167

C h a p t e r 5

L o c a l R e g r e s s i o n T r e e s

In this chapter we explore the hypothesis ofimproving the accuracyo fregressio n trees by using smoother models at the tree leaves. Our proposalconsists ofusing localregressio n models to improve this smoothness. We call the result ing hybr id models, localregressio n trees. Localregressio n is a non-parametric statist icalmethodologythat provides smooth modelling by not assuming anypart icular global for mofthe unknown regressio n funct ion.

On the contrarythese models fit a funct ionalfor mwit hin the neighbourhood ofthe query points. These models are known to provide highly accurate predict ions over a wide range ofproblems due to the absence ofa ^pre-defined~ funct ionalfor m. However, local regression techniques are also known by their co mputationalcost, low comprehensibilit y and storage requirements. Byintegrating these techniques wit h regressio n trees, not only we improve the accuracyofthe trees, but also increase the computationalefficiency and comprehensibilit yo flocal models. In this chapter we describe the use ofseveralalter nat ive models for the leaves ofregressio n trees. We studytheir behaviour in severaldo mains an present their advantages and disadvantages. We show that localregressio n trees improve significant lythe accuracyo f^standard~ trees at the cost ofso me addit ionalco mputational requirements and some loss ofco mprehensibilit y. Moreover, localregressio n trees are also more accurate than trees that use linear models in the leaves. We have also observed that

C HAPTER 5 . L

OCAL R EGRESSION T REES 168 local regressio n trees are able to improve the accuracyo flocal modelling techniques in some domains. Co mpared to these latter models our localregressio n trees improve the level ofco mputationalefficiency allowing the applicat ion oflocal modelling techniques to large data sets. Finally, we have co mpared localregressio n trees with three state-of-the-art commercialregressio n systems, and obser ved that our models are quite compet it ive over a wide range ofdomains.

5 . 1 I n t r o d u c t i o n

In this chapter we propose to improve the accuracy ofregressio n trees byusing local models in their leaves, which leads to smoother approximat ions. The motivat ion for the integrat ion ofthese two different regression methodologies lies in exist ing work on model select ion and co mbinat ion. In effect, extensive exper imental( e.g. Michie et. al. 1994) and theoretical( e.g. Schaffer, 1994) results have demonstrated that it is difficult to ident ifya single best induct ive method when consider ing a diverse set ofproblems. This has been termed the selective superiority problem by Broadley (1995) and results fromthe fact that different algorithms use different preference bias in the search for a modelofthe data. As proved bySchaffer (no free lunch theorem) it is always possible to find a data set for which anypreference bias is inadquate. The same kind ofdifficult yar ises when searching for the best parameter setting for a particular data set within a single lear ning method.

Different parameter settings lead to different models and we need to select one ofthese.

Moreover, there is no clear best setting over allpossible domains. There have been two main dist inct pathways for dealing wit h the select ive super ior it yproblem: modelselection and modelco mbinat ion. Before present ing localregression trees that integrate ideas fro m local modelling and regressio n trees, we brieflydescr ibe the exist ing work on these two main strategies for addressing the select ive super ior it yproblem.

5.1 I NTRODUCTION 169

Model Selection through Resampling

One way oftrying to address the select ive super iorit yproblem is to use resampling to perfor ma data-oriented modelselect ion. Using resampling we can obtain est imates ofthe perfor mance on unseen data ofthe different models and use these estimates to carryout a select ion ofthe more adequate model(Schaffer, 1993b). However, this can be tedious, if the number ofdifferent algorithms is large. Moreover, resampling methods are always limited by the amount of^infor mat ion~ present in the given training data, which may lead to wrong decisio ns (Schaffer, 1993a). We have confir med this by obser ving that pruning guided byresampling est imates may lead to worst trees than not pruning at all( c.f. Figure

4 . 23 ), meaning that the estimates were misleading.

Model Selection through Meta-learning

Another alternat ive for addressing the problem ofselecting the most adequate algor ithm for a given problemconsists oftrying to obtain meta-knowledge that somehow character ises the applicabilit y ofdifferent systems (Aha, 1992; Brazdil et. al. 1994; Gama

& Brazdil, 1995). Gama and Brazdil(1995) obtained this meta-knowledge with the help of an induct ive algor ithm. The data used in this meta-lear ning task contained infor mat ion of previous exper iments carr ied out with the alternat ive systems together with a set of attributes character ising each individual data set 53 .

Combining Predictions of different Models

One way ofdealing with the fact that different algorithms use different preference bias that can be usefulin anydo main, is to combine the predictions ofthe result ing models. Earlier work related to the combinat ion ofdifferent predict ions explo ited the notion of redundancy. These notions are related because when we have redundant knowledge we need to solve conflicts and co mbine evidence (Torgo, 1993b). Cestnik and Bratko (1988) induced a set ofredundant rules each character ised bya credibilit yscore, which were then

53 A recentlyapproved European Communityresearch project called METAL ( http://www.ncc.up.pt/liacc/ML/MET AL/ ) is expected to give a major boost to thisresearch line.

C HAPTER 5 . L

OCAL R EGRESSION T REES 170 used to classify new objects. This idea ofredundanc ywas taken further in the work by

Gams (1989), Bunt ine (1990), Kononenko (1991) and Torgo (1993a), among others.

Fo llowing this init ialthread, a ser ies ofworks with stronger theoretical foundations has emerged. Amo ng these we can mention Stacked Generalizat ion (Wo lpert, 1992), Boosting

(Freund,1995) and Bagging (Breiman, 1996). Allthese approaches proved to be successful in ter ms o fleading to a significant accuracyincrease. However, all ofthemhave drawbacks in terms ofmodelco mprehensibilit y. In effect, we no longer obtain a single modelthat can be used to ^explain~ the predict ions.

Combining Models instead of Predictions

Brazdil & Torgo (1990) combined individual models producing a single integrated theory, instead ofcombining their predictions. Their INTEG systemused rando mly obtained subsamples ofthe training set to generate several alternative models using different learning algor ithms. In a subsequent phase the individualmodels were translated into a commo n rule-based representation language. Each rule was evaluated using an independent set of data and this evaluation was used to build a single integrated model. The authors reported significant accuracygains using this method on some benchmark data sets, although this approach requires that certain assumpt ions have been met. The first is the necessit yo fa commo n modelrepresentation language to which all individual models must be translatable. The second is the requirement ofa separate evaluat ion sample. While the latter can be considered more or less irrelevant in the light ofthe current trend in data set sizes, the for mer could be a problemfor some kind ofsystems ( e.g. a neuralnetwork).

