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Goals
Automata-theoreti
 approa
h to temporal reasoningFinite automata a

ept 
omputations that satisfy a given formulaDe
ouples the 
ombinatorial and logi
al partsAsympoti
ally optimal algorithms
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Model Che
kingFormal Software Veri�
ationGiven program P and spe
i�
ation s determine whether or not the behaviorof P meets the spe
i�
ation s.Rea
tive systemsConsists of several 
omponents whi
h intera
t with ea
h other and theenvironment. Normally 
an be des
ribed by a �nite state system and aredes
ribed by temporal properties. Ex: pro
essors, operating systems,
ommuni
ation proto
ols, automative ele
troni
s, et
.Model Che
kingis a automati
 te
hnique for verifying 
orre
tness properties of(safety-
riti
al) rea
tive systems.N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 3 / 54



Temporal Logi
s
Model 
he
king is based on temporal logi
.A temporal model M is set of states and transitions between them.A formula φ 
an be true in some states and false in others.The stati
 notion of Truth is repla
ed by a dynami
 one.Given a state s,

M, s |= φA model 
he
ker is an algorithm to de
ide this problem.
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TimeTime points are named states.Linear: Time is a set of paths, and a path is a sequen
e of states.One future!Bran
hing: Time is represented by a tree rooted in the present moment.
Several futures!N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 5 / 54



Temporal Linear Logi
, LTLProp, set of propositional variables p, q, r , s, . . .Syntax
φ ::= ⊥ | ⊤ | p | (¬φ) | (φ ∧ φ) | (φ ∨ φ) | (φ→ φ) |

(Xφ) | (Fφ) | (Gφ) | (φUφ)Temporal 
onne
tivesXφ φ holds in the nexXt stateFφ φ holds in some future stateGφ φ holds in all future states (Global)
φUψ φ holds until ψ (Until)N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 6 / 54



Transition Systems (Kripke Models)Transition system
M = (S , → , L)where S is a set of states, → ⊆ S × S , total binaryrelation (i.e ∀s ∈ S ,∃s ′ ∈ S , s → s ′) and L : S −→ 2Prop labellingfun
tion

s0
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s2
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Computation Tree
(Computation) pathA path π in a model M = (S , → , L) is a in�nite sequen
e of statess1, s2, s3, . . . in S , su
h that for ea
h i ≥ 1, si → si+1. We write
π = s1 → s2 → . . . and πi for the su�x starting at si .The set of 
omputation paths from a given state s 
an be seen as anin�nite 
omputation tree.
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Computation Tree
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LTL Semanti
sSatisfa
tion relationLet M = (S , → , L) and π = s1 → . . ..1 π |= ⊤2 π 6|= ⊥3 π |= p i� p ∈ L(s1)4 π |= ¬φ i� π 6|= φ5 π |= φ ∧ ψ i� π |= φ and π |= ψ6 π |= φ ∨ ψ i� π |= φ or π |= ψ7 π |= φ→ ψ i� whenever π |= φ then π |= ψ8 π |= Xφ i� π2 |= φ9 π |= Gφ i� ∀i ≥ 1, πi |= φ10 π |= Fφ i� ∃i ≥ 1, πi |= φ11 π |= φUψ i� ∃i ≥ 1, πi |= ψ e ∀ 1 ≤ j < i , πj |= φN.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 10 / 54



LTL Semanti
sSatisfa
tion from a stateLet M = (S , → , L), s ∈ S and φ an LTL formula. We write M, s |= φ, if,for every exe
ution path π starting at s, we have π |= φ.Consider M = (S = {s0, s1, s2}, {s0 → s1, s0 → s2, s1 → s2, s1 →s0, s2 → s2}, L(s0) = {p, q}, L(s1) = {q, r}, L(s2) = {r}). Determinewhi
h relation are true:1 M, s0 |= p ∧ q2 M, s0 |= Xr3 M, s0 |= X(q ∧ r)4 M, s0 |= G¬(p ∧ r)5 M, s0 |= GFp6 M, s0 |= GFp → GFrN.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 11 / 54



Pra
ti
al patterns of spe
i�
ationsPropositional variables 
orresponds to states in a rea
tive system.It is impossible to get to a state where started holds, but ready doesnot hold: G¬(started ∧ ¬ready)For any state, if a request (of some resour
e) o

urs, then it willeventually be a
knowledged: G(request → Fa
k)A 
ertain pro
ess is enabled in�nitely often on every 
omputationpath: GFenabledWhatever happens, a 
ertain pro
ess will eventually be permanentlydeadlo
ked: FGdeadlo
kIf the pro
ess is enabled in�nitely often, then it runs in�nitely often:GFenabled → GFrunFrom any state it is possible to get to a restart state (i.e., there is apath from all states to a state satisfying restart).: It 
an not beexpressed in LTL!In LTL it is not possible to express the existen
e of a path!N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 12 / 54



Nondeterministi
 �nite