y the

efficient algor ithmdescr ibed byBreiman and his co lleagues can also be used wit h this

method.

As we have ment ioned before, one ofthe motivat ions for pruning trees is the

observat ion that estimates based on smallsamples are potentially unreliable . By

unreliabilit y we mean that the true error ofa tree node can be quite far fromthe value

estimated with such smallsamples. The precisio n ofan est imate is measured by the

standard error ofthe est imate, as we will see in Sect ion 4.3.2.1 . This statist ic measures the

expected var iabilit yifmore est imates were obtained using other samples ofthe same

populat ion. According to statist icalestimat ion theor y, a consistent estimator should get

more precise ( i.e. have lower standard error) as the sample size grows. Motivated bythese

considerations we propose the fo llowing method for generat ing a sequence ofnested

pruned trees. Given a tree T generate a pruned tree byeliminat ing the node whose error

estimate is potentiallyleast reliable. This will lead to a pruned tree of T that is optimal

fro mthe perspect ive ofthe var iabilit yo fits estimated error. Now the question is how to

determine the potentialunreliabilit yo fthe error in a node. We propose two alternat ive

methods for quantifying the unreliabilit yo fthe error estimate in a node. The fir st is

mot ivated bythe fact that the standard error ofest imators is inver selyproportional to the

sample size fromwhich the est imates were obtained. It consists ofpruning, at each

iterat ion ofthe algorithm that generates pruned trees, the node t minimising,

( )

t t n min ( 4 . 10 )

where, n t is the training sample size in node t .

This can be seen as a naïve for mofest imat ing the unreliabilit y ofestimates. We willcall

this the Lowest Statistical Support ( LSS ) algor ithm. Apart from its simplic it ythis method

has some computational advantages when compared to other sequence-based methods

4.3 P RUNING BY T REE S ELECTION 119

descr ibed here. In effect, the order in which the nodes will be pruned can be obtained wit h

a single pass through the tree 42 . Pruning a particular node does not change this ordering, as

the number ofcases in the remaining nodes stays the same. This means that to generate a

sequence ofpruned trees with the LSS algor ithmwe onlyneed to obtain a list ofthe nodes

arranged in ascending order ofsample size, and then prune each node in this ordered list to

obtain the next pruned tree.

We have analysed another method ofest imating the unreliabilit yo fthe error estimates

at each node. The standard procedure in statist ics for estimating var iabilit y is to use a

measure ofthe spread ofthe sample. An example ofsuch t ype ofmeasures is the

Coefficient of Variation ( e.g. Chatfield, 1983), which is given by,

Y s

CV Y

= ( 4 . 11 )

where,

s Y is the sample standard deviat ion of Y ;

and Y is the average Y value.

Using this statist ic we can co mpare the expected var iabilit yin the error estimates of

different nodes. Having these values we can generate a sequence ofnested pruned trees, by

pruning at each step ofthe generation process, the node t with largest coefficient of

var iat ion ofthe mean squared error, that is,

( ) ( )

( ) ÷ ÷

ø ö

ç ç

è æ

t MSE t MSE E S

t

. . max ( 4 . 12 )

where,

MSE can be obtained byanyo fthe estimators that willbe descr ibed in Sect ion

4.3.2.1 .

We willrefer to this method as the Maximal Coefficient of Variation ( MCV ) algor ithm.

Are the four methods ofgenerat ing sequences oftrees ( ErrCpx , MEL , LSS and MCV )

significant lydifferent fromeach other, i.e. do theyentail different preference biases that

42 Actually, it can even be obtained during the tree growth phase.

C HAPTER

4 . O VERFITTING A VOIDANCE IN R EGRESSION T REES 120

can be considered usefulfor different applicat ions? I n order to tryto answer this quest ion

we have carr ied out the following exper iment. For different training samples we have

generated a large tree T max and four different sequences ofpruned trees with each method.

The goalofthis exper iment is to compare these sequences. For each sequence we have

calculated the average true prediction error over all trees in the sequence, and the lowest

true predict ion error achieved by one ofthe trees in the sequence. As we do not know the

true regression funct ion for our benchmark domains, we have est imated the true prediction

error using large independent test sets. The larger the sets, the more reliable the results of

our exper iment.

In this exper iment we have used the fo llowing benchmark domains 43 :

Table 4 . 1 . The basic character ist ics ofthe used benchmark domains.

Data Set Basic Characteristics

Ailerons 13750 cases; 40 continuous variables

Elevators 16559 cases; 18 cont. vars.

2Dplanes 40768 cases; 10 cont. vars.

Mv 40768 cases; 3 nominal vars.; 7 cont. vars.

Kinematics 8192 cases; 8 cont. vars.

CompAct 8192 cases; 22 cont. vars.

CompAct(s) 8192 cases; 8 cont. vars.

Census(16H) 22784 cases; 16 cont. vars.

Census(8L) 22784 cases; 8 cont. vars.

Fried 40768 cases; 10 cont. vars.

Pole 9065 cases; 48 cont. vars.

Ailerons and Elevators are two domains with data collected fro ma controlproblem,

namely flying a F16 aircraft. 2Dplanes is an artificia ldo main descr ibed in Breiman et al.

(1984, p.238). Mv is an artificialdo main containing severalvar iables that are highly

correlated. Kinematics is concerned wit h the forward kinemat ics ofan 8 link robot arm.

The CompAct domains dealwith predict ing CPU t imes fro mrecords ofcomputer activit y

in a mult i-user universit ydepartment. The two domains differ in the attributes used to

descr ibe the cases. The Census domains were designed on the basis ofdata provided byUS

43 Full details of the benchmark domainsused throughout thethesis can be found in Appendix A.2 .

4.3 P RUNING BY T REE S ELECTION 121

Census Bureau (1990 US census). The data sets are concerned with predict ing the median

pr ice ofhouses in a region based on demographic co mposit ion and a state ofhousing

market in the region. Theydiffer in the kind ofindicators (var iables) used to described the

cases. The Fried domain is an artificia ldata set used in Fr iedman (1990). Finally, the Pole

domain contains data froma teleco mmunicat ions problem and was used in a work by

Weiss & Indurkhya (1995).

For each ofthe domains we have repeated the exper iment 50 times for different

training sample sizes. The results presented are averages ofthese 50 rando msamples for

each size. Figure 4 . 1 shows the results ofthe four methods in terms oflowest ^true~ error

achieved by one ofthe trees in each sequence, for differ ent training sample sizes.

256

0.92

0.94

0.96

0.98

1

1.02

1.04

Ailerons

CompAct

2DPlanes

CompAct(s )

Elevators

FriedCensus (16H)

Census (8L)

Kinematic s

MvPole

512

0.92

0.94

0.96

0.98

1

1.02

1.04

CompAct(s)

FriedCensus(16H)

Census(8L)

Kinematics

2048

0.92

0.94

0.96

0.98

1

1.02

1.04

CompAc t

CompAc t(s)

4096

0.92

0.94

0.96

0.98

1

1.02

1.04

Figure 4 . 1 - Comparison of thefour methods for generating sequences of sub-Trees.

C HAPTER 4 . O

VERFITTING A VOIDANCE IN R EGRESSION T REES 122

For space reasons the results regarding the average error in each sequence are presented in the Appendix B.4 . To be able to present the results for all data sets together, we have nor malised each result by dividing it by the average score ofthe four methods. The results can thus be seen as a kind o fratios with respect to the average score ofthe four methods.

These exper iments show that with the exception o fthe Elevators domain, the LSS method generates the more accurate pruned trees fro mthe four methods. Moreover, with the except ion of Elevators , Mv and Kinematics , the methods we have proposed generate better pruned trees than the ErrCpx and MEL methods. Wit h respect to the average error of alltrees within each sequence, our exper iments show that few differences exist between the four methods ( c.f. Appendix B.4 ).Given these results, we can be reasonably confident on the ^qualit y~ ofthe sequences ofpruned trees produced byour two methods ( LSS and

MCV ). Still, generat ing sequences oftrees that include better models does not mean that in the second phase ofpruning the exist ing tree selectio n methods will be able to choose them. This exper iment was carr ied out under the ^ideal~ condit ions ofhaving access to the

^true~ prediction error. In Section 4.3.4.1 we will again co mpare these methods of generat ing sequences oftrees, but now in conjunctio n with ^real~ select ion methods. Still, based on the results ofthe exper iments presented above, we can saythat if we have a reliable method ofselect ing trees froma sequence it can be advantageous (or certainly not detrimental) to use the sequences generated byboth the LSS and the MCV algorithms, when co mpared to exist ing methods.

4.3.2 Methods for Comparing Alternative Pruned Trees

In this section we address the second stage ofpruning by tree select ion: compar ing the generated pruned trees. We will discuss two main methodologies for compar ing tree-based models. The first is based on reliable est imates ofthe error ofthe models, while the second is based on the minimumdescr iption length pr inciple. Wit h respect to error-based select ion we descr ibed three main strategies for obtaining reliable est imates ofthe error: methods

4.3 P RUNING BY T REE S ELECTION 123 based on resampling; bayesian est imat ion; and estimates based on the sampling properties ofthe error estimates.

4.3.2.1 Comparing Trees using Prediction Error Estimates

An est imator is a funct ion that takes a sample ofobser vat ions and uses it to estimate an unknown value ofa statist icalparameter q . The estimator q � is a rando mvar iable with a probabilit y distr ibution funct ion usually known as the sampling distribution ofthe estimator. An est imator is said to be unbiased ifits expected value is equalto the true value ofthe parameter being est imated ( i.e.

( ) q q = � E ). This means that with repeated sampling we should obtain the true value ofthe populat ion parameter byaveraging over the different sample est imates. Although being unbiased is an important propertyofan est imator it does not indicate how precise a particular est imate is. In effect, we can have two different unbiased est imators ofa parameter q , one being preferable to the other because its sampling distr ibution is more tightly spread around the true value of q . This notion can be captured bya statistic of spread applied to the estimates. The result ing statist ic is usually known as the standard error ofan est imator, S.E.

( ) q � . Another important propertyo fan estimator is consistency . This propertystates that with increasing size ofthe samples our estimates should improve. In summar y, we are interested in consistent , minimum variance

( i.e. precise ) and unbiased estimators ofthe predict ion error. In the following sections we descr ibe severalest imators ofthe prediction error ofregression trees.

Resampling Methods

The main idea behind resampling methods is to use a separate set ofdata to obtain the reliable est imates. We have already seen a possible wayo fusing these est imators within pruning when we have discussed CART pruning algor ithm(Sect ion 4.2.1 ). Resampling methods can also be used to tune parameters ofa lear ning system. An example ofsuch applicat ion consists offinding the ^optimal~ values o flear ning parameters to better tune a systemto a particular domain ( e.g. John,1997). This is part icular ly useful whenever the

C HAPTER 4 . O

VERFITTING A VOIDANCE IN R EGRESSION T REES 124

^optimal~ values ofthese parameters depend on the domain under considerat ion. In a way the estimat ion phase ofCART pruning can be seen as tuning the cost per leaf node (the a value) parameter, to ensure the highest estimated predict ive accuracy. These techniques can also be used wit hin the pruning method used in RETIS for obtaining the ^best~ value of m , and within CORE pruning method to find the ^optimal~ precisio n coefficients used in the MDL coding schema.

Our studywillbe centred on two particular resampling techniques, the Holdout and the Cross-Validation . Another frequent lyused resamp ling technique is the bootstrap

(Efron,1979; E fron & Tibshir ani, 1993) and its variants like the .632 bootstrap or the e0 bootstrap (see for instance Weiss & Kulikowski, 1991 or Kohavi, 1995). The bootstrap method is known to be particular suitable for small samples. Wit h the rapid growth of computationalpower and the widespread ofinformat ion techno logy, the size o fdata sets is growing at a ver yfast rate. Research fields like Knowledge Discover yin DataBases

(KDD) put a particular emphasis on large data sets, which we share. This was the main mot ivat ion for not including the bootstrap method in our study.

Cross Validation Error Estimates

A k - fo ld cross validat ion (CV) estimate is obtained byrando mly dividing the given training sample in k disjo int fo lds D 1 ,..., D k , each containing approximatelythe same number ofobser vat ions. For each fo ld D f a regression modelis constructed using as lear ning sample D \ D f , obtaining the model r f ( b , x ). This modelis then tested on the fo ld

D f . The same process is repeated for allfo lds. Finally, the CV error estimate is obtained by averaging the errors ofthese k models, i.e.

{ }

å å

= Î

= k f D

i kCV f i

Err n

rr E

1

1 � x

( 4 . 13 ) where,

( ) ( ) ( ) 2 , or , i i i i i i r y Err r y Err x x b- = b - = , depending on the type of error measure we are using to evaluate our model.

4.3 P RUNING BY T REE S ELECTION 125

A particular case ofthis formula occurs when k is set to n . This leads to what is usually known as Leave-One-Out Cross Validation (LOOCV) where n models are constructed using n -1 training cases. This method is computationallyexpensive so it is used onlywith ver ysmalldata sets. The most commo n set-up in current research within ML is 10-fo ld

CV.