Still, this approach has the keyadvantage ofproducing a single comprehensible and accurate modelofthe given training set. Domingos (1997) presented a somewhat related approach that also generates a single final model. His CMM systemstarts bygenerat ing mult iple models using var iat ions ofthe training set. In a second step CMN creates a new training set consist ing ofall original cases plus a new set ofcases appended at the end.

This new data consists ofrando mly generated cases wit h the goalvar iable value given by

5.2 L OCAL M ODELLING 171 the combined classificat ion ofthe former individual models. This new training set is then used in a kind ofsecond- level lear ning step that produces the final model.

Another alternat ive for mofco mbining models consists ofper for ming a tighter integrat ion ofthe methodologies. Instead ofintegrating the models generated bydifferent algor ithms, we somehow integrate the methodologybehind the algor ithms aiming at being able to take advantage oftheir different preference biases. For instance, the RISE system

(Domingos, 1996) integrates instance-based lear ning wit h rule-based induct ion. The integrat ion is achieved by using a single algor ithmthat does not dist inguish between rules and cases and uses the same representation language for both models. Another example o f tight integration occurs when mult iple models are used to extend the representation language o fthe lear ning systems. Gama (1998) describes a methodologythat performs a kind ofconstructive induct ion that extends the number ofattributes descr ibing each case using other models to generate probabilit yclass distribut ions. In the more general framework ofCascade Generalisat ion (Gama, 1998), severallear ning systems are applied one after the other using increasinglymore complex descr ipt ions ofthe cases.

In summar y, all these systems using tighter integration schemas tryto take advantage ofthe different biases o fseveralbasic learning systems. This is the same motivat ion guiding the work described in this chapter, where we integrate local modelling wit h regression trees. Section 5.3 descr ibes how we perfor msuch integration. Before present ing such descr ipt ion we analyse in detail local modelling techniques.

5 . 2 L o c a l M o d e l l i n g

In Section 2.4.1.2 we have br iefly descr ibed a set ofregression methods usually known as local models that belong to a class ofso called `lazy lear ning´ algorithms. These techniques have as main dist inct ive feature the fact that theydo not obtain any comprehensible modelo fthe given training data that could be stored for future use. In effect, the training phase ofsuch methods consists basically ofstoring the training

C HAPTER 5 . L

OCAL R EGRESSION T REES 172 instances. Given a quer ycase, local modelling methods search for the training cases in the local neighbourhood ofthe querycase and use them to obtain the predict ion. The fact that no rigid global functionalfor mis assumed makes these techniques highlyflexible as they can theoreticallyfit any regressio n cur ve.

5.2.1 Kernel Models

Ker nel regressio n (Watson, 1964; Nadaraya, 1964) is a well-known local modelling method. Predictions for querycases are obtained by averaging over the Y values ofthe most similar training cases. The centralissue ofthese models is thus the notion of similar it y, which is determined using a particular metr ic over the input space. Given such metr ic we can calculate the distance between any two cases. Different distance funct ions exist like the Euclidean distance, L p norms, etc. (see for instance Atkeson et al. , 1997 for an over view). Inour work here we use an Euclidean funct ion defined as,

( ) ( ) å

=

d ´ = a v

v j v i v j i w d

1

2

, , , , X X x x ( 5 . 1 ) where, x i is an instance vector; X i,v is the value ofvar iable v on instance i ;

w i is the weight ofvar iable i ;

and ( )

d v v 1 2 , is the distance between two var iable values.

In order to avoid overweighing ofdiscrete var iables with respect to continuous var iables

we use a ramping function (Hong, 1994) for the latter. This leads to the fo llowing

definit ion o fdistance between two var iable values:

( )

( )

( ) ï ï ï

î ï ï ï

í ì

< - < -

- -

³ -

£ -

¹

=

=

diff eq eq diff eq diff eq

T v v T T T

T v v

T v v

T v v v v v v

v v

2 1 2 1

2 1

2 1

2 1

2 1

2 1

and variable numeric if and variable numeric if 1 and variable numeric if 0 and variable nominal if 1 and variable nominal if 0

, d ( 5 . 2 )

5.2 L OCAL M ODELLING 173

where,

T eq is a thresho ld for consider ing two numer ic values equal;

and T diif is a similar thresho ld for difference.

The distance between two numer ic values can be better illustrated by Figure 5 . 1 :

( )

2 1 , v v d

2 1 v v - eq T

diff T

1

0

Figure 5 . 1 . The rampingfunction (Hong, 1994).

Another important issue in the design ofa distance function is feature weighing. Distance-

based learner s like kernel models can be quite sensit ive to the presence ofirrelevant

features. These irrelevant var iables can distort the distance between two cases. Feature

weighing can help to reduce the influence ofirrelevant features bybetter ^tuning~ the

distance funct ion. Severaldifferent approaches exist in the literature (see Wettscherek et.

al. , 1997, for a review in the context of k -Nearest Neighbours). Recent ly, Robnik-Sikonja

& Kononenko (1996) presented a method for estimat ing var iable relevance in the context

ofregressio n, based on a previous work on Relief (Kira & Rendell, 1992; Kononenko,

1994). Theydescr ibed an algorithmcalled RReliefF and successfully applied it in the

context ofregression trees. We use this method for estimating the weights ofthe var iables

that are used in distance calculat ions.

The distance funct ion defined above can be used to calculate the distance between a

quer ypoint and any case belo nging to the training data. Kernel models obtain the

predict ion for a querycase using a weighed average ofthe Y values o fthe training cases

within a certain neighbourhood. The size ofthis neighbourhood is another keyissue of

kernelregressio n and local modelling in general. This size is deter mined by what is usually

known as the bandwidth parameter, h . Manyalternat ives exist in the vast literature of

C HAPTER

5 . L OCAL R EGRESSION T REES 174

kernel modelling ( e.g. Cleveland & Loader, 1995) that describe how this parameter should

be set. The simplest strategyconsists ofusing a maximumdistance to the test case x q as the

bandwidth value (Fan & Marron, 1993). Nearest neighbour bandwidths (Stone,1977;

Cleveland,1979), choose the distance to the k th nearest training case as the bandwidth size.

This was the method we have adopted. Other hypothesis include the use ofoptimisat ion

processes that find the best value o fthe bandwidth either for each test point or globally

( e.g. Atkeson et al. ,1997).

Allthe training po ints within the specified bandwidth are used to calculate the

predict ion for a given quer ycase. However, theyenter with different weights. Training

points that are nearer to the test case are given more importance. This weighing schema is

accomplished through the use ofwhat is usually known as the kernel (or weighing )

function . We use a gaussian kernel funct ion wit h the for m,

( ) 2 d e d K - = ( 5 . 3 )

where, d is the distance between the quer ypoint and the training cases under consideration.

Atkeson et. al. (1997) claim that the cho ice o fthe kernelfunct ion is not a criticaldesign

issue as lo ng as the function is reasonably smooth. Still, other alternatives include tricube

funct ions (Cleveland,1979), quadratic funct ions, etc. Notice that when the bandwidth

parameter is set to the distance ofthe k th nearest training case and we use a unifor m

kernel 54 , kernelregressio n is in effect a k Nearest Neighbour model(Fix & Hodges,1951;

Cover & Hart,1967).

Having defined the major design issues ofker nelregressio n we can obtain the

predict ion for querypoint x q using the fo llowing expressio n,

( )

( )

i n

i q i

q y

h d

K

SKs r´ ÷ ÷

ø ö

ç ç

è æ

= å

= 1

, 1 x x

x ( 5 . 4 )

where,

d (.) is the distance funct ion between two instances (Equation 5 . 1 );

K (.) is a kernel funct ion;

54 A uniform kernel function gives the same weight to all cases within the bandwidth.

5.2 L OCAL M ODELLING 175

h is a bandwidth value;

< x i , y i > is a training instance;

and SKs is the sumo fthe weights ofall training cases, i.e.

( )

å

=

÷ ÷

ø ö

ç ç

è æ

= n

i q i

h d

K SKs

1

, x x

.

5.2.2 Local Polynomial Regression

Localpolyno mial regressio n is a generalisation o fkernelregressio n. In effect, kernel

regression can be regarded as fitting a polyno mial ofdegree zero (a constant) in the

neighbourhood ofa given quer ypo int. Kernelregressio n is known to suffer fromthe lack

ofsymmetr ynear the input space boundar ies (Hastie & Loader, 1993). These difficult ies

lead to the development oflocalpo lyno mialregressio n where a polyno mial o fdegree p is

fitted in the neighbourhood ofthe quer ypoint (Stone, 1977; Cleveland, 1979; Katkovnik,

1979). This includes kernel regressio n ( p =0), locallinear polyno mials ( p =1), and other

settings. Wit hin our work on localregressio n trees we use polyno mials o fdegree 1, that is

local linear polyno mials.

Fitting a globallinear polyno mial using a least squares error criter ion consists of

finding the vector ofparameters that minimises the sumofthe squared error, i.e.

( ) ( ) b - ¢ b - X Y X Y , where X ¢ denotes the transpose ofmatrix X . After some matrix

algebra the minimisat ion ofthis expressio n wit h respect to leads to the fo llowing set of

equations, usually referred to as the normal equations ( e.g. Draper & Smit h, 1981),

( ) Y X X X ¢ = b ¢ ( 5 . 5 )

The parameter values can be obtained so lving the equation,

( ) Y X X X ¢ ¢ = b - 1 ( 5 . 6 )

where Z -1 denotes the inverse o fmatr ix Z .

As the inverse matrix does not always exist this process suffers fro mnumer icalinstabilit y.

A better alternat ive (Press et al. , 1992) is to use a set oftechniques known as Singular

C HAPTER

5 . L OCAL R EGRESSION T REES 176

Value Decomposition ( SVD ), that can be used to find so lut ions ofsystems ofequat ions

with the form X = Y .

Regarding locallinear polyno mials the main difference with respect to global linear

regression, is that each training po int has an associated weight that is a funct ion ofits

distance to the querypoint. In order to fit a locallinear polyno mial given a quer ypoint x q ,

we need to find the modelparameters that minimise,

( )

( )

÷ ÷

ø ö

ç ç

è æ

- å

= h d

K Y q i n

i i i x x

x

, 2

1 b ( 5 . 7 )

where, ( )

÷ ÷

ø ö

ç ç

è æ

h d

K q i x x ,

is the weight associated to each training case;

d (.) is a distance funct ion;

K (.) a kernelfunction;

and h the bandwidth.

According to Draper & Smit h (1981, p.109) in the case ofweighed least squares the

nor malequat ions are,

( ) WY X WX X ¢ = b ¢ ( 5 . 8 )

where, W is a diagonal matrix ofweights, i.e. , W = diag( w 1 , w 2 , �, w n ) .

Let us define the fo llowing auxiliar yvalue for each training case,

( )

÷ ÷

ø ö

ç ç

è æ

=

h d

K v q i

i x x ,

( 5 . 9 )

Using matrix notation the fo llowing relation ho lds,

W V V = ¢ ( 5 . 10 )

where,

V = diag( v 1 , v 2 , �, v n );

and W = diag( w 1 , w 2 , �, w n ).

Using this relation and Equation 5 . 8 we have,

( ) Y V V X X V V X ¢ ¢ = b ¢ ¢ ( 5 . 11 )

5.2 L OCAL M ODELLING 177

or bya change ofvar iables,

( ) Q Z Z Z ¢ = b ¢ ( 5 . 12 )

where,

VX Z = ;

and VY

Q = .

This latter equation is in the same format as Equation 5 . 5 , which means that it can be

solved using the same numer icalprocedures ( i.e. inversio n of Z or through the SVD

method). This means that to obtain the solut ion for a locallinear polyno mialgiven a quer y

point, we just need to calculate the auxiliar yweights, v i (Equation 5 . 9 ), and mult iplythese

weights by the matr ices X and Y , obtaining matrices Z and Q that can be feed in the SVD

routine 55 .

We also use a backward eliminat ion technique ( e.g. Drapper & Smit h, 1981) to

simplifythe models obtained through the SVD procedure. This is an iterative technique for

progressively eliminat ing terms ofa linear polynomial on the basis ofpre-defined

thresho lds ofa t -Student test.