As ment ioned byBreiman et al. (1984, p.307) it is not clear how to obtain standard error (SE) estimates for the CV estimator since the errors are not independent due to the over lap ofthe k training sets. Ifwe ignore this dependence we reach a heur ist ic for mulat ion for the SE ofthis estimator,

( ) ( )

{ }

å å

= Î

- = k f D

kCV i kCV f i

rr E Err n

rr E E S

1

2 � 1 � . .

x

( 4 . 14 )

The use ofCV est imators with tree-based models presents some difficult ies. For instance, we have to repeat the lear ning process k times, which br ings addit ionalco mputation costs.

Another problemis how to use the CV estimate to select the best pruned tree. We have seen in Sect ion 4.2.1 that Breiman et al. (1984) use the cost per leafnode (the a values) to perfor ma tree-matching process that allows the use ofCV estimates in the pruning process. This method is strongly t ied to the error-complexit y sequence generation algor ithm. It does not make sense to use the a values to performtree matching wit h other sequences oftrees, because Breiman and his co lleagues proved that the optimal sequence is the one provided by the Error-Complexit yalgor ithm. Motivated bythe fact that we have studied other algor ithms for obtaining sets ofpruned trees we have devised an alter nat ive tree-matching method.

The Error-Complexit yalgor ithmproduces a parametr ic sequence ofnested trees T ( a )

= < T 0 , �, T n >. Associated with each tree in the sequence there is a a value. Let us denote a tree belonging to this sequence as T ( a i ) to reinforce this associat ion between the trees and the respective a values. As we have ment ioned in Sect ion 4.2.1 , when using k -fo ld cross validat ion error estimates, CART also produces k parametric sequences ( ) ( ) a a k T T ,..., 1 .

C HAPTER 4 . O

VERFITTING A VOIDANCE IN R EGRESSION T REES 126

For each tree in these sequences we have a reliable estimate ofits error obtained with the respective fo ld. The tree matching procedure ofCART est imates the error ofthe tree T ( a i ) ofthe main sequence as the average ofthe error estimates ofthe trees

( ) ( )

1 1

1 ,..., + +

a a a a i i

k i i T T , where T ( a r ) is the tree belonging to the sequence T ( a ) with a value most similar to a r . The assumpt ion behind this procedure is that the trees

( ) ( )

1 1

1 ,..., + +

a a a a i i

k i i T T have the same true predict ion error as T ( a i ). In other words, trees with a similar cost per leafwillhave similar true prediction error. As ment ioned by

Esposito et al. (1997) there is no theoreticaljust ificat ion to support this.

We now descr ibe an alternat ive tree-matching method that allows using cross validat ion error estimates for anysequence ofnested pruned trees. Let us assume that trees obtained wit h samples with approximatelythe same size willhave similar predictive accuracy. Under this assumption it seems reasonable to consider that the error estimate of over lylarge tree T max obtained with alltraining data, should be calculated with the error estimates ofthe trees kT T max

1 max ,..., ( i.e. the over lylarge trees ofthe k fo lds). Moreover, as the training sets in the k fo lds are samples ofthe same populat ion it is reasonable to assume that theywillhave the same var iance. Based on this argument we can estimate the error of the tree consist ing ofa single leaf, using the similar trees in the sequences ( ) a v T 44 .

Linear polyno mials obtained through the least squares method are usuallyevaluated bythe proportion of variance they explain . This statist ic is obtained by,

( )

( )

( ) r RE s

r Err s r

Y

Y - =

-

= r 1

2

2

2 ( 4 . 15 ) where, r is a regressio n model;

Err ( r ) is the mean squared error ofthe model;

2

Y s is the sample var iance of Y ;

and RE ( r ) is usually known as the relat ive error of r .

44 Because the error of a tree consisting of a singleleaf is given bythe variance ( 2 Y s ) of the training sample

( i.e. ( ) 2

Y n s T Err = ).

4.3 P RUNING BY T REE S ELECTION 127

We can calculate similar r 2 values for anytree in a sequence. These values range fro ma maximumvalue for the tree T max (which is the fir st element in the sequence, T 0 ), untilthe value zero, relative to the tree consisting ofa single leaf. These values decrease as the trees get smaller because the trees are nested and have increasing value ofresubst itution error

( i.e. they explain less var iance ofthe training sample). This means that we can look at our sequence oftrees as a parametric family

( ) ( ) ( ) ( )

2 2

1

2

0

2 ,..., , n T T T T r r r = r , where

2 2

1

2

0

... n

r > > r > r and 02 =r n . Without loss ofgeneralit ywe may re-scale these values to cover the interval[1..0], using a simple linear transfor mation consist ing ofdividing the 2 i

r values by 2

0

r ( i.e. bythe maximum value of 2 i

r ). This leads to the fo llowing statist ic,

( ) ( )

( ) ( )

0

2

0

2

2

T Err T Err

T Err T Err n

i n i i -

-

= r

r

= J ( 4 . 16 ) where, 1...1,1 0 and , 0 , 1 2 2

1 i

2 2 2

0

- = < J < J > J = J = J

+ n i i i n .

The starting po int ofour proposed tree matching procedure is a sequence ofnested pruned trees,

( ) ( ) ( ) ( ) 2 2

1

2

0

2 ,..., , n T T T T J J J = J , and the k cross validation sequences

( ) ( )

2 2 1 ,..., J J k T T . Our tree-matching method consists ofusing the 2J values to assert similar it ybetween trees in these sequences. Namely, the error estimate oftree

( )

2 i T J is obtained as an average ofthe error estimates ofthe k trees

( ) ( )

2 2 1 ,..., i

k i T T J J . The under lying assumpt ion behind this tree matching procedure is that trees explaining the same proportion ofvar iance ofthe given training sample, are likelyto have similar true predict ion error on future samples ofthe same population.

We have co mpared our tree-matching proposalwith the method used in CART. Using the same sequence oftrees (the one produced byCART Error-Complexit yalgor ithm) and the same error estimat ion technique (5-fo ld CV), we have compared the selected trees in the main sequence for each ofthe two tree-matching methods. Figure 4 . 2 shows the sign

C HAPTER 4 . O

VERFITTING A VOIDANCE IN R EGRESSION T REES 128 and the statist ical significance ofthe difference in MSE between the two alternat ives, estimated using the DELVE exper imental methodology 45 .

-100%

-80%

-60%

-40%

-20%

0%

20%

40%

60%

80%

100%

Ab alo ne

2Dplanes

PoleElevators

Ailero ns

MvKinematics

CompA ct

CompA ct(s )

Cen s us (16H)

Cen s us (8L)

Fried

256 512 1024 2048 4096

CARTmatching

Ourpropos al

Figure 4 . 2 - Our tree-matching proposal vs. CART method.

As Figure 4 . 2 shows there are no statist icallysignificant 46 differences between the cho ices entailed bythe use o fthe two alternat ive tree-matching methods. In spite ofa tendency for the differences being favourable to our method, we cannot discard with high confidence the hypothesis that both alternat ives achieve the same accuracy. Still, we should recall that the single motivat ion for the introduction ofour method was to allow the use ofCV estimates with other methods ofgenerating sequences ofpruned trees apart fromthe method used in CART. This is a relevant issue because we have shown in Sect ion 4.3.1

45 Details concerning the experimental methodologyand the information described in the figures can be found in Annex A . The complete tables of results of this experiment can be found in Annex B.5 .

46 We consider an observed difference statisticallysignificant ifthere isat least 95% confidence that thetwo methods will not achieve similar accuracyon other samples of the same population. Furthermore, if the confidence reaches the 99% level we consider the difference highlysignificant.

4.3 P RUNING BY T REE S ELECTION 129 that it is possible to obtain better results with other sequence generation methods that do not produce the same sequence as the Error-Complexit y algorithm.

Another relevant issue when applying CV est imatorsis the number of fo lds to use.

Smaller numbers make the size ofthe folds larger leading to more reliable est imates.

However, as fewer cases are left for training, this also affects adverselythe ^qualit y~ ofthe modeland thus its error, and hence there is a trade-offbetween the two factors. Moreover, for large data sets the value of k strongly influences the co mputation time. We have not carr ied out anysystemat ic exper iment to determine the optimal number of fo lds. In our exper iments we have used the value 5 on the basis o fempir icalobser vat ions and also because it is co mmo nlyused within ML.

The Holdout Method

Wit h the Holdout method the given training cases are rando mly divided into two separate samples. One ofthe samples is used for training and the other (the holdout sample) to obtain unbiased est imates ofthe models lear ned. The usualway data is used bythis method in the context ofregression trees ( e.g. systemCART by Breiman et al. ,1984) is descr ibed bythe Figure 4 . 3 :

Figure 4 . 3 - The Holdout Method.

A Ho ldout estimate is the average predict ion error ofthe modelon the cases in the ho ldout,

Given

Data

Training

Data

Holdout

Sample

Used for Obtaining

Unbiased Estimates

         Used for Growing

         the Trees

                                                                                                     C

                                                                                                           HAPTER
4 . O

VERFITTING
A

VOIDANCE IN
R

EGRESSION
T

REES
130

                                                                                                                        å

=

                                                                                                =

Hld

                                                                                                                        n
i

i

                                                                                                            Hld

                                                                                     Hld

Err

                                                                                                       n

                                                                              rr

                                                                         E

1

                                                                                                            1

                                                                           �

( 4 . 17 )
where,

                         n

                             Hld

                                      is the number of cases in the Holdout sample;

                         and Err

                                                  i

                                                     is the predict ion error of the model r ( b , x ) for case
i
i

y

,
x .

We are trying to estimate the ^true~ mean error of a regressio n model. Assuming that the
ho ldout sample is drawn fro m the same populat ion as the lear ning sample, we can say that
the Holdout is an unbiased est imator of the mean error of the model. In effect, it is well
known that the average is an unbiased est imator of a population mean, and the ho ldout
estimates are obtained by averaging the errors of the model in the holdout sample. With
respect to the standard error of the ho ldout estimates statist ical theor y tells us that if X

1

, �,

X

     n

         is a rando m sample of a distribut ion with mean m  and var iance s
2

 the var iance o f the
average estimator of the mean is given by,
n

                                                                                                       X

2

                                                                                        Var

                                                                                                                      s

                                                                                                               = ( 4 . 18 )

This means that the standard error of the ho ldout estimates is given by,

                                                                                          ( )
n

                                                                                                 rr

                                                                                            E

                                                                                   E

                                                                            S E

                                                                                                       Hld

2

                                                                                              �

                                                                                        .

                                                                                 .

s

                                                                                                                    = ( 4 . 19 )
where,

                               2

                                E

                          s  is the var iance of the error Err ;

                         and n  is the size of our sample ( in this case the size of the ho ldout).

Using the sample var iance est imate
                                                                                                                      47

 we get the fo llowing operational for mula,

                                                 ( )

1

                                                                                         1

                                                     �

                                                .

                                        .

2

1

                                                                                                                  1

2

-

÷
ø

ö
ç
è

æ

-

                                                                            =

å

                                                                                                             å

=

                                                                                                                =
n

Err

                                                                                                                       Err

                                                                                                       n

                                                                                         n

                                                         rr

                                                    E

                                          E

                                    S

n
i

i

                                                                                                                n

                                                                                                              i

i

                                                               Hld

( 4 . 20 )

47

                                                            ( )

                                                 ( )

                                                               1

                                                                                  2

                                                 2

            2

                                                         -

                                                      -

                   =

                                                              å

                               å

                                                   n

                                            n

                                                                         X

                                         X

                          n

        s

            X

4.3

              P

                   RUNING BY
                                                      T

                                                           REE
                                                                         S

                                                                             ELECTION
131

The two alternative ways of defining the Err
i

’s ment io ned before (squared or abso lute
differences) tell us that less credit should be given to the standard error estimates when
using the MSE criter ion, as we will have powers of four
48

, which can be extremely
var iable. This can be seen as another advantage of LAD regressio n trees. Equation 4 . 20  is
slight ly different from the for mula der ived by Breiman et al.  (1984, p.226). The difference
results from the fact that the authors have used the biased est imate of the var iance, where
the deno minator is n  instead of n -1. This approximat ion is known to underestimate the true
populat ion var iance (Chat field,1983), which means that the values obtained by their
for mula should be over-optimist ic compared to ours.

               An important issue when using these est imates is the size o f the ho ldout. This method
requires the two samples to be independent which means that we will decrease the number
of cases available for training. While one wants a sufficient ly large pruning set (holdout),
one does not want to remove too many cases fro m the training set, so as not to har m the
qualit y o f the lear ned trees. The fir st obvious observation that one can make about this
method is that it is clear ly inadequate for small samples. In effect, as Weiss and

Kulikowski (1991) pointed out, for moderately sized samples this method usually leaves
one with insufficient number of cases eit her for training or pruning. The authors have
suggested that a holdout sample with around 1000 observat ions should be sufficient for
most cases. We have exper imentally confir med on our benchmark data sets that this is a
reasonable assumpt ion. Using larger ho ldouts brings litt le increased precisio n and, in
effect, ends up har ming the accuracy o f the tree model, because too many cases have been

^remo ved~ fro m the lear ning sample. In our exper iment s with the ho ldout method we have
used a similar heur ist ic, by setting the size of the ho ldout as fo llows,

                                                                                                      ( )

1000

,

                                                                                                                %

                                                                                                        30

                                                                                        min n

                                                                  n

                                                                      Hld

                                                                                                                        ´

                                                                                 = ( 4 . 21 )
where n  is the training sample size.

48  Because for the MSE criterion

( )

                                                                                                                     ( )

2

,
i
i

                                                                                                         i

r

                                                                                                                        y

                                                                                              Err xb
-

                                                                                                              =

.

                                                                                                     C

                                                                                                           HAPTER
4 . O

VERFITTING
A

VOIDANCE IN
R

EGRESSION
T

REES
132

This means that for instance, if the sample size is 500 cases, then we have that
min(30% ´ 500,1000) = 150, and thus 150 cases will be left out as holdout while the
remaining 350 will be used as training set. On the contrary, if the sample size is 50000, we
have that min(30% ´ 50000,1000) = 1000, thus only 1000 cases will be left out as holdout.

m-Estimates

As we have ment ioned in Sect ion 4.2.2 , Karalic and Cestnik (1991) have presented m
estimators for the mean and var iance of a var iable, which can be used to obtain reliable
estimates of the error of LS regression trees. Although the authors have used m -est imates
with the Niblett & Bratko ( N&B ) pruning algorithm, these est imates can also be used to
compare alternative regressio n trees. For instance, given a sequence of trees such as the
one produced by the Error-Complexit y algor ithm used in CART, m -estimates could be
used to select the final model instead of the resampling techniques used in CART. We will
use this method in our exper imental compar isons. Moreover, we have extended the work
of Karalic and Cestnik (1991) by der iving the standard error associated with these
estimators. This allows the use of the 1-SE selection rule (Breiman et al. , 1984) with m -
estimates leading to large benefits in ter ms of tree size of the selected model.

               According to Kendall and Stuart (1969, vol. 1) the standard error of the sample mean
squared error is given by,

                                ( )

                                                                                                  ( ) ( )

÷

÷
ø

ö

                                                                              ç

                                                                              ç

                                                                              è

                                                                              æ

÷
ø

ö
ç
è

æ

-

-

                                                                                                              -

                                                           =

                                                                                         å å

                                                                                            = =

                                                                                            n

                                                                                          i

n
i

i

                                                                                                          i

                                                   y

y
y
n

                                                                                                                     y

                                                                                                      y

                                                                                   n

                                                                        n

                                  MSE

                         E

                  S

                                                                                              1

2

1

2

4

1

                                                                                   1

                                                                        1

                              .

                       . ( 4 . 22 )

The standard error is a statist ic of the sampling distr ibut ion of a populat ion parameter.

Using Equation 4 . 3 , we have developed the m -estimate of the standard error associated
with the sample MSE, which is given by the fo llowing equat ion,

4.3

              P

                   RUNING BY
                                                      T

                                                           REE
                                                                         S

                                                                             ELECTION
133

                                  ( )

                  ( )

                                                                                                  ( )

                                                               ( ) ( )

( )

                                                                                             ( )

                                                          ( ) ( )

( )

÷

÷
ø

ö

                                     ç

                                     ç

                                     è

                                     æ

÷
ø

ö

                                                                                                                     ç

                                                                                                                     è

                                                                                                                     æ

-

                                                                                                               -

                                                                     -

           +

+

÷

÷
ø

ö

                                        ç

                                        ç

                                        è

                                        æ

÷

÷
ø

ö
ç

ç
è

æ

-

                                                                                                                     -

                                                                           -

           +

                                                                =

                                                å å

                                                      å å

                                                   = =

                                                         = =

                                                   n

                                                 i

n
i

i

                                                                 i

      l

                                                        n

                                                       i

n
i

i
l

                                                                       i

                                                 l

                                    l

      l

             l

                                                      y
y
m
y
n

                                                                                                y

                                                                            m

                                                             y

                                          n

                               n

                 m

  n

          m

y
m
y
n

                                                                                                      y

                                                                                 m

                                                                   y

                                             n

                               n

                 m

  n

         n

                                     MSE

                           E

                     S

 m

                                                          l l

                                                     1

2

1

2

                                                                                                          4

                                                           1

2

1

2

                                                                                                               4

Est

1

                                                                                  Est

                                          1

                               1

Est

1

                                                                                       Est

                                              1

                                 1

                                 .

                         .

       Est

( 4 . 23 )

The expressio ns inside the squared roots can be expanded using the following equalit y

                                                                     ( )

                                  ( ) ( )

                                                                                                                  ( )

                                                         ( ) ( )

                                                                                      ( ) ( ) ( )

( )

2

2

1

1

2

2

2

                                                                                                                       2

                                                                                   2

                                     3

                 4

                              1

2

                                                                                                              1

2

                                                                                  4

Est

4

Est

4

1

                                                                                               Est

                                                                           4

                                              Est

                             4

  1

Est

                                                                                                  1

                                                          Est

                  1

        1
y
m
s
n

y
m
s
s
n

s
n

                                                                                                             y

                                                                                         m

                                                                               s

                                                            y

                                        m

                                 s

              s

  n

y
m

                                                                                                                     y

                                                                                                  n

                                                                         y

                                                    m

                                      y

                  n

        n

                           n

                          i

                                                                                                           n

                                                                                                         i

i

                                          i

-

+

-

                                                                    +

                       -

=

÷

÷
ø

ö

             ç

             ç

             è

             æ

÷
ø

ö

                                                                                             ç

                                                                                             è

                                                                                             æ

-

                                                                                       -

                                              -
                        å å

                           = =

( 4 . 24 )
where,
å
å

                                                                                     å

                                         å

=

=

                                                                                         =

                                            =

=

=

                                                                               =

                                  =

n
i

i

n
i

i

                                                                                         n

                                                                                       i

                                                                                                    i

                                            n

                                           i

                                                        i

y
s
y

                                                                                                                   s

                                                                                                y

                                                                      s

                                                    y

                          s

1

4

4

1

3

                                                                                                                       3

                                                                                           1

                                                                                                     2

                                                                         2

                                               1

                             1

,

                                                                                                         ,

                                                            , .

Calculating these s  factors brings no significant computational cost as this can be carr ied
out during tree growth. Using the expressio n given in Equat ion 4 . 24  the m -estimate of the
standard error of the sample MSE can be calculated in an efficient manner.

               We have also extended the use of m -est imates to least abso lute deviation (LAD)
regression trees. To grow LAD trees we need est imates o f the median and o f the mean
abso lute deviat ion to the median. We have der ived m -est imates for these two statist ics.

Regarding the pr iors we have fo llowed the same procedure of est imat ing them at the root
of the tree ( i.e.  using all training data). Using Equation 4 . 3  we can obtain the m  estimate of
the median in a leaf l  as,

                                                             ( ) ( ) ( )
n
l

                                                                                                                    l

                                                                                    l

                                                                                           l D
m
n

m

                                                                                                              D

                                                                                               m

                                                                                n

                                                                                       n

                                            m n

+

+

                                                                                                       n

                                                                                         +

                                                                         =

                                                               n

                                                  Est ( 4 . 25 )
where,

                              ( )

                                       l

                                 D
                          n  and
                                                                   ( )

                                                                            n

                                                                      D
                                                               n  are the resubstitution est imates of the medians obtained with the

                         cases in the leaf and root nodes, respectively;

                         and n

                                           l
                                             is the size of training sample in leaf l .

                                                                                                     C

                                                                                                           HAPTER
4 . O

VERFITTING
A

VOIDANCE IN
R

EGRESSION
T

REES
134

Wit h respect to the mean abso lute deviation to this median we have,

                  ( ) ( ) ( )

                                                                                ( )

                                                                                                           ( )

( )
å

                                 å

å

                                                                                         å
n

-

                                                                                                                       +

                                                                                               +

                                                                                   n

                                                         -

                 +

 =

n

-

+

+
n

                                                                                                                  -

                                                               +

                                               =

                                       n
n

                                      l

n

                                                                                               l

D

i

                                                                                                                  l
                                   D

                                                     i

             l

D

i
l
                                                                                           D

                                                                                                              i

                                                                                    l

                                                           l

                                                                  l
m
y
m

                                                                                                              n

                                                                                                      n

                                                                                                                   m

                                                               m

                                                 y

                        m

         n

m
y
n
m
n

m

                                                                                                                        m

                                                                                                          y

                                                                                n

                                                                      m

                                                       n

                                                              n

                     MAD

 m

Est

                                                                     Est

                 1

Est

1

Est

                                                                                 1

       Est
using the equat ion der ived in Sect ion 3.3.1  for the SAD  of a set of obser vat ions we get,

                                                                                                       ( ) ( )

       ( )

                                                                                                           ( ) ( )

÷

÷
ø

ö

                                   ç

                                   ç

                                   è

                                   æ

                                                                                                                     ´

                                                                                                             n

                                                                                   +

                                                          -

                   +

+

÷

÷
ø

ö

                               ç

                               ç

                               è

                               æ

                                                                                                                  ´

                                                                                                          n

                                                                                +

                                                       -

                 +

 =

                                                                å

                                       å

                                                             å

                                    å

                                                                     -

                                            +

                                                                  -

                                         +
n

                                                                  D

                                                                               i

                                        D

                                                      i

              l

l

                                                              D

                                                                           i

                                     D

                                                  i

             l

D

ODD

                                                                                          m

                                                                           y

                                                  y

                         m

          n

  n

               m

D

                                                                                                                        ODD

                                                                                      m

                                                                       y

                                              y

                        m

         n

                                                                     n

                                            n

                                                                  l

                                        l

#

                                                                                                Est

#

                                                                                            Est

                 1

( 4 . 26 )

The formula der ived above needs a pass trough all training data for each estimate of the

MAD , as we need to obtain the sums of the Y  values greater and smaller than the m
estimate of the median. As this est imate is different for each leaf, this needs to be done for
all leaves. Thus m  est imates for LAD trees have a cost proportional to O (# T

~

´  n ), where

 T

  ~

        is the set of leaves o f the tree T . We can reduce this cost by obtaining the two
summat ions in an incremental fashio n. In effect, during the tree growth these sums get
calculated for the resubst itution est imate of the median. Moreover, we already have the
observat ions in two AVL trees D
                                                                                                                        +

 and D
-

 (see Sectio n 3.3.1 ). The m -estimate of the
median is either bigger or smaller than the resubstitution est imate. Thus we only need to
update the two sums with the cases in the interval between these two values. This will lead
to a complexit y proportional to O (# T

~

´  k ), where k  is much smaller than n .

               We now address the issue o f obtaining the m estimate of the standard error associated
with the estimate of the mean abso lute deviat ion given above. Kendall and Stuart (1969,
vo l. 1) refer that the standard error associated with the sample mean deviat ion about a
value n  is given by,

                                                      ( ) ( ) ( )

                                                                                                       ( )

2

2

                                                                                                              2

                                                                                                1

                                                     .

                                             .

n

                                                                           n

d

-
m

-
n

                                                                                                                   +

                                                                                                         s

                                                                                    =

                                                                                                 n

                                                         MAD

                                                E

                                         S ( 4 . 27 )

4.3

              P

                   RUNING BY
                                                      T

                                                           REE
                                                                         S

                                                                             ELECTION
135
where,

                                                 ( )

                                                                    n

                                                              -

                                     =

                          d

                               n i
                                                     y

                                            E , i.e. the expected value of the mean abso lute deviation.

Using the sample est imates of the 2s  and
n

d  statist ics we get,

                 ( ) ( ) ( )

÷

÷
ø

ö

                                                                 ç

                                                                 ç

                                                                 è

                                                                 æ

÷
ø

ö
ç
è

æ
n

-

-

-
n

                                                                                                                     +

                                                                                                  -

                                              =
å

                                                                            å

=

                                                                               =

                                      n

2

1

2

                                                                                  1

                                                                                                                2
1

                                                                      1

                                                           1

                .

        .

n
i

i

                                                                               n

                                                                             i

                                                                                             i

y
n

y

                                                                                                         y

                                                                                         y

                                                                      n

                                                            n

                    MAD

          E

    S ( 4 . 28 )

We have developed the m  estimate of this standard error which is given by the fo llowing
equation,

                                  ( )

                  ( )

                                                                                                  ( )

                                                               ( ) ( ) ( )

( ) ( )

                                                                                             ( )

                                                          ( ) ( ) ( )

                                                                                                                     ( ) ( )

÷

÷
ø

ö

                                     ç

                                     ç

                                     è

                                     æ

÷
ø

ö
ç
è

æ
n

-

-

-
n

                                                                                                               +

                                                                     -

           +

+

÷

÷
ø

ö

                                        ç

                                        ç

                                        è

                                        æ

÷
÷
ø

ö
ç
ç
è

æ
n

-

-

-
n

                                                                                                                     +

                                                                           -

           +

                                                                  =
å

                                                å

å

                                                      å

=

                                                   =

=

                                                         =

                                                       n

2

1

2

                                                     1

                                                                                                          2

2

1

2

                                                           1

                                                                                                               2

Est

1

Est

Est

                                                                                  Est

                                          1

                               1

Est

1

Est

Est

                                                                                       Est

                                              1

                                 1

                                 .

                          .