5.2.3 Semi-paramet ric Models

The main idea behind semi-parametr ic models ( e.g. Hardle, 1990) is to incorporate in a

single modelboth local(non-parametric) and parametr ic components. For instance, partial

linear models (Spiegelman, 1976; Hardle, 1990) integrate a linear co mponent with a kernel

model. A partial linear modelcan be descr ibed by,

( ) x X m Y + = ( 5 . 13 )

where,

X is a least squares linear modelwit h parameters ;

and m (.) is a kernelregression model.

55 Notice that if we include all training cases in the matrix X , and use a uniform weight for all cases, we have

in effect a global least squares linear regression model.

C HAPTER

5 . L OCAL R EGRESSION T REES 178

One way ofusing these models is to fir st generate the parametr ic co mponent ofthe model

( i.e. generate the globallinear polyno mial) and then applyker nelregressio n on the

residuals (errors) ofthis model. Here we fo llow this approach. We start bycalculat ing the

linear modelusing the standard SVD technique. Given a quer ypoint we identify the

training po ints within the specified bandwidth. For each ofthese training cases we

calculate the residuals o fthe linear model,

q i i i i i y y r x x xof bandwidth , each for , Î - = ( 5 . 14 )

A kernelpredict ion for the residualo fthe quer ypoint is then obtained wit h these

^training~ residuals. Finally, the predicted residual is added to the linear modelpredict ion

for the querypo int, giving the partiallinear modelpredict ion. Formally, this corresponds

to,

( )

( )

( )

i q n

i q i

q q y

h d

K

SKs r -´ ÷ ÷

ø ö

ç ç

è æ

- = å x x x

x x

, 1 ( 5 . 15 )

where, SKs is the sumofthe kernel weights.

These models can be seen as per for ming a local^correction~ on the global linear model

predict ions represented by x q .

5 . 3 I n t e g r a t i n g L o c a l M o d e l l i n g w i t h R e g r e s s i o n T r e e s

The methods descr ibed in Chapter 3 for inducing a regression tree assume constant values

in the tree leaves. In the case ofLS regressio n trees this constant is the average Y value of

the training cases, while in the case ofLAD trees it is the median. We have seen that these

constants minimise the respective error criter ia ( Theorem 3 . 1 and Theorem 3 . 2 ).

Regressio n funct ions usuallyhave a certain degree ofsmoothness. Moreover, theytend to

be cont inuous. The approximat ion provided byregressio n trees is a kind ofhistogram-type

sur face. As an example suppose we want to modelthe funct ion Y = sin( X ). Let us assume

that the onlyinfor mation we give a regression tree learner is a set of100 cases randomly

5.3 I NTEGRATING L OCAL M ODELLING WITH R EGRESSION T REES 179

generated using the funct ion Y = sin( X ) + N (0,1), where N (0,1) is a gaussian no ise funct ion

with average 0 and var iance 1. The approximat ion provided bya LS regressio n tree is

shown in Figure 5 . 2 :

-1.5

-1

-0.5

0

0.5

1

1.5

sin(x)

tree+avg

train

Figure 5 . 2 . The approximation provided by a LS regression tree to the function sin(X).

The approximat ion ofthe true funct ion provided by the tree is highlydiscontinuous and

non-smooth curve. These two factors are usually considered the main disadvantages of

tree-based regression (Fr iedman, 1991). In this chapter we describe approaches that

integrate trees with certain smoother models so as to minimise these effects. This achieved

byusing different models in the tree leaves. As a motivating example, Figure 5 . 3 shows the

approximat ion provided by a regressio n tree with kernel models in the leaves instead of

averages, using exact ly the same training data ofthe example presented above:

C HAPTER

5 . L OCAL R EGRESSION T REES 180

-1.5

-1

-0.5

0

0.5

1

1.5

sin(x)

tree+kr(3)

train

Figure 5 . 3 . The approximation of an LS regression tree with kernel models in the leaves.

Local models by themselves provide highly smooth funct ion approximat ions. However,

theyhave severaldrawbacks. First ly, these techniques do not generate anyco mprehensible

modelo fthe data. Secondly, theydemand storing all given training data. Thirdly, they

have difficult ies in do mains where there are strong discont inuit ies because theyassume

that nearby data points have similar target var iable values. Finally, the computational

complexit yo flocal modelling methods is high when the number oftraining cases is large

( e.g. Deng & Moore, 1995). This latter problemis part icular ly ser ious when using local

polyno mials. Several techniques exist that tryto overcome these limitat ions. Sampling

techniques, indexing schemes like k d-trees (Bentley, 1975; Deng & Moore, 1995) or

AD trees (Moore & Lee, 1998), and instance prototypes 56 (Aha, 1990) are some o fthe

methods used with large samples to decrease the computation time.

We propose to integrate local modelling with regressio n trees with the objective of

overcoming so me ofthe limitations ment ioned ear lier. On one hand, byusing local models

in the tree leaves we aimat achieving smoother funct ion approximat ion, limit ing thus the

56 Which alsohave the advantage of decreasing the storage requirements.

5.3 I NTEGRATING L OCAL M ODELLING WITH R EGRESSION T REES 181

effects ofusing constant value approximat ions. On the other hand, the use oflocal models

in the tree leaves provides a focusing effect that allows calculat ing the predict ions oflocal

models more effic ient ly. This is achieved byavoiding go ing through all training po ints to

find the appropriate nearest neighbours, limit ing this search to the cases in the leafreached

bythe quer ypoint. Moreover, the tree structure is a more comprehensible modelofthe

regression sur face, which is not the case when using the local models alo ne. Finally, the

use ofa tree-structured modelallows us to better dealwit h domains wit h strong

discontinuit ies. Thus the main goals ofour integration proposalare the fo llowing:

· I mprove standard regression trees smoothness, leading to superior predict ive accuracy.

· I mprove local modelling in the fo llowing aspects:

· Computational efficiency.

· Generat ion ofmodels that are more comprehensible to human user s.

· Capabilit y to dealwit h domains wit h strong discont inuit ies.

5.3.1 Method of Integration

The main decisio ns concerning the integration oflocal models wit h regressio n trees are

how, and when to perform it. Three main alter nat ives exist:

· Assume the use oflocal models in the leaves dur ing all tree induct ion ( i.e. growth and

pruning phases).

· Grow a standard regression tree and use local models onlydur ing the pruning stage.

· Grow and prune a standard regression tree. Use local models only in predict ion tasks.

The fir st ofthese alternatives is more consistent froma theoretical po int ofview as the

cho ice o fthe best split depends on the models at the leaves. This is the approach fo llowed

in RETIS (Karalic, 1992), which integrates globalleast squares linear polyno mials in the

tree leaves. However, obtaining such models is a co mputationally demanding task. For

each trialsplit the left and r ight child models need to be obtained and their error calculated.

We have seen that even with a simple modellike the average, without an effic ient

incrementalalgorithmthe evaluat ion ofallcandidate splits is too heavy. This means that if

more complex models are to be used, like linear polyno mials, this task is practically

C HAPTER

5 . L OCAL R EGRESSION T REES 182

unfeasible for large domains 57 . Even wit h such incrementalalgorithms we have seen that

there is a heavy penalt yto paywith a simple model like the median. The exper iments

descr ibed by Karalic (1992) used data sets with few hundred cases. The author does not

provide any results concer ning the computation penalt yo fusing linear models instead of

averages. Still, we claim that when using more complex models like kernelregressio n this

approach is not feasible if we want to achieve a reasonable co mputation time.

The second alternative is to introduce the more complex models onlydur ing the

pruning stage. The tree is grown ( i.e. the splits are chosen) assuming averages in the

leaves. Onlydur ing the pruning stage we consider that the leaves will contain more

complex models, which entails obtaining themfor each node ofthe grown tree. Notice that

this is much more efficient than the alternative ment io ned above, which invo lved obtaining

the models for each trialsplit considered dur ing the tree growth. This latter method is the

approach fo llowed in M5 (Quinlan, 1992). This systemuses glo balleast squares linear

polyno mials in the tree leaves but these models are only added dur ing the pruning stage.

We have access to a version ofM5 58 and we have confir med that this is a computationally

feasible so lut ion even for large problems.

In our integration task we have fo llowed the third alternative. In this approach the

lear ning process is separated fro mpredict ion tasks. We generate the regression trees using

any ofthe two ^standard~ methodologies descr ibed in Chapter 3 . Ifwe want to use the

lear ned tree to make predict ions for a set ofunseen test cases, we can choose which model

should be used in the tree leaves. These can include complex models like kernels or local

linear polyno mials. Using this approach we onlyhave to fit as many models as there are

leaves in the finalpruned tree. The main advantage ofthis approach is its co mputational

efficiency. Moreover, it also allows trying severalalter nat ive models without having to re-

lear n the tree. Using this approach the init ialtree can be regarded as a kind ofrough

approximat ion ofthe regression sur face which is comprehensible to the human user. On

57 Particularlywith large number of continuous variables.

58 Version 5.1

5.3 I NTEGRATING L OCAL M ODELLING WITH R EGRESSION T REES 183

top ofthis rough surface we may fit smoother models for each data partit ion generated in

the leaves o fthe regression tree so as to increase the predict ive accuracy 59 .

In our studyofintegrating smoother models wit h regressio n trees we consider the use

ofthe fo llowing alternative models in the leaves:

· Ker nel models.

· Locallinear polyno mials.

· Semi-parametric models (partiallinear models).

We willrefer to the result ing models as localregressio n trees.

Allthe alter nat ive models ment ioned above are added dur ing the prediction phase. In

this aspect our systembehaves like a `lazy lear ner´. Given a quer ycase we drop it down

the tree untila leafhas been reached. Then we use the selected modeltype to obtain the

predict ion for the case. As we are using local models this invo lves obtaining the nearest

training cases o fthe quer ycase. This task is carr ied out using onlythe training cases in the

leafreached. This has large co mputationaladvantages when compared to approaches that

need to consider all training cases when searching for the neighbours, as local modelling

techniques do. In the case ofpartial linear models the computation ofthe parametric

component needs to be done onlyonce for each leaf ( not for each quer ycase).

5.3.2 An illust rative example

In this section we present a smallexample that illustrates the approximations provided by

different models in the leaves o fa regression tree. The example is simple so as to allow the

graphicalpresentation ofthe obtained regressio n sur faces. The goalin this example is to

approximate the funct ion ¦ ( X , Y ) = sin( X ´ Y ) + cos( X + Y ). We have rando mlygenerated a

training set with 1000 cases using this funct ion plus so me gaussian no ise. Figure 5 . 4 shows

the funct ion and the training data:

59 This strategysomehowresembles the two-tiered concept representation described in Michalski (1990) for

classification problems.

C HAPTER

5 . L OCAL R EGRESSION T REES 184

sin(x*y)+cos(x+y)

-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 train data

-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4 -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

Figure 5 . 4 . The curve and the training data.

We can use the training data to grow a regression tree and then plot the approximat ions

provided when using the different models in the leaves. In Figure 5 . 5 we show the results

when using averages, globallinear polyno mials (top part), kernel models and locallinear

polyno mials (bottompart) in the leaves ofthe tree.

tree+avg

-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 tree+lr

-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 3

tree+kr(10)

-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 tree+ll(10)

-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4 -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

Figure 5 . 5 . Approximations provided by using averages, linear polynomials, kernels and

local linear polynomials.

5.3 I NTEGRATING L OCAL M ODELLING WITH R EGRESSION T REES 185

Figure 5 . 5 shows that when using local models (ker nels and locallinear polyno mials) the

approximat ion is clear lymuch smoother.

5.3.3 Relations to Other Work

Integrating partit ion- based methods with other models is not an entirely new idea. Several

authors have fo llowed a similar integration schema for classificat ion tasks. Assistant

Professio nal (a commercialversio n ofAssistance 86, byCestnik et al. , 1987) allows the

use ofa naïve Bayesian classifier in the leaves ofclassificat ion trees. Smyt h et. al. (1995)

integrate classificat ion trees with ker neldensit yestimators ( e.g. Silver man, 1986) to obtain

non-parametric est imates ofclass probabilit ies. The authors report significant

improvements over decision trees and kerneldensit yalo ne for certain class ofproblems.

However, their approach deals with discrete goalvar iables ( i.e. classificat ion) and not

regression as in our case. Other approaches within the classificat ion scenar io are EACH

(Salzberg, 1991) and RISE (Domingos, 1996) that generalise instances into exemplars.

Deng & Moore (1995) describe a similar approach but for regression tasks. Their

multires systemintegrates k d-trees with kernelregressio n producing what theycallker nel

regression trees. K d-trees (Bentley, 1975) are a method ofstructuring a set ofrecords each

containing a set ofmeasured var iables. Theyare binar y trees built in a similar fashion as

regression trees. However, while regressio n trees are built with the goalofgrouping data

with similar Y values, k d-trees tryto optimise the storage ofthese data points in order to

achieve faster access t ime. The consequence is that the splitt ing cr iterion o fthe two

approaches is completely different. Moreover, while we use a single leafo fthe regressio n

tree to obtain the predict ion for a test case, multires obtains the predict ion by a

combinat ion ofcontribut ions o fseveralnodes (not necessar ily leaves). In multires the main

issue is obtaining an efficient wayofstructuring all t he training cases to make kernel

regression co mputationallymore efficient.

Quinlan (1992) and Karalic (1992) have used global least squares linear models in

regression tree leaves. These authors follow a different integration method fro mours as we

C HAPTER

5 . L OCAL R EGRESSION T REES 186

have ment ioned before. The M5 system(Quinlan, 1993) is also able to use regression trees

and k -NN models. However, this systemper for ms predictio n combinat ion instead of

integrat ing the two methodologies like in our proposal. This means that two models are

independent ly obtained and their predict ions co mbined.

The work ofWeiss & Indurkhya (1995) integrates a rule-based partit ioning method

with k -nearest neighbours. However, these authors dealwith regressio n bymapping it into

a classification problem. The original Y values are mapped into a set of i intervals. One

problemo fthis approach is that the number ofintervals needs to be determined, which can

be co mputationallydemanding if one wants to ensure ^optimal~ accuracy ofthe result ing

models (Torgo & Gama, 1997). Moreover, the search space explored by rule lear ners is

larger than the one oftrees. This means that rule lear ning systems mayfind so lutions that

tree learners cannot, but at the cost ofcomputational co mplexit y(Indurkhya & Weiss,

1995). These two latter observations indicate that our hybr id tree lear ner should be able to

cope with larger problems than Weiss & Indurkhya´s system. Another important difference

when co mpared to our work invo lves the type oflocal models. Weiss & Indurkhya´s

systemuses k -NN while our systemincludes other more sophist icated local modelling

techniques.

5 . 4 A n E x p e r i m e n t a l E v a l u a t i o n o f L o c a l R e g r e s s i o n

T r e e s

In this section we descr ibe a ser ies ofexper iments that have been designed to check the

validit yo four hypotheses concerning the advantages oflocalregressio n trees. Namely, our

aimwas to ver ify whether the var iants ofour systemwere able to overcome so me ofthe

limitations ofboth standard regression trees and local models. Wit h respect to standard

regression trees, we conjecture that the use oflocaltrees br ings a significant increase in

accuracydue to the use ofsmoother models in the tree leaves. Regarding local modelling

we hypothesise that localtrees have three advantages: providing a co mprehensible model

5.4 A N E XPERIMENTAL E VALUATION OF L OCAL R EGRESSION T REES 187

ofthe regression sur face; significant advantages in terms ofco mputation time; predict ive

accuracyadvantages in do mains wit h strong discont inuit ies in the regressio n sur face.

5.4.1 Local Regression Trees vs. Standard Regression Trees

In this section we descr ibe a ser ies ofexper iments whose object ive was to check the

validit yo fthe following hypothesis:

The use of smoother models in the tree leaves improves the predictive accuracy of tree-

based regression models.

We have also evaluated the costs in terms ofco mputation time oflocalregressio n trees

when co mpared to standard trees.

Regarding localregressio n trees we have considered the use ofthree different models

in the tree leaves: kernel models, locallinear polyno mials and partiallinear models. All

these three local modelling var iants were descr ibed in Sect ion 5.2 . Local modelling

techniques have many parameters that can be tuned. In the exper iments reported below we

have not used feature weighing. The bandwidth value was set to the distance ofthe 10 th

nearest neighbour 60 . The method ofgrowing and pruning a tree (using LSS + ChiEst (95%))

was exact lythe same for allco mpared methods ( i.e. standard and localregression trees).

The results ofcompar ing the accuracyo fstandard regressio n trees with localtrees are

shown in Figure 5 . 6 .

60 For local linear polynomials we have used a larger bandwidth(30% of all nearest neighbors) because these

local models can lead to wild extrapolations if theyare built on thebasis of small amountsof training cases.

C HAPTER

5 . L OCAL R EGRESSION T REES 188

-100%

-80%

-60%

-40%

-20%

0%

20%

40%

60%

80%

100%

Ab alone

D2PoleElevators

Ailerons

MvKinematics

CompAct

CompAct(s)

Cens us(16H)

Cens us(8L)

Fried

256 512 1024 2048 4096

RTRT+KR

-100%

-80%

-60%

-40%

-20%

0%

20%

40%

60%

80%

100%

256 512 1024 2048 4096

RTRT+PL

-100%

-80%

-60%

-40%

-20%

0%

20%

40%

60%

80%

100%

256 512 1024 2048 4096

RT+LL RT

Figure 5 . 6 ˘ Comparison of standard regression trees (RT) with local regression trees

(RT+KR, RT+PL and RT+LL).

As these graphs show there is an overwhelming accuracyadvantage oflocaltrees, particular ly wit h kernel (RT+KR) and partial linear models (RT+PL). However, even local trees with locallinear polyno mials (RT+LL) achieve a significant accuracyadvantage in most domains. This exper imentalco mpar ison shows that localregressio n trees are able to significant lyoutperformstandard regression trees in terms ofpredict ive accuracy. Standard regression trees (RT) provide a non-smooth approximat ion. The only difference between

RT and the three var iants oflocaltrees is that the latter use local models in the leaves.

Thus we can claim that these exper iments confir mwit h high statist icalconfidence our hypothesis concer ning the advantages ofusing smoother models in the leaves.

The accuracygains reported above have a cost in terms ofco mputation time. Figure

5 . 7 shows the computation time ratio between a standard LSS + ChiEst ( 95% ) regression tree and the three localtree variants we have proposed. As the localtrees were grown and

5.4 A N E XPERIMENTAL E VALUATION OF L OCAL R EGRESSION T REES 189 pruned using the same procedure, the obser ved differ ences are only due to the use oflocal models in the leaves.

RT vsRT+ KR

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

Aileron s

Ab alon e

D2Co mp Act

Co mp Act(s )

Elev ato rs

Fried

Cen su s (16H)

Cen su s (8L)

Kinematics

M vPoleTime Ratio

RT vsRT+ PL

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

RT vsRT+ LL

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

Figure 5 . 7 - Computation time ratio of standard and local regression trees.