       Est
n
i

i

                                                   n

                                                 i

                                                                 i

      l

n
i

i
l

                                                        n

                                                       i

                                                                       i

                                                 l

                                    l

      l

             l
m
y
n

y
m

                                                                                                                        m

                                                                                                y

                                                                            m

                                                             y

                                          n

                               n

                 m

  n

          m

m
y
n

y
m
m

                                                                                                      y

                                                                                 m

                                                                   y

                                             n

                               n

                 m

  n

         n

                                     MAD

                            E

                     S

 m
l

                                                          l

Once again we can try to obtain a computationally more efficient for mula for the
expressio ns inside the squared roots leading to,

                                                                     ( )

                                  ( ) ( ) ( )

                                                                                              ( ) ( )

2

5

2

2

5

4

2

2

4

5

3

2

2

3

                                                                                                                       1

                                                                                                                2

                                                                                        2

                                                                                        2

                                                                    1

                                                             1

                                           2

                           2

                          1

2

1

2

                              1

                                                                                  2

1

2

1

2

1

                                                                                                    2

                                                      2

              2

  1

Est

1

Est

                                                                                                      Est

                                                          Est

                  1

        1
k
k
n

k
k
k
n

k
n

k
k
k
n

k
n

                                                                                                                    k

                                                                                                        nk

                                                                               nk

                                                                k

                                                          s

                                       s

                  nk

  n

m
y
n

y
m

                                                                                                m

                                                                        y

                                                    m

                                      y

                  n

        n

n
i

i

                           n

                          i

                                          i

-

+

-

+

-

                                                                                             -

                                                                         +

                                                -

                                +

=

÷

÷
ø

ö

             ç

             ç

             è

             æ

÷
ø

ö
ç
è

æ
n

-

-

-

                                                                                                                    n

                                                                                       +

                                              -
å

                        å

=

                           =
where,

                         the s factors are defined as before;

                         and
                                                                         ( ) ( ) ( )

D

ODD
k
y
k
y
k

                                                                                                              m

                                                                                             k

                                                                            y

                                                        m

                                        k

D

i

D

i

#

,

,

,

                                                                                                                    Est

                                                                                   ,

                                                              Est

5

4

3

                                                                                                 2

                                            1

=

=

=
n

                                                                                                       =

                                                 =
å
å

-

+

.

Alt hough this formula increases the effic iency o f the calculation o f the standard error, there
are still so me factors ( k

                                                                               3
                                                                                  and k

                                                                                                      4
                                                                                                        ) that need two passes through the data to be obtained. This
is the same efficiency problem ment ioned when present ing the m  estimates of the MAD .

However, as these factors are already calculated to obtain the m estimates of the MAD , the
calculat ion of the standard error of these est imates br ings no addit ional co mputation effort.

                                                                                                     C

                                                                                                           HAPTER
4 . O

VERFITTING
A

VOIDANCE IN
R

EGRESSION
T

REES
136

Estimates based on Sampling Distribution Properties

Statist ical est imat ion theory is concer ned with obtaining unbiased est imates of populat ion
parameters. Point estimates  provide a unique number for the parameter value. Together
with this number we are interested in obtaining a standard error of the estimate. Equations

4 . 22  and 4 . 27  calculate the standard error associated with both the mean squared error and
the mean abso lute deviation to the median. Interval estimates , on the other hand, provide
an interval were we can be sure that in x % of the cases the true populat ion parameter lies
in. I nterval est imates can be obtained if we know the sampling distribut ion of the
parameter being estimated. For instance, the central limit theorem tells us that
irrespect ively of the distribut ion of a rando m var iable, the sampling distribut ion of its mean
is normal. This allows us to obtain confidence intervals for the location o f the true
populat ion mean based on the mean est imated with a single rando m sample. In the case of
regression trees we are interested in obtaining est imates of the true error in each leaf. In
our study we have used as error measures either the MSE or the MAD.

               For the MSE criterion, the error associated with a leaf can be seen as an est imate of the
var iance of the cases within it. Statistical est imation theor y tells us that the sampling
distr ibut ion of the var iance is the c
                                                                                                                      2

 distribut ion ( e.g.  Bhattachar yya &  Johnson, 1977), if
the original var iable fo llo ws a nor mal distr ibut ion. According to the properties of the c
2
distr ibut ion, a 100 ´ (1- a )% confidence interval for the true populat ion var iance based on a
sample of size n  is given by,

                                                                          ( ) ( )

                                                                                                                      ( )

÷

÷

÷
ø

ö

                                                                     ç

                                                                     ç

                                                                     ç

                                                                     è

                                                                     æ

                                                                                                                 c

-

                                                                             c

                                                                                   -

-
a

-

                                                                                             -
                                                                                  a

                                                                                                                      2

1

,

2

                                                                                                                        1

2

                                                                                   2

                                                                                                1

                                                                                         ,

                                                                                      2

                                                                                                  2 1

                                                                                                      ,

                                                                                        1
n

Y

                                                                                          n

                                                                                                 Y

s

                                                                                                                     n

                                                                                              s

                                                                             n

( 4 . 29 )
where,

                              2

                             Y

                          s  is the sample var iance (obtained in a particular tree leaf) ;

                         and 2

                                                ,n
                                              a

                                        c is the tabulated value of the c 2  distr ibution for a given confidence level a

                         and n  degrees of freedo m.

This for mulation is based on an assumpt ion of normalit y o f the distribut ion of the var iable

Y . In most real-world domains we cannot guarantee a priori  that this assumpt ion ho lds. If

4.3

              P

                   RUNING BY
                                                      T

                                                           REE
                                                                         S

                                                                             ELECTION
137
that is not the case we may obtain too narrow intervals for the location of the true
populat ion var iance. This means that the true error in the leaf can be outside o f the interval
boundar ies. However, in the context of pruning by tree select ion, we are not particular ly
interested in the precisio n of the est imates, but in guaranteeing that they per for m a correct
ranking of the candidate pruned trees.

               The c
                                    2

                                       distr ibution is not symmetr ic, meaning that the middle point of the interval
defined by Equation 4 . 29  does not correspond to the sample po int estimate of the var iance

(Bhattachar yya &  Johnson, 1977). In effect, the middle po int of this interval is larger than
the point estimate. The difference between these two values decreases as the number of
degrees of freedo m grows, because it is known that the c
2

 distribut ion approximates the
nor mal distr ibut ion
                                                                 49

                                                                        when the number of degrees o f freedo m is sufficient ly large. This
means that as the sample size (which corresponds to the number of degrees of freedo m)
grows, the middle point of the interval given in Equat ion 4 . 29  will tend to approach the
point estimate obtained wit h the sample. This is exact ly the kind of bias most pruning
methods rely on. They ^penalise~ estimates obtained in the leaves of large trees (with few
data points) when co mpared to estimates at higher levels o f the trees. Being so, we propose
using the middle po int of the interval in Equat ion 4 . 29  as a more reliable est imate of the
var iance of any node, which leads to the fo llowing est imator of the MSE in a node t ,

                                                        ( )

                                     ( ) ( )

( )
÷

÷

÷
ø

ö
ç

ç

ç
è

æ
c

+
c

´

                                                                                                                    -

                                                                                                     ´

                                                                    =

-
a

-

-
a

2

1

,

2
1

2

1

,

2

1

1

                                                                                                                  2

1
t
t

n
n

                                                                                                                t

                                                                                                           n

                                                                                              t

                                                                           MSE

                                                           t

                                        MSE

              ChiEst ( 4 . 30 )
where,

                                                                                            ( )
                                                                                                                       ÷

                                                                                                                       ÷

                                                                                                                       ÷

                                                                                                                       ø

                                                                                                                       ö

                                                    ç

                                                    ç

                                                    ç

                                                    è

                                                    æ

                                                                                       c

                                                                                  +

                                                        c

                                              ´

                                   -

                                                                                                                -
                                                                                                   a

                                                                                                -

                                                                          -
                                                              a

                                                                                            2

                                                                                                                   1

                                                                                                           ,

                                                                                                      2
                                                                                             1

                                                              2

                                                                            1

                                                                    ,

                                                                 2

                                                                                                    1

                                                                  1

                                 2

                                         1

                                                                                                              t

                                                                        t

                                                                                                            n

                                                                      n

                               t

                           n

 can be seen as a correcting factor of the MSE in a

                         node t .

49   Which is symmetric.

C

HAPTER
4 . O

VERFITTING
A

VOIDANCE IN
R

EGRESSION
T

REES
                              138

                              This is a heur ist ic method of obtaining an est imate of the true mean squared error in a tree

                              node, obtained through the use of a ^correcting~ factor on the resubst itution est imate of the

                              MSE. This factor is a function of the number of cases fro m which the resubstitution error

                              was obtained and of the sampling distr ibut ion properties of the mean squared error. A

                              similar strategy is fo llowed in C4.5 (Quinlan, 1993a) for classification trees, which applies

                              a ^correcting~ factor to the resubst itution error rate, based on the bino mia l distr ibutio n.

                              Figure 4 . 4  shows the value of the correcting factor for different sample sizes and

                              confidence levels o f the c
                                                                                                                    2

                                                                                                                       distribut ion.

                                                                                          1

                                                                                      1.5

                                                                                          2

                                                                                      2.5

                                                                                          3

                                                                                      3.5

                                                                                          4

                                                                                      4.5

                                                                                          5

102030405060708090100110120130140150160170180190200

Sam pl e size

Correcting factor

F(.95) F(.975) F(.999)

                                         Figure 4 . 4  ˘Different values of the ^correcting factor~ used in the ChiEst estimator .

                              As it can be seen the larger the confidence level the higher the value o f the correcting

                              factor penalis ing small samples. This means that the higher the confidence level the

                              stronger the preference bias for smaller trees.

                                             Regarding the use of the 1-SE rule we can calculate the standard error of these

                              estimates using Equation 4 . 22 .

4.3

              P

                   RUNING BY
                                                      T

                                                           REE
                                                                         S

                                                                             ELECTION
139

               We were not able to find the sampling distribut ion of the Mean Abso lute Deviat ion to
the median. Being so, we decided not to use this type of est imators with our LAD
regression trees.

4.3.2.2  Comparing Trees using their Binary Description Length

Most exist ing work on pruning is so lely guided by reliable estimates of the predict ion
error. Still, pruning inevitably leads to smaller and thus less complex trees. Pruning has an
important effect on model complexit y and interpretabilit y as it was pointed out by several
authors ( e.g.  Bohanec and Bratko, 1994; Kononenko, 1989). In effect, there is a strong
resistance to ^black box~ models by many human experts. As a result of this so me authors
have tried to incorporate both the notions of simplicit y and predict ion accuracy in the
preference bias guiding the over fitting avo idance process. Breiman et al.  (1984) have
added a complexit y cost to the error estimates leading to the error-complexity pruning
method used in their CART system. Still, this measure is only used for generating the set
of alternat ive trees considered dur ing the pruning process, while the final select ion is so lely
guided by the minimisation o f the estimated error. Both m -estimates and ChiEst  indirect ly
incorporate a bias for smaller trees by penalising est imates obtained wit h small samples.

The Minimum Descr ipt ion Length (Rissanen, 1978) principle is based on a sound
theoretical framework that can incorporate the notions o f model co mplexit y and accuracy.

This work gave rise to studies o f binar y coding of tree-based models which is now a well-
studied subject. Coding of classificat ion trees was explored for instance by Quinlan &

Rivest (1989) and Wallace & Patrick (1993). The work of Kramer (1996) seems to be the
fir st attempt which invo lves using MDL for select ing a good candidate fro m a set of
different regression trees. This author descr ibed the SRT system that lear ns a particular
type of regressio n trees using a least squares error criter ion. The particular it y of SRT
resides on the use of a relat ional language for the tests in the nodes of the trees. In effect,
the final tree can be translated into a set of relational clauses. SRT builds several trees
using different stopping cr iteria and uses MDL to select the best one. Kramer (1996)

                                                                                                     C

                                                                                                           HAPTER
4 . O

VERFITTING
A

VOIDANCE IN
R

EGRESSION
T

REES
140
descr ibes so mewhat vaguely the coding used in SRT. He refers that the length of a tree
encoding consists of the sum o f the encoding of the tree model plus the encoding of its
errors on the training data. The errors are real numbers and are encoded using the method
proposed by Rissanen (1982). As for the tree model the author just ment ions that he
encodes the cho ices made in each node fro m all possible literals. As we have seen in

Section 4.2.3 , Robnik-Sikonja and Kononenko (1998) also use MDL for pruning LS
regression trees in the CORE system. The coding schema
50

 provided by these authors can
be used to obtain the binar y descr ipt ion length of any regressio n tree. We use this code
length to compare different pruned trees in the context of pruning by tree select ion.

4.3.3  Choosing the Final Tree

This sect ion addresses the final step of pruning by tree select ion. After an init ial stage
consist ing of generating a set of alternative pruned trees, we evaluate these alternat ives by
means of any o f the methods descr ibed in Sect ion 4.3.1 . The goal of these evaluat ion
methods is to provide infor mation that allows choosing one of such models as the final tree
obtained by the lear ning algor ithm. Different strategies can be used in this final step of
pruning by tree select ion.

               If we co mpare the alternat ive pruned trees using est imates of their true predict ion
error, the ^natural~ method of select ing a tree is to choose the model wit h lowest estimated
error. However, Breiman et al.  (1984) suggested an alternative method biased toward
simpler models. This alternat ive consists of selecting the smallest tree within the inter val

                                     ( )

                                                   l

             l

                                             rr

                                        E

                              E

                        S

       rr

  E

                                         �

                                   .