These ratios show that we can expect a considerable increase ofco mputation time due to the use oflocal models in the leaves. The increase is more marked for large data sets. Still, as we willsee in the next section, localregressio n trees are much faster than the local modelling techniques alo ne.

5.4.2 Local Regression Trees vs. Local Models

In this section we co mpare localregression trees wit h the local models. We co mpare the accuracyand co mputation time ofour three var iants oflocalregressio n trees, with the local modelling techniques used alo ne ( i.e. applied using all training data instead ofwith the data

C HAPTER 5 . L

OCAL R EGRESSION T REES 190 in the leaves ofa tree). The local modelling techniques are the same used in the exper iments reported in the previous sect ion: kernel models, partiallinear models and local linear polyno mials. The models are applied wit h the same parameter settings as those used ear lier.

The fir st exper iment carried out was designed wit h the aimo fchecking the empir ical validit yo fthe following hypothesis:

The use of local models in the context of the leaves of a regression tree does not entail an accuracy loss and may even provide useful bias in domains with strong discontinuities.

Figure 5 . 8 shows the significance ofthe estimated accuracydifference between the local tree var iants and the respect ive local models alo ne.

-100%

-80%

-60%

-40%

-20%

0%

20%

40%

60%

80%

100%

Ab alone

D2PoleElevators

Ailerons

MvKinematics

CompAct

CompAct(s)

Cens us(16H)

Cens us(8L)

Fried

256 512 1024 2048 4096

KRRT+KR

-100%

-80%

-60%

-40%

-20%

0%

20%

40%

60%

80%

100%

256 512 1024 2048 4096

PLRT+PL

-100%

-80%

-60%

-40%

-20%

0%

20%

40%

60%

80%

100%

256 512 1024 2048 4096

RT+LL LL

Figure 5 . 8 ˘ Comparison of Local Trees and Local Models in terms of Significance of MSE difference.

5.4 A N E XPERIMENTAL E VALUATION OF L OCAL R EGRESSION T REES 191

The results ofthis compar ison confir m our hypothesis. In effect, we obser ve that the two types ofmodels entail quite different biases and both prove to be usefuldepending on the domain. For instance, we know that the regression sur face o fthe Mv artificial do main has strong discont inuit ies ( c.f. its definit io n on Appendix A.2 ). Our exper iments confir m that local regressio n trees achieve better results in this domain due to the type ofapproximat ion provided. The reason for this per formance is the following. A strong discont inuit yoccurs when near bypo ints ofthe unknown regressio n surface have quite different values ofthe goalvar iable. A local modelis based on the notion ofneighbourhood that is measured by a metr ic in the space ofinput var iables. As such, these models are not able to use the infor mat ion concer ning the fact that two nearby points may have a ver ydifferent value of the goalvar iable (as when facing a strong discont inuit y). Thus local models will per for m the usualsmoothing ofthe goalvar iable values ofthe near bypo ints, which will contribute to a higher predict ion error in the vicinit yo fthe discontinuit y. Regressio n trees, on the contrary, are based on the principle ofseparating po ints with different goalvar iable values because this will decrease the var iance ofthe result ing partit ions. Being so, when facing a discontinuit y, a tree-based modelwillsearch for a split in the input var iables that ensures a larger var iance reduct ion, which most probablyis achieved by separating the points on each ^side~ ofthe discontinuit y. Byseparat ing these points in different partitions, the local models used within each one do not suffer the ^bad influence~ ofthe points on the ^other side~ ofthe discont inuit y.

The other conjecture we have made regarding the compar ison o flocalregressio n trees with local models was that the former are able to overcome the co mputation time limitations oflocal modelling. Figure 5 . 9 shows the results ofcompar ing the computation time oflocaltrees and the respect ive local models.

C HAPTER 5 . L

OCAL R EGRESSION T REES 192

Rt+KR vs. KR

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

Aileron s

Ab alon e

D2Co mp Act

Co mp Act(s )

Elev ato rs

Fried

Cen su s (16H)

Cen su s (8L)

Kinematics

M vPoleTime Ratio

RT +PL vs. PL

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

RT +LL vs. LL

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

Figure 5 . 9 - Computation time ratio of Local Regression Trees and Local Models.

As it can be seen localregressio n trees successfully o vercome the computationalt ime limitations oflocal modelling. In effect, their advantage in terms o fcomputation time is overwhelming in the domains we have examined.

Finally, we remark that localregressio n trees have another advantage over local models. In effect, localregression trees provide a symbo lic representation ofthe regression sur face, while local models do not obtain anyco mpact modelofthe data. This is an important advantage despite the fact that this representation can onlybe regarded as a

^rough~ descr ipt ion ofthe true surface as it does not include a compact descript ion ofthe local models used in the leaves.

5.4 A N E XPERIMENTAL E VALUATION OF L OCAL R EGRESSION T REES 193

5.4.3 Local Regression Trees vs. Linear Regression Trees

Other authors have tried to improve the accuracyofstandard regressio n trees byusing more complex models in their leaves. Namely, Quinlan (1992) and Karalic (1992) have used least squares linear polyno mials in the leaves ofregressio n trees. In this sect ion we compare our localregressio n trees with systemM5 61 (Quinlan, 1992) that obtains regression trees with linear polyno mials in the leaves.

Figure 5 . 10 shows the accuracyco mpar ison between our three alternative local regression trees and M5.

-100%

-80%

-60%

-40%

-20%

0%

20%

40%

60%

80%

100%

Ab alone

D2PoleElevators

Ailerons

MvKinematics

CompAct

CompAct(s)

Cens us(16H)

Cens us(8L)

Fried

256 512 1024 2048 4096

M5RT+KR

-100%

-80%

-60%

-40%

-20%

0%

20%

40%

60%

80%

100%

256 512 1024 2048 4096

M5RT+PL

-100%

-80%

-60%

-40%

-20%

0%

20%

40%

60%

80%

100%

256 512 1024 2048 4096

RT+LL M5

Figure 5 . 10 ˘ Comparison between Local Regression Trees and M5 in terms of

Significance Level of the MSE difference.

61 M5 is also able to combine the predictions of the generated trees with k NN models. Thisfeature was not used in thiscomparison, as the goal was to compare the use of local models in theleaves with other alternatives (in this case linear polynomials).

C HAPTER 5 . L

OCAL R EGRESSION T REES 194

Figure 5 . 10 shows that partiallinear trees 62 (RT+PL) clear lyoutperformM5 in most domains. Partiallinear trees are similar to the models generated byM5. Both use linear polyno mials in the leaves ofa tree. The onlydifference is that partiallinear models add a correction factor to the linear polyno mial predictions based on a localest imat ion ofits error ( c.f. Section 5.2.3 ). These results show the importance ofsuch smoothed correction.

Both kernelregressio n trees 63 (RT+KR) and local linear trees 64 (RT+LL) show advantage with respect to M5 in Elevators , Kinematics , CompAct , CompAct ( s ), and Census ( 8L and

16H ) domains. However, theyachieve worst results in the Mv , Ailerons and Fried domains.

5.4.4 Local Regression Trees versus Existing Regression Methods

In this section we descr ibe a ser ies ofexper iments that could deter mine how the best ofour local regressio n tree var iants compares wit h several state-of-the-art regression methods.

We have selected for this co mpar ison the fo llowing regression methods: CART (Breiman et al. , 1984) as a classical representative ofregressio n trees; MARS (Fr iedman, 1991) as a sophist icated statist ical regressio n tool; and CUBIST (http://www.rulequest.com) as a representative ofa recent rule- based regression system. Allthese systems were br iefly descr ibed in Chapter 2 . As for localregressio n trees, we have selected localtrees with partiallinear models in the leaves (RT+PL), as the mo st successful var iant ofthis type of models.

Figure 5 . 11 shows the results ofan accuracyco mpar ison ofpartiallinear regressio n trees with CART, MARS and CUBIST.

62 Regression trees with partial linear models in theleaves.

63 Regression trees with kernel models in the leaves.

64 Regression trees with local linear polynomials in the leaves.

5.4 A N E XPERIMENTAL E VALUATION OF L OCAL R EGRESSION T REES 195

-100%

-80%

-60%

-40%

-20%

0%

20%

40%

60%

80%

100%

Ab alone

D2PoleElevators

Ailerons

MvKinematics

CompAct

CompAct(s)

Cens us(16H)

Cens us(8L)

Fried

256 512 1024 2048 4096

CART

RT+PL

-100%

-80%

-60%

-40%

-20%

0%

20%

40%

60%

80%

100%

Aba lone

D2PoleEle vators

M vKinematic s

Comp Act

Comp Act(s )

Cens us (16H)

Cens us (8L)

Frie d

256 512 1024 2048 4096

MARS

-100%

-80%

-60%

-40%

-20%

0%

20%

40%

60%

80%

100%

A balone

D2Po leElevators

A ilerons

CompA ct

CompA ct(s )

Censu s(16H)

Censu s(8L)

256 512 1024 2048 4096

CUBIS T

Figure 5 . 11 ˘ Comparison between Partial Linear Trees and other regression techniques with respect to the Significance Level of the MSE difference.

Our systemthat generates partial linear trees clear ly outperforms CART. In most domains the difference is statist ically significant. With respect to MARS, our localtrees proved to be super ior in so me data sets, particular lyin Pole , D2 , Kinematics , and the two Census domains. However, our localregressio n trees had difficult ies in so me domains like Mv and

Fried 65 .

Compared to CUBIST, partiallinear models in the leaves ofa tree proved particular ly advantageous in the D2 , Elevators , Mv and Kinematics domains. Less relevant advantages were achieved in the Pole , CompAct and CompAct ( s ) domains. CUBIST achieved so me advantages in the Abalone , Ailerons and Census ( 16H ) domains. Finally, there are two cur ious results in the Census ( 8L ) and Fried do mains. In both these two domains CUBIST

65 We shouldremark that this artificial domain was obtained from the paper describing MARS (Friedman,

1991), so it isonlynatural that MARS behaves well on this data set.

C HAPTER 5 . L

OCAL R EGRESSION T REES 196 shows advantage with small training sets, which is lo st as more data becomes available.

Still, the lack ofstatisticalsignificance ofmost ofthese results does not allow any supported interpretation.

5 . 5 C o n c l u s i o n s

In this chapter we have presented a new type oftree-based regressio n models, referred to as localregressio n trees. We have descr ibed three var iants oflocaltrees that differ in the models used in their leaves: ker nel models, partial linear models and locallinear polyno mials. Localregressio n trees are based on the assumpt ion that using smoother models in the tree leaves can br ing about gains in accuracy. We have confir med this hypothesis by carr ying out an extensive exper imentalco mpar ison with ^standard~ regression trees. Among the three proposed var iants, we have obser ved that the use of partiallinear models in the leaves (RT+PL) led to the best overall accuracy. A compar ison with the alternat ive ofusing linear models in the leaves (as in M5, for instance) revealed that localregressio n trees achieve better results in severaldo mains. As partiallinear models integrate both a parametr ic and a non-parametr ic co mponent, this is a plausible explanat ion for the fact that partiallinear trees proved to be the most compet it ive var iant when co mpared to other var iants oflocalregression trees.

Other motivat ions for consider ing the use oflocalmodels in the leaves ofregressio n trees are the well-known drawbacks oflocal modelling. In effect, not only these modelling techniques are computationallydemanding but they also do not provide a co mprehensible modelo fthe data. Byintegrating these models with regressio n trees we were able to overcome these two difficult ies, as our exper iments have shown. Moreover, we have also observed that the use ofsmoother models wit hin the context ofa partition-based representation can be advantageous in terms ofaccuracy, in do mains where there are strong discont inuit ies on the regression sur face.

5.5 C ONCLUSIONS 197

Finally, accuracy co mpar isons wit h state-of-the-art regression techniques demonstrate that our partial linear trees achieve quite compet itive overallresults.

5.5.1 Open Research Issues

One ofthe drawbacks oflocal modelling techniques (or instance-based lear ning in general) is their requir ement regarding the storage ofalltraining data. This is also a drawback of our systembased on localregression trees. It remains an open quest ion whether we can adapt some ofthe exist ing techniques to improve this aspect in our system, without compro mising too much its accuracyadvantages.

Local modelling has manytuneable parameters. In our exper iments we did not tryout too many var iants. It would be desirable to have some for mofautomatic tuning ofthese parameters to facilitate the task ofthe user.

In our studywe have considered three kinds oflocalregressio n trees. All ofthemhave shown some advantages in so me domains. It is an open question whether it is usefuland practical to have different local models in different leaves ofthe same regressio n tree. This could prove advantageous in do mains where the regression sur face is rather heterogeneous.