                            .

   �

                 + , where

                                                                                                  l

                                                                                            rr

                                                                                       E

                                                                                        �

                                                                                                      is the lowest error estimate and

( )
l

rr

E

E

S

�

.

.  is the standard
error of this est imate. This method, usually known as the 1-SE rule, can be generalised to a
k -SE rule wit h k  ³  0
                                                                     51

                                                                          .

50  Full details regarding this coding schema can be found in the appendix at the end of this chapter.

51  Notice that with k  = 0 this rule resumes to selecting the tree with lowest error.

4.3

              P

                   RUNING BY
                                                      T

                                                           REE
                                                                         S

                                                                             ELECTION
141

               If the trees in the sequence are compared in terms o f their binar y descr ipt ion length,
the applicat ion of the Minimum Descr ipt ion Length pr incip le leads to the select ion of the
model with shortest binar y code.

4.3.4  An Experimental Comparison of Pruning by Tree Selection Methods

In this section we descr ibe a set of exper iments that compare different approaches to
pruning by tree select ion. These exper iments provide a better understanding of the
different biases of the alternat ive pruning methods we have considered in the previous
sect ions. The conclusio ns of these exper iments allow us to claim that depending on the
preference cr iter ia of the user, some methods will be preferable to others in do mains wit h
similar characterist ics.

4.3.4.1  Comparing Methods of Generating Sets of Pruned Trees

In Section 4.3.1  we have descr ibed two new methods of generat ing sequences of nested
pruned trees ( LSS  and MCV ). In this section we compare these methods with exist ing
alternat ives using different ways of selecting the best pruned tree.

               Figure 4 . 5  shows the sign and statist ical significance o f the estimated MSE difference
between our two proposals ( MCV  and LSS ) and other existing sequence generation
methods ( MEL  and ErrCpx ). In this exper iment we have used ChiEst  with a confidence
level of 95%, as the method of selecting one tree from the sequence. All sequence
generat ion algorithms use as ^starting po int~ the same tree T
max

.

C

HAPTER
4 . O

VERFITTING
A

VOIDANCE IN
R

EGRESSION
T

REES
                              142

                                      -100%

                                        -80%

                                        -60%

                                        -40%

                                        -20%

                                           0%

                                         20%

                                         40%

                                         60%

                                         80%

                                       100%

Ab alone

2Dplanes

Pole

Elevators

Ailerons

MvKinematics

CompAct

CompAct(s)

Cens us(16H)

Cens us(8L)

Fried

                                                                                    256 512 1024 2048 4096

LS S

MEL

-100%

-80%

-60%

-40%

-20%

0%

20%

40%

60%

80%

100%

256 512 1024 2048 4096

ErrCpx

                                      -100%

                                        -80%

                                        -60%

                                        -40%

                                        -20%

                                           0%

                                          20%

                                          40%

                                          60%

                                          80%

                                        100%

                                                                                     256 512 1024 2048 4096

MELMCV

-100%

-80%

-60%

-40%

-20%

0%

20%

40%

60%

80%

100%

256 512 1024 2048 4096

MCV

                                                  Figure 4 . 5  ˘ Comparison of LSS with other sequence generation methods using

ChiEst(95%) as selection method.

                              These graphs show a clear advantage of both MCV  and LSS  over exist ing sequence

                              generat ion methods. In effect, we can obser ve several statist ically significant advantages of

                              our proposals and only wit h the LSS strategy we have observed a significant loss in the

                              CompAct(s)  domain. These results show that the better potential that we have observed in

                              the exper iments reported in Sect ion 4.3.1  ( Figure 4 . 1 ), can be capitalised by the ChiEst

                              select ion method.

                                             We have also carried out similar exper iments with other tree select ion methods. The

                              results are comparable so we do not include them here for space reasons. They can be

                              found in the Appendix B.6 .

4.3

              P

                   RUNING BY
                                                      T

                                                           REE
                                                                         S

                                                                             ELECTION
143

4.3.4.2  Comparing Methods of Evaluating Trees

Pruning by tree selection includes a stage where a tree is chosen according to some
evaluat ion cr iter ia. In Section 4.3.1  we have reviewed several possible ways o f per forming
this evaluat ion. In this section we show the results of an exper imental co mpar ison of these
methods. Here we use as candidate pruned trees the sequence generated with the LSS
algor ithm, which as we have seen in the previous section, is a quite good method overall.

               Before present ing the results of the compar ison we make a few remarks regarding
tuning of the parameters of some tree evaluat ion strategies. Both m -estimates, ChiEst  and

MDL  select ion require that some parameters are set. All o f these parameters reflect certain
preference bias over the accuracy / tree size trade-off. Ideally, one would like to have a
default setting that would ^work well~ across all do mains. Alternat ively we can use
resampling- based tuning to find out the parameter setting that maximises the expected
accuracy on our target domain. Obviously, this tuning strategy only makes sense in case
our goal is to maximise predictive accuracy. Still, this is the most commo n way o f
proceeding. We have already seen that CART uses such tuning method to find out which
cost per leaf ( a  value) leads to higher estimate of predict ive accuracy. We have carr ied out
a set of exper iments to obtain a better understanding of the effect of changing the value of
the parameters of the different tree evaluation methods.

Tuning of the ChiEst evaluation method

We start our analysis wit h the ChiEst  tree evaluation method. The parameter of this error
estimator is the confidence level used to obtain the c
2

 distribut ion values. As Figure 4 . 4

(p. 138 ) shows, different values of the confidence level lead to different penalisat ion of the
resubst itution est imates. We have carr ied out a simple exper iment to evaluate the effect of
the value of the confidence level on the size of the selected tree. This exper iment was
carr ied out with the Abalone , Pole , CompAct  and Elevators  data sets. For each domain we
have grown a LS regression tree, generated a set of pruned trees using the LSS  algor ithm,
and then selected the ^best~ tree according to a ChiEst  evaluat ion carr ied out using

C

HAPTER
4 . O

VERFITTING
A

VOIDANCE IN
R

EGRESSION
T

REES
                              144

                              different confidence level values. The result of varying the value of the confidence level

                              fro m 0.5 to 1 on the relative size of the selected tree when co mpared to the init ially lear ned

                              tree, is shown in Figure 4 . 6 , for the four domains ment io ned above.

                                                                                                   0

                                                                                               0. 1

                                                                                               0. 2

                                                                                               0. 3

                                                                                               0. 4

                                                                                               0. 5

                                                                                               0. 6

                                                                                               0. 7

                                                                                               0. 8

                                                                                               0. 9

                                                                                                   1

0. 50. 53

0. 55

0. 58

0. 60. 63

0. 65

0. 68

0. 70. 73

0. 75

0. 78

0. 80. 83

0. 85

0. 88

0. 90. 93

0. 95

0. 98

1

Confidenc e Level

Pruned Tree Size Ratio wrt T
m ax

Abalone Pole Elevators CompAct

                                              Figure 4 . 6  - The effect of the value of the confidence level on the pruned tree size.

                              As we can see the larger the confidence level the sma ller the selected pruned tree.

                              However, we can observe that for a wide range o f confidence level values the selected tree

                              is the same. This means that the ChiEst  evaluat ion method is quite robust to variations on

                              this value. Moreover, we also observe that depending on the domain different levels o f

                              pruning are carried out for the same confidence level value.

                                             As we have ment ioned we would like to have a fixed setting o f the confidence level

                              that was adequate over a wide range of data sets, to avoid the co mputational burden of

                              having to use resampling- based tuning. We have tried several fixed settings and our

                              exper iments lead us to select the value of 0.95. We have carr ied out a paired accuracy

                              compar ison between using resampling-based tuning through 5-fo ld CV and the fixed

                              setting of 0.95. For CV-based tuning, 16 trial values were used to select the ^best~ setting.

                              These values range exponent ially fro m 0.5 to 0.994303 using the generating funct ion

                                                                                                              15

                                                                                                         ..

                                                                                                     0

                                                                                      ,

                                                          5

                                                        .

                                                    1 22 =
                                                               ´

                                              =

                                                                         -

                                                                                          i

                                                                     e

                               CL

                                                                            i

                                         i

                                                                                                                       . The results of this exper iment are shown in Figure 4 . 7 .

                                                           4.3

                                                                         P

                                                                              RUNING BY
                                                                                                                  T

                                                                                                                      REE
S

ELECTION
145

                                                                                                                   -100%

                                                                                                                     -80%

                                                                                                                     -60%

                                                                                                                     -40%

                                                                                                                     -20%

0%

                                                                                                                       20%

                                                                                                                       40%

                                                                                                                       60%

                                                                                                                       80%

                                                                                                                     100%

A balone

2Dp lanes

Pole

Elevators

A ilerons

M vKinematics

CompA ct

CompA ct(s )

Cens us (16H)

Cens us (8L)

Fried

256 512 1024 2048 4096

ChiEs t(95% )

ChiEs t(5-CV)

                                                                               Figure 4 . 7  - Significance of MSE difference  between ChiEst(95%) and ChiEst(5-CV).

                                                           This compar ison shows that there is no particular advantage in adopting a resampling-

                                                           based tuning of the confidence level when co mpared to the fixed set-up of 0.95, at least on

                                                           these domains. In effect, we have not observed any data set where we could reject with

                                                           high confidence the hypothesis that both alternat ives achieve similar accuracy. Moreover,

                                                           in several data sets there is a tendency for the fixed setting to perform better. Even more

                                                           important is the fact that resampling- based tuning is a computationally intensive process,

                                                           which can be confir med in Figure 4 . 8  that shows the tree size and Cpu time ratios between

                                                           ChiEst (CL=95%) and ChiEst  with the confidence level tuned by a 5-fo ld CV process.

                                                                       0.0

                                                                       0.2

                                                                       0.4

                                                                       0.6

                                                                       0.8

                                                                       1.0

                                                                       1.2

                                                                       1.4

                                                                       1.6

                                                                       1.8

                                                                       2.0

Aileron s

Ab alon e

2DPlan es

Co mpAct

Co mpAct(s)

Elev ato rs

Cen su s (16H)

Cen su s (8L)

Kinematics

M vPole

Siz e Ratio

                                                                                                                    256 512 1024 2048 4096

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

2DPlanes

Co mp Act

Co mp Act(s )

Time Ratio

256 512 1024 2048 4096

                                                                                       Figure 4 . 8  - Tree size and Cpu time ratios between ChiEst(95%) and ChiEst(cv).

C

HAPTER
4 . O

VERFITTING
A

VOIDANCE IN
R

EGRESSION
T

REES
                              146

                              These results reinforce the argument that for these data sets the fixed value o f 95% for the

                              confidence level is the best setting. In effect, not only it has comparable accuracy, but also

                              leads to smaller trees, taking much less computation time. This exper imental result is

                              consistent with the graph of Figure 4 . 6 , where we observed that few differences in tree size

                              could be expected for a large range of confidence level values. This may explain why

                              tuning by CV does not produce significant ly different results in terms of accuracy fro m the

                              fixed setting.

                              Tuning of evaluation based on m-estimates

                              We now focus on tree evaluation using m  est imates. With this evaluat ion mechanism we

                              need to provide the value of the parameter m . Setting this value strongly influences the

                              evaluat ion of candidate trees, thus possibly leading to a different cho ice of final tree model.

                              We have carr ied out the same exper iment descr ibed above for the ChiEst  method, to

                              observe the behaviour of m  estimates in the same four domains, when different values of m

                              are used. We have var ied m from 0.05 to 50 in increments of 0.05. Figure 4 . 9  shows the

                              relat ive sizes of the selected trees compared wit h the tree T
max

 for the different m  values.

                                                                                                   0

                                                                                               0. 1

                                                                                               0. 2

                                                                                               0. 3

                                                                                               0. 4

                                                                                               0. 5

                                                                                               0. 6

                                                                                               0. 7

                                                                                               0. 8

                                                                                               0. 9

                                                                                                   1

0. 535. 5810.5

1315.5

1820.5

2325.5

2830.5

3335.5

3840.5

4345.5

48
m Value

Pruned Tree Size Ratio wrt T
m ax

Abalone Pole Elevators CompAct

                                                                                        Figure 4 . 9  - Variation of tree size for different m values.

                                                           4.3

                                                                         P

                                                                              RUNING BY
                                                                                                                  T

                                                                                                                      REE
S

ELECTION
147

                                                           Figure 4 . 9  shows that quite different tree sizes can be obtained with slight var iat ions o f the

                                                           m  parameter value (particular ly for small m  values). Still, the size decreases mo notonically

                                                           with the increase of m . This t ype of monotonous relat ion was alr eady obser ved with the

                                                           coefficient level o f ChiEst  and it is desirable as it can help the user to find the more

                                                           adequate set-up for his applicat ion.

                                                                          We have also carried out a series of exper iments wit h our benchmark data sets to

                                                           observe the behaviour of our RT system when using fixed m  values. We have tried several

                                                           values for m  (0.5, 0.75, 1, 2, 3 and 5). Based on the results of these exper iments we have

                                                           observed that while the accuracy results are so mehow comparable, there are obvious

                                                           disadvantages in using small m  values due to the resulting tree size. Either m  = 2 or 3

                                                           provide the best compromise between size and accuracy on our benchmark data sets. We

                                                           have co mpared the results of using the value of 2 for m  and using 5-fo ld CV to tune this

                                                           value for each domain. Figure 4 . 10  shows the results of this paired co mpar ison. We use 31

                                                           trial values of m  from which the ^best~ value is selected using 5-fo ld CV. These values

                                                           range exponent ially fro m 0.1 to 40.3429 using the generat ing funct ion

30

..

0

                                                                                                            ,

                                                                                    1

                                                                                  .

                                                                              0 5 =
                                                                                         ´

                                                                       = i

                                                                                               e

                                                             m

                                                                                                    i

                                                                   i

.

                                                                                                                -100%

                                                                                                                  -80%

                                                                                                                  -60%

                                                                                                                  -40%

                                                                                                                  -20%

                                                                                                                      0%

                                                                                                                    20%

                                                                                                                    40%

                                                                                                                    60%

                                                                                                                    80%

                                                                                                                 100%

A balone

2Dplanes

Pole

Elevators

A ilerons

MvKinematics

CompA ct

CompA ct(s )

Cens us (16H)

Cens us (8L)

Fried

256 512 1024 2048 4096

m(2)
m(5-CV)

                                                                                         Figure 4 . 10  - Significance of MSE difference between m(2) and m(5-CV).

C

HAPTER
4 . O

VERFITTING
A

VOIDANCE IN
R

EGRESSION
T

REES
                              148

                              As it can be seen in Figure 4 . 10 , tuning m  by CV leads to significant ly more accurate trees

                              on several domains. The results of this exper iment show that we can expect with

                              reasonable confidence that tuning m  by CV is the best strategy for obtaining accurate

                              regression trees post-pruned with m  est imators.

                                             Figure 4 . 11  shows the results of this co mpar ison in terms of tree size and computation

                              time ratios. The results in terms of tree size confirm that a fixed value of m  can be

                              completely inadequate for some domains. Some of the ratios even fall outside of the graph

                              scale ( e.g.  in the Kinematics  domain using the value of 2 leads to a tree 4 times larger than

                              setting m  by CV). On other occasions using the value of 2 originates in too simple trees

                              that hardly capture the structure of the domain, leading to poor predict ive per formance ( c.f.

                              with the accuracy result s on 2Dplanes , Mv , CompAct , CompAct(s)  and Fried  in Figure

                              4 . 10 ).

                                         0.0

                                         0.2

                                         0.4

                                         0.6

                                         0.8

                                         1.0

                                         1.2

                                         1.4

                                         1.6

                                         1.8

                                         2.0

Ailerons

Abalone

2DPlanes

CompAct

CompAct(s )

Elevators

Fried

Cens us (16H)

Cens us (8L)

Kinematics

MvPole

Size Ratio

                                                                                       256 512 1024 2048 4096

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

Time Ratio

256 512 1024 2048 4096

                                                           Figure 4 . 11  - Tree size and Cpu time Ratios for m=2 and m(cv) selection.

                              Wit h respect to computation times the strategy of tuning m  by CV has large disadvantage

                              as the sample size grows, which was expected and already happened with the ChiEst

                              method.

                              Tuning of evaluation based on the MDL principle

                              Finally, we have studied the behaviour of MDL evaluat ion to ident ify how it is affected by

                              certain parameters. Here we have considered the parameters that specify the precisio n of

4.3

              P

                   RUNING BY
                                                      T

                                                           REE
                                                                         S

                                                                             ELECTION
149
real number s used for coding the cut-point split s and the errors in the leaves, in accordance
with the coding proposed by Robnik-Sikonja & Kononenko (1998). Again using the same
four data sets we have post-pruned a large tree using different combinat ions of values of
these two parameters. The size of result ing tree for the different combinat ions is shown in

Figure 4 . 12 .

                          Figure 4 . 12  - The effect of varying the MDL coding parameters on tree size.

Robnik-Sikonja and Kononenko (1998) claim that the user can easily set the two
parameters, as their meaning is intuitive. Alt hough we agree with their posit ion concer ning
the meaning, the graphs presented show that the effect of var ying these values on the size
of the result ing selected tree is not always predictable. This is caused by the lack of a clear

C

HAPTER
4 . O

VERFITTING
A

VOIDANCE IN
R

EGRESSION
T

REES
                              150

                              mo notonous relation like the one observed with the parameters of m  and ChiEst  est imators,

                              and also by the existence of two parameters instead of a single value to tune.

                                             We have co mpared a single fixed setting o f the two parameters with 5-fo ld CV tuning.

                              Wit h respect to the fixed setting, after some exper imentat ion, we have selected the value of

                              0.1 for the precisio n of the cut-points, and 0.5 for the precisio n of the errors. This setting

                              seemed to provide the better overall result s on our benchmark data sets. Regarding the

                              resampling- based tuning we tried 144 alternat ives. These alternat ives were generated by

                              exponent ially var ying the value of the two precision parameters from 0.005 to 7.65 using

                              the funct ion 11..0,

                                                                                                   005

                                                                                                 .

                                                                                             0 5.1 =
                                                                                                                 ´

                                                                                      = i

                                                                                                                      e

                                                                             p

i

                                                                                  i

. This leads to 12 different precisio n va lues per

                              parameter, which after combining originated in the 144 var iants (12 ´ 12). Figure 4 . 13

                              presents the results of this pair ed compar ison using the trees generated by the LSS

                              algor ithm as source.

                                                                                 -100%

                                                                                   -80%

                                                                                   -60%

                                                                                   -40%

                                                                                   -20%

                                                                                       0%

                                                                                     20%

                                                                                     40%

                                                                                     60%

                                                                                     80%

                                                                                  100%

A b alone

2Dplan es

Po le

Elev ators

A ilerons

M vKinemat ics

CompA ct

CompA ct(s )

Cens us (16H)

Cens us (8L)

Fried

256 512 1024 2048 4096

MDL(0.1 ,0.5)

MDL(5-CV)

                                       Figure 4 . 13  - Significance of MSE difference between MDL(0.1,0.5) and MDL(5-CV).

                              These results lead to the conclusio n that CV-based tuning provides a clear advantage in

                              terms of accuracy over this fixed setting on several data sets. The results with respect to

                              tree size and computation t ime ratios, between MDL wit h CV-based tuning and the fixed

                              setting are shown in Figure 4 . 14 .

                                                           4.3

                                                                         P

                                                                              RUNING BY
                                                                                                                  T

                                                                                                                      REE
S

ELECTION
151

                                                                          0.0

                                                                          0.2

                                                                          0.4

                                                                          0.6

                                                                          0.8

                                                                          1.0

                                                                          1.2

                                                                          1.4

                                                                          1.6

                                                                          1.8

                                                                          2.0

A ilerons

A balone

2DPlanes

CompA ct

CompA ct(s)

Elevators

Fried

Census(16H)

Census(8L)

Kinematics

MvPole

Size Ratio

                                                                                                                   256 512 1024 2048 4096

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

Time Ratio

256 512 1024 2048 4096

                                                                          Figure 4 . 14  - Tree size and Cpu time ratios between MDL(0.1,0.5) and MDL(cv5).

                                                           The results in terms of tree size are so mehow balanced wit h a slight advantage of the fixed

                                                           setting. Regarding computation time we obser ve that the cost of evaluat ing the 144

                                                           alternat ives through 5-fo ld CV is ver y high. Still, our exper iments indicate that if

                                                           computation efficiency is not a major concern the best way of using MDL to post prune

                                                           regression trees is by tuning the precisio n values using cross validat ion.

                                                           Conclusions regarding tuning of tree evaluation methods

                                                           The results of this empir ical study of different methods of evaluat ing trees provide the

                                                           fo llo wing indicat ions regarding its use in the context of pruning by tree select ion. Wit h

                                                           respect to m  estimates and MDL, tuning through resampling is essent ial to obtain good

                                                           predict ive accuracy in do mains wit h different character ist ics. Regarding our ChiEst

                                                           evaluat ion method, the empir ical evidence co llected indicates that the method is quite

                                                           robust to var iat ions on its pruning parameter, and contrary to the other methods we were

                                                           able to achieve competit ive predictive accuracy over all our benchmark data sets using a

                                                           fixed setting. Although we can not guarantee that this will ho ld for any data set, this

                                                           presents an important advantage in terms o f computation time as it avo ids a costly iterative

                                                           evaluat ion process of different alternat ives.

C

HAPTER
4 . O

VERFITTING
A

VOIDANCE IN
R

EGRESSION
T

REES
                              152

                              Comparing the best settings

                              We will now present the results of an exper imental study whose goal is to determine

                              whether any o f the tree evaluat ion methods is super ior to the others. For this purpose we

                              have co mpared the most promis ing var iants of the different tree evaluat ion techniques we

                              have considered. Namely, we have compared 5-fo ld Cross Validat ion error estimates, with

                              m  estimates tuned by 5- fo ld CV, ChiEst  with 95% as confidence level, and MDL tuned by

                              5-fo ld CV. The compar ison was carr ied out using the sequence generated by the LSS

                              algor ithm as the source for tree selection. Figure 4 . 15  shows the estimated difference in

                              MSE between 5- fo ld CV and the other evaluat ion methods.

                                     -10 0%

                                       -80 %

                                       -60 %

                                       -40 %

                                       -20 %

                                          0%

                                        20 %

                                        40 %

                                        60 %

                                        80 %

                                      10 0%

A b a lo n e

2D p la n e s

P o le

Ele v a t o rs

A ile ro n s

M v

K in e ma t ic s

C o m p A c t

C o m p A c t (s )

C e n s u s (16 H )

C e n s u s (8L )

F rie d

                                                                                         25 6 51 2 10 24 20 48 40 96

5 -fo l d C V
m(5 -C V )

-100%

-80%

-60%

-40%

-20%

0%

20%

40%

60%

80%

100%

K in ema t ic s

Co mp A c t

Co mp A c t (s )

Ce n s u s (16H )

Ce n s u s (8L)

256 512 1024 2048 4096

5 -fold C V

C h iEs t(9 5 % )

                                                                                                                 -100%

                                                                                                                  -80%

                                                                                                                  -60%

                                                                                                                  -40%

                                                                                                                  -20%

                                                                                                                     0%

                                                                                                                   20%

                                                                                                                   40%

                                                                                                                   60%

                                                                                                                   80%

                                                                                                                  100%

A balone

2Dplanes

Pole

Elevators

A ilerons

M vKinemat ics

CompA ct

CompA ct (s )

Cens us (16H)

Cens us (8L)

Fried

256 512 1024 2048 4096

5-fold CV

MDL(5-CV)

                                                     Figure 4 . 15  - Significance of MSE difference between tree selection methods.

                              Wit h the exception o f MDL selection the differences are most of the times statist ically

                              insignificant. Compared to m  estimates, 5-fo ld CV has a slight advantage but there are few

                              statist ically significant differences. Wit h respect to the compar ison wit h ChiEst  evaluat ion,

                              most of the differences are insignificant, but the ChiEst  method is computationally more

                                                           4.3

                                                                         P

                                                                              RUNING BY
                                                                                                                  T

                                                                                                                      REE
S

ELECTION
153

                                                           efficient as it is the only strategy that grows only one tree. The other methods take more

                                                           time as they generate and prune several trees, particular ly MDL selection tuned by 5-fo ld

                                                           CV that needs to evaluate 144 trials ( c.f.  Section 4.3.2.2 ). Regarding tree size Figure 4 . 16

                                                           shows the ratios between 5- fo ld CV and the other methods.

C v 5  v s . m ( c v 5 )

                                                                       0.0

                                                                       0.2

                                                                       0.4

                                                                       0.6

                                                                       0.8

                                                                       1.0

                                                                       1.2

                                                                       1.4

                                                                       1.6

                                                                       1.8

                                                                       2.0

Ailerons

Abalone

2DPlanes

CompAct

CompAct(s)

Elevators

Fried

Census (16H)

Census (8L)

Kinematics

MvPole

Size Ratio

Cv 5 vs. ChiEst(95%)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

Aileron s

Ab alon e

Elevato rs

Cen sus (16H)

Cen sus (8L)

Cv5 vs. Mdl(cv5)

0.0

1.0

2.0

3.0

4.0

5.0

6.0

7.0

A ilero ns

A balo ne

2DPlan es

Co mpA ct

Co mpA ct(s)

Elev ators

Cens us (16H)

Cens us (8L)

Kin ematics

MvPo le

                                                                                                 Figure 4 . 16  - Tree Size Ratio comparison among Selection Methods.

                                                           The graphs of this figure show that the preference biases o f select ion by 5-fo ld CV

                                                           estimates and by m  est imates tuned with CV are ver y similar. In effect, Figure 4 . 15  shows

                                                           that both methods achieve similar accuracy, and Figure 4 . 16  indicates that the size o f the

                                                           selected trees is also similar. As the computation time o f both methods is also comparable

                                                           there seems to be no particular advantage of one met hod over the other, at least for the

                                                           domains considered here. When co mpared to the ChiEst  method, 5-fold CV achieves

                                                           similar accuracy ( Figure 4 . 15 ), but with trees that are frequent ly larger as we can obser ve

                                                                                                     C

                                                                                                           HAPTER
4 . O

VERFITTING
A

VOIDANCE IN
R

EGRESSION
T

REES
154
in Figure 4 . 16 . Moreover, ChiEst  is much more effic ient in terms of computation t ime as
we have alr eady ment ioned. This means that for these data sets, both 5-fo ld CV and ChiEst
select ion have comparable accuracy, but the latter is biased towards smaller trees and it is
computationally more efficient. Finally, when co mpared to MDL select ion, 5-fo ld CV
leads to trees that are significantly more accurate in several do mains. However, the trees
selected by MDL are much smaller as shown in Figure 4 . 16  (notice the different scale).

Wit h respect to computation time CV is preferable, as MDL selection needs to evaluate
many trial parameter settings.

4.3.5  Summary

The exper imental co mpar isons carr ied out in this sect ion have shown that our proposed
sequence generat ion methods ( LSS  and MCV ) produce more accurate pruned trees ( c.f.

Figure 4 . 1 ). Moreover, the tree select ion methods we have considered are able to capitalise
on this advantage. Thus the use of our tree generation methods proved to be the best form
of achieving higher accuracy in pruning by tree select ion.

               Wit h respect to the evaluat ion methods we have obser ved that m  estimators, ChiEst
and 5- fo ld CV have quite similar biases regarding predictive accuracy. However, our

ChiEst  method achieves similar accuracy wit h smaller trees and much less co mputation
time, which represents an important advantage for large training samples. Regarding
select ion by MDL we have observed significant losses in predictive accuracy in several
domains. Moreover, the method requires a costly tuning process which result s in much
lo nger computation times than those of the other methods. However, trees selected by the

MDL pr inciple do tend to be significant ly smaller, although we can not consider this an
advantage in cases where it leads to significant accuracy losses. In effect, looking at these
two factors together, we can only consider ver y interest ing the results of MDL select ion in
both the Census(16H)  and Elevators  domains.

               Summar ising, we can conclude that with the except ion of LSS + m ( cv5)  and LSS + CV5
that behave in a ver y similar way in all aspects, most of the methods we have evaluated

4.4

              C

                   OMPARISONS WITH
                                                                               O

                                                                                     THER
                                                                                                       P

                                                                                                            RUNING
M

ETHODS
155
have shown so me part icular advantage that can be considered an useful bias for some
applicat ion scenar io. Still, when taking the three factors we have considered into account

(accuracy, tree size and co mputation time), we conclude that any of our tree generation
methods together with ChiEst ( 95% ) evaluation provide the best compromise overall for
pruning by tree select ion.

4 . 4  C o m p a r i s o n s  w i t h  O t h e r  P r u n i n g  M e t h o d s

In the previous sect ion we have conducted a thorough study of pruning by select ing fro m a
set of alternat ive pruned trees. However, as we pointed out in Sect ion 4.2  other pruning
methodologies exist. In this sect ion we compare two of the most promising pruning
methods we have presented with exist ing methods of avo iding over fitting in regressio n
trees. Namely, we will co mpare pruning by tree select ion using the LSS  algor ithm together
with 5- fo ld CV and ChiEst (95%) evaluation, with CART, RETIS and CORE pruning
methods. To ensure a fair co mpar ison of the pruning methodologies all algorithms were
applied on the same over ly large tree T
max

. This was made possible because our RT system
implements all these pruning var iants. Wit h respect to CART pruning we have used as tree
select ion a 5-fo ld CV process. For RETIS pruning we have tuned the value of the m
parameter using a 5-fo ld CV process to select fro m 31 alternatives ranging exponent ially
fro m 0.1 to 40.3429 using the generating funct ion 30..0,1.0 5 =´= ie
m

i
i

. Finally, the
precisio n values used in CORE pruning were tuned using 5-fo ld CV to select fro m 144
var iants obtained using all co mbinat ions of 12 values defined by

                                                                                 11

                                                                             ..

                                                                         0

                                                           ,

                        005

                      .

                  0 5.1 =
                                      ´

            = i

                                            e

  p

                                                 i

       i

                                                                                          .

               We start by the co mpar ison between our LSS +5CV and the other 3 pruning algor ithms.

Figure 4 . 17  shows the sign and significance of the obser ved differences in MSE between
our proposal and the others.

C

HAPTER
4 . O

VERFITTING
A

VOIDANCE IN
R

EGRESSION
T

REES
                              156

                                     -100%

                                       -80%

                                       -60%

                                       -40%

                                       -20%

                                          0%

                                        20%

                                        40%

                                        60%

                                        80%

                                      100%

A b a lo n e

2D p la n es

Po le

Elev a t o rs

A ile ro n s

M vK in ema t ics

Co mp A c t

Co mp A c t (s )

Ce n s u s (16H )

Ce n s u s (8L)

Fr ie d

                                                                                        256 512 1024 2048 4096

L S S +5 C V

C A R T

-1 00 %

-8 0%

-6 0%

-4 0%

-2 0%

0 %

2 0%

4 0%

6 0%

8 0%

1 00 %

2 D p la n e s

P o le

Ele v a t o rs

M v

K in e m a t ic s

C o m p A c t

C o m p A c t (s )

C e n s u s (1 6H )

C e n s u s (8 L)

F rie d

2 56 5 12 1 02 4 2 04 8 4 09 6

L S S -5 C V

R ET IS

                                                                                                                  -100%

                                                                                                                   -80%

                                                                                                                   -60%

                                                                                                                   -40%

                                                                                                                   -20%

                                                                                                                      0%

                                                                                                                     20%

                                                                                                                     40%

                                                                                                                     60%

                                                                                                                     80%

                                                                                                                   100%

A balone

2Dp la nes

Eleva tors

A ile rons

M vKine matics

Comp Ac t

Comp Ac t(s )

Ce ns u s (16H)

Ce ns u s (8L)

Fried

256 512 1024 2048 4096

LS S -5 CV

CORE

                                           Figure 4 . 17  - Significance of MSE difference between LSS+5CV and other pruning
algorithms.

                              Wit h the exception o f the Elevators  domain, these graphs show that our pruning method

                              achieves excellent predict ive accuracy results when co mpared to the other pruning

                              strategies. In effect, when consider ing only the differences that can be regarded as

                              statist ically significant, all favour our method. Compared to CART pruning, our method

                              achieves clear ly better results in the 2Dplanes , Census (16H  and 8L)  and Fried  domains.

                              The conclusio ns of the co mpar ison with RETIS pruning are similar although the advantage

                              of our method is more marked and is extended to other domains. In effect, in 39 of the 47
52

                              exper imental set-ups the est imated accuracy difference is favourable to our strategy. Wit h

                              respect to CORE pruning, our method has advantage in 37 of the 47 set-ups, with high

                              statist ical significance in several do mains. On the contrary, CORE pruning was never

                              found statist ically significant ly super ior to our method, although it achieved better results

                              in both the Abalone  and Elevators  domains.

                              52  Only 47 because from the 12 domains used in our experiments, some of them do not have enough data to

                              carry out the experiments for all sizes we have considered.

                                                           4.4

                                                                         C

                                                                               OMPARISONS WITH
O

THER
P

RUNING
M

ETHODS
157

                                                                          Regarding tree sizes the results of the compar ison are shown in Figure 4 . 18 .

LSS +Cv5 vs CART

                                                                       0.0

                                                                       0.5

                                                                       1.0

                                                                       1.5

                                                                       2.0

                                                                       2.5

                                                                       3.0

                                                                       3.5

                                                                       4.0

                                                                       4.5

                                                                       5.0

A ileron s

A balon e

2DPlan es

Co mpA ct

Co mpA ct(s )

Elevato rs

Fried

Cen su s (16H)

Cen su s (8L)

Kin ematics

MvPole

Siz e Ratio

LSS+Cv5 vs RETIS

0. 0

0. 5

1. 0

1. 5

2. 0

2. 5

3. 0

3. 5

4. 0

4. 5

5. 0

Ailerons

Abalone

2DPlanes

CompAc t

CompAc t(s )

Elevators

Census(16H)

Census(8L)

Kinematics

LSS+Cv5 vs CORE

0. 0

0. 5

1. 0

1. 5

2. 0

2. 5

3. 0

3. 5

4. 0

4. 5

5. 0

                                                                               Figure 4 . 18  - Tree size ratios between LSS+CV5 and other pruning algorithms.

                                                           The results of the compar ison on tree size indicate that both CORE and CART pruning are

                                                           clear ly biased towards smaller trees. However, we have seen that this benefit comes wit h a

                                                           loss of predict ive accuracy in several do mains, particular ly in the case of CORE pruning.

                                                           Wit h respect to RETIS pruning, our LSS+5CV method has quite similar bias regarding tree

                                                           size with the except ion of the Elevators  domain. The co mpar ison of computation times

                                                           revealed similar costs of LSS+5CV, CART and RETIS pruning methods. CORE pruning,

                                                           however, has significant ly larger computation time due to the amount of pruning set-up

                                                           trials.

                                                                          Wit h respect to our LSS + ChiEst(95%)  pruning method, the accuracy compar ison wit h

                                                           the other three pruning algor ithms is shown in Figure 4 . 19 .

C

HAPTER
4 . O

VERFITTING
A

VOIDANCE IN
R

EGRESSION
T

REES
                              158

                                      -100%

                                       -80%

                                       -60%

                                       -40%

                                       -20%

                                          0%

                                         20%

                                         40%

                                         60%

                                         80%

                                       100 %

A b a lo n e

2D p la n e s

P o le

Ele v a t o rs

A ile ro n s

M v

K in e ma t ic s

C o mp A c t

C o mp A c t (s )

C e n s u s (16H )

C e n s u s (8L)

F rie d

                                                                                         256 512 102 4 204 8 409 6

L S S +C h i Es t(9 5 % )

C A R T

-100 %

-80%

-60%

-40%

-20%

0%

20 %

40 %

60 %

80 %

10 0%

25 6 51 2 10 24 20 48 40 96

R ET IS

                                                                                                                  -10 0%

                                                                                                                    -80 %

                                                                                                                    -60 %

                                                                                                                    -40 %

                                                                                                                    -20 %

                                                                                                                       0%

                                                                                                                     20 %

                                                                                                                     40 %

                                                                                                                     60 %

                                                                                                                     80 %

                                                                                                                   10 0%

C o m p A c t

C o m p A c t (s )

25 6 51 2 10 24 20 48 40 96

C O R E

                                                         Figure 4 . 19  - Significance of the MSE difference between LSS+ChiEst(95%) and
other pruning algorithms.

                              Our LSS+ChiEst(95%)  method also compares quite favourably wit h the other exist ing

                              pruning techniques in terms of predict ive accuracy on our benchmark domains. Co mpared

                              to CART pruning, LSS+ChiEst(95%)  has some difficult ies in the CompAct(s)  domain,

                              although the difference is not statist ically significant. It shows advantage in 2Dplanes ,

                              Census(16H  and 8L) , Ailerons, Elevators  and Fried  domains, often with high significance.

                              Compared to RETIS pruning, the results of our method are even more favourable as it is

                              also significant ly better on the Mv  domain.  Finally, co mpared to CORE pruning, our

                              method has an overall advantage in terms of predictive accuracy wit h the except ion of the

                              Abalone  data set.

                                             Wit h respect to tree sizes the results of the compar iso n are shown in Figure 4 . 20 .

                                                           4.4

                                                                         C

                                                                               OMPARISONS WITH
O

THER
P

RUNING
M

ETHODS
159

Chi(95%) vs CART

                                                                      0. 0

                                                                      0. 5

                                                                      1. 0

                                                                      1. 5

                                                                      2. 0

                                                                      2. 5

                                                                      3. 0

                                                                      3. 5

                                                                      4. 0

                                                                      4. 5

                                                                      5. 0

Ailerons

Abalone

2DPlanes

CompAc t

CompAc t(s )

Elevators

Fried

Census(16H)

Census(8L)

Kinematics

MvPole

Siz e Ratio

Chi(95%) vs RETIS

0. 0

0. 5

1. 0

1. 5

2. 0

2. 5

3. 0

3. 5

4. 0

4. 5

5. 0

2DP lanes

CompAct

CompAct(s )

Chi(95%) vs CORE

0. 0

0. 5

1. 0

1. 5

2. 0

2. 5

3. 0

3. 5

4. 0

4. 5

5. 0

                                                                 Figure 4 . 20  - Tree size ratios between LSS+ChiEst(95%) and other pruning algorithms.

                                                           Our LSS+ChiEst(95%)  method is more compet it ive in terms of tree size than LSS+5CV .

                                                           Still, we continue to observe some disadvantage over CART and CORE pruning in this

                                                           aspect. Compared to RETIS pruning, LSS+ChiEst(95%)  has a clear advantage in ter ms of

                                                           tree size. Regarding co mputation time, LSS+ChiEst(95%)  has an overwhelming advantage

                                                           as it does not need to lear n and prune several trees to tune pruning parameters.

                                                           4.4.1  A Few Remarks Regarding Tree Size

                                                           In the exper iments reported in the previous sect ion our methods clear ly did not match the

                                                           perfor mance of either CART or CORE with respect to tree size. The pruning algorithms of

                                                           these two systems have a preference bias that favours smaller trees. However, a similar

                                                           preference bias can be obtained with our methods with the help of the k -SE select ion rule.

C

HAPTER
4 . O

VERFITTING
A

VOIDANCE IN
R

EGRESSION
T

REES
                              160

                              For all the select ion methods descr ibed in Section 4.3.1  we have given standard error

                              estimates. These allow the use of the k -SE rule (Section 4.3.3 ). The use of this rule will

                              make our methods compet it ive with CORE and CART pruning in terms o f tree size.

                              However, such preference for smaller trees will entail so me accuracy loss, as it was the

                              case of CORE and CART pruning. To illustrate this po int we present an accuracy

                              compar ison of ChiEst (95%) using the 0.5-SE and 1-SE rules wit h CORE pruning.

                                       -100 %

                                         -80%

                                         -60%

                                         -40%

                                         -20%

                                           0%

                                          20 %

                                          40 %

                                          60 %

                                          80 %

                                        10 0%

A b a lo n e

2D p la n e s

P o le

Ele v a to rs

A ile ro n s

M v

K in e ma t ic s

C o mp A c t

C o mp A c t (s )

C e n s u s (16 H )

C e n s u s (8L)

F rie d

                                                                                     25 6 51 2 10 24 20 48 40 96

L S S +C h i Es t(9 5 % ,0 .5 S E)

C O R E

-100%

-80%

-60%

-40%

-20%

0%

20%

40%

60%

80%

100%

Ab alone

2Dplanes

Pole

Elevators

Ailerons

MvKinematics

CompAct

CompAct(s)

Cens us(16H)

Cens us(8L)

Fried

256 512 1024 2048 4096

LS S +ChiEst(95% ,1S E)

CORE

                                          Figure 4 . 21  - Significance of MSE difference between ChiEst with the k-SE rule and

CORE.

                              Compar ing the results to those in Figure 4 . 19 , we confir m the loss of so me o f the accuracy

                              advantage of our method over CORE pruning. However, the use of this rule can overcome

                              some of the limitat ions in terms of tree size, as shown in Figure 4 . 22 .

                                                                                                 Chi(95%,0.5-SE) vs CORE

                                         0. 0

                                         0. 2

                                         0. 4

                                         0. 6

                                         0. 8

                                         1. 0

                                         1. 2

                                         1. 4

                                         1. 6

                                         1. 8

                                         2. 0

Abalone

2DPlanes

CompAc t

CompAc t(s )

Census(16H)

Census(8L)

Kinematics

MvPole

Siz e Ratio

Chi(95%,1SE) vs CORE

0. 0

0. 2

0. 4

0. 6

0. 8

1. 0

1. 2

1. 4

1. 6

1. 8

2. 0

                                                   Figure 4 . 22  - The effect on tree size of the k-SE rule when compared to CORE.

                                                           4.4

                                                                         C

                                                                               OMPARISONS WITH
O

THER
P

RUNING
M

ETHODS
161

                                                                          Compar ing to the results of Figure 4 . 20  (notice the different scale) we can see that our

                                                           method achieves much more compet it ive results in terms of tree size when emplo ying the

                                                           SE rule.

                                                           4.4.2  Comments Regarding the Significance of the Experimental Results

                                                           In this section we have co mpared two of the most promising pruning by tree select ion

                                                           methods we have presented, with the three most well known methods of pruning regressio n

                                                           trees. With respect to predict ive accuracy the exper iments have shown that our pruning

                                                           methods achieve better performance on a large set of exper imental scenar ios. In the light of

                                                           the arguments of Schaffer (1993a), one may question if it is not the case that the used data

                                                           sets are just more suited to the preference biases o f our methods ( i.e.  are the used domains

                                                           somehow representative?).  In order to answer this reasonable doubt we have carr ied out a

                                                           simple exper iment in which we obtained a large unpruned tree and compared its accuracy

                                                           with the accuracy o f the tree result ing fro m pruning it with the CART method. The goal of

                                                           this exper iment is to obser ve the kind of effect pruning has on all our benchmark domains.

                                                           The results of this exper iment are shown in Figure 4 . 23 .

                                                                                                                   -100%

                                                                                                                      -80%

                                                                                                                      -60%

                                                                                                                      -40%

                                                                                                                      -20%

0%

                                                                                                                       20%

                                                                                                                       40%

                                                                                                                       60%

                                                                                                                       80%

                                                                                                                     100%

A balone

2Dplanes

Pole

Elevators

A ilerons

MvKinematics

CompA ct

CompA ct(s )

Cens us (16H)

Cens us (8L)

Fried

256 512 1024 2048 4096

Not Pruning

CART pruning

                                                                                  Figure 4 . 23  - Significance of MSE difference between CART and not pruning.

                                                                                                     C

                                                                                                           HAPTER
4 . O

VERFITTING
A

VOIDANCE IN
R

EGRESSION
T

REES
162

This graph shows that the ^pruning challenges~ of our benchmark data sets are quite
diverse. In effect, while there are data sets where pruning is clear ly beneficial, there are
others where that is not so evident ( e.g.  with the Pole  domain we would do better by not
pruning at all!). These results are in agreement with the claims o f Schaffer (1993a) on
consider ing pruning as a mere preference bias and not as a statist ical mean of achieving
higher accuracy. Moreover, the issue whether pruning is beneficial changes with the size of
the training samples for several do mains. These results indicate that there is a large var iet y
of pruning requirements on our benchmark domains, which increases the confidence on the
significance of the accuracy advantages we have observed with our pruning methods. Still,
there will obviously exist domains were our methods will per for m worse than other
pruning algor ithms.

4 . 5  C o n c l u s i o n s

In this chapter we have carr ied a thorough study o f over fitting avo idance wit hin regression
trees. We have descr ibed the major exist ing pruning algorithms and presented our
approaches to pruning based on tree select ion.

               We have descr ibed several approaches to the generation of sequences o f pruned trees
and presented two novel methods ( LSS  and MCV ). Our methods are based on the idea of
progressively eliminat ing nodes where the available sample size does not insure reliable
error estimates. The use of this strategy has proven advantageous in our exper imental
compar isons with exist ing methods using other strategies, like for instance Error-

Complexit y sequence generation. We have also studied several techniques for choosing
one of such pruned trees. Regarding resampling-based tree select ion we have presented a
new method of tree-matching, which extends the use of Cross Validat ion est imates. Wit h
respect to select ion using m  estimates we have obtained the standard error of the MSE
estimates, which allows the use of the k -SE select ion rule. Moreover, we have extended the
applicabilit y o f m  est imates to LAD regressio n trees. Finally, we have introduced a new

4.5

              C

                   ONCLUSIONS
163
method of est imat ing the error of a LS tree ( ChiEst ) by using the properties of the sampling
distr ibut ion of the mean squared error.

               We have carr ied out a systemat ic exper imental evaluat ion of different ways of
generat ing alternat ive pruned trees and of select ing the most appropriate one. We have
observed that both our two new methods of generating pruned trees and our two new
methods of evaluat ing trees achieved quite competit ive results on our benchmark domains.

These results are caused by a conjunct ion of two important factors. Namely, the
observat ion that our generation methods produce more accurate sub-trees and the fact that
our tree evaluat ion methods are able to capitalise on this advantage by correctly ranking
the trees according to their est imated predict ion error.

               We have also compared our most promising pruning algorithms wit h the three most
well known pruning methods. These exper iments revealed a marked advantage of our
methods in terms of predict ive accuracy on several do mains. Moreover, we seldo m
observed the opposite. These advantages need to be weighed with the cost of larger trees.

However, through the use of the k -SE rule we can minimise this drawback. We have also
observed a clear super ior it y of our method based on the ChiEst  evaluation in ter ms of
computation time.

4.5.1  Open Research Issues

According to Schaffer (1993a) one of the key research issues wit hin pruning methods is to
understand under which condit io ns are all these techniques beneficial. In particular we
would like to know which are the domain characteristics that determine the success of
pruning in terms o f improving predict ive accuracy. In effect, this argument could be
extended to learning algorithms in general and not only to pruning methods. One possible
path to the solut ion of this dilemma is to use some kind of meta-lear ning based on
empir ical exper ience with pruning on domains with different characterist ics in a similar
way as it was done by Brazdil et al.  (1994). With the obtained meta-knowledge, a pruning
algor ithm could determine, on the basis of the character ist ics o f a new domain, which

                                                                                                     C

                                                                                                           HAPTER
4 . O

VERFITTING
A

VOIDANCE IN
R

EGRESSION
T

REES
164
pruning bias would be more adequate. Another possible way is to carry out a theoretical
study of the properties o f the different pruning methods that would provide better
understanding of their applicabilit y. Still, we think that without strong restrict ions on the
distr ibut ion properties of the data sets it will probably be difficult to carry out such study
with such highly non-parametric methods as regression trees. Nevertheless, this is clear ly
an open research quest ion.

A

     PPENDIX
165

A

     PPENDIX
                                 .

In this appendix we descr ibe the coding schema proposed by Robnik-Sikonja and

Kononenko (1998). These authors code a tree as a sequence of bits encoding each of the
tree nodes. For each node they code its type (either a leaf or a split node) and the contents
of the node (either the split or the model in the leaf). The code length of a regressio n tree is
the number of bits of this sequence. To code the type of node we only need a single bit
indicat ing if the node is a split node or a leaf. The coding of the node contents depends on
the type of node. The binar y code of a leaf node consists of the coding of the model ( e.g.

the average Y  value) fo llowed by the coding of the errors committed by that model. Both
the model and its errors are real number s. For instance, suppose that in a leaf o f a LS
regression tree we have a set of training cases wit h the fo llowing Y  values: { 25, 30, 60, 70

}, corresponding to an average of 46.25. The number of bits necessar y to code this leaf is
equivalent to the length of the encoding of the fo llowing real numbers,

                               ( ) ( ) ( )

...

30

25

.

46

25

                                                                                                          25

                                                                                                        .

                                                                                               46

                                            25

                                          .

                                  46 +-
+

                                                                                                                    -

                                                        + CodeLen

                                                               CodeLen

 CodeLen

The coding of real number s is done fo llowing Rissanen (1982). The real number is divided
by the required precisio n e , and the result ing integer is then coded as a binar y string. The
code length of the bit string corresponding to a given integer is deter mined according to the
fo llo wing for mulae,

      CodeLen (0) = 1

      CodeLen ( n ) = 1 + log

                                                                                     2
                                                                                        ( n ) + log

                                                                                                                     2
                                                                                                                        (log

2
( n )) + ... + log

2
(2.865064)
where the summat ion includes only the posit ive terms.

The computational co mplexit y o f calculat ing the binar y descr ipt ion length of a leaf appears
large as we need to run through all cases in the leaf to calculate their predict ion error and
the corresponding code length. However, this can be done with almo st no computation
cost, during the lear ning phase. In effect, during this stage we need to run through all cases
when creat ing the nodes and calculat ing the resubst itution errors, so we can use these
cycles to calculate the binar y code lengths.

                                                                                                     C

                                                                                                           HAPTER
4 . O

VERFITTING
A

VOIDANCE IN
R

EGRESSION
T

REES
166

               Wit h respect to split nodes their coding depends on the type of split. The first part of
the code makes this dist inction, while the fo llowing bit s correspond to the coding of the
split. Robnik-Sikonja and Kononenko (1998) describe the coding for several t ypes of split
nodes. For instance, to code nominal split s with the form X
i

 Î  S , where S  is a set of values
belo nging to

                                             c

                                                   i

                                                    ,  we have to code infor mat ion regarding which attribute is being tested and
of the set of values in the split. This set of values can easily be represented by a bit string
with length corresponding to the possible number of values of the attribute. This leads to
the fo llowing code length for a nominal split,

                                                                               ( ) ( )
i

                                                                                        i

A

                                                                                                    S

                                                                                  X

                                                 CodeLen
c

+

                                                                                                             =

                                                                                            Î #

#

                                                                                                                    log

2

( 4 . 31 )
where A  is the set of attributes.

For continuous var iable splits the reasoning is similar but instead of the subset of values it
is necessar y to code a cut-point within the range o f values of the attribute being tested.

This leads to the fo llowing code length,

                                                        ( ) ( )

( )

÷
ø

ö
ç
è

æ

+

                                                                                       =

                                                                      £
e

i

                                                                 i

X
range

                                                                                                                     A

                                                                            V

                                                           X

                          CodeLen

2

                                                                                                         2

log

                                                                                                               #

                                                                                              log ( 4 . 32 )
where,

                         range ( X

                                                    i

                                                     ) is the range of values of the var iable X
i

 ;

                         and e  is the wanted precisio n for the cut-points.

Robnik-Sikonja and Kononenko (1998) also descr ibe the coding of splits consist ing of
conjunct ions o f condit ions and of linear formulae.

               The coding schema descr ibed above has two parameters, namely the precision used to
code the errors at the leaves and the cut-points of continuous splits. The authors suggest
using different precisio n values for these number s. Robnik-Sikonja and Kononenko (1998)
claim that setting these parameters is intuit ive for the user depending on his applicat ion.

Still, CORE is able to use a cross validat ion process to automatically tune the parameters
fro m a large set of alternat ive values, select ing the values that ensure better estimated
predict ive accuracy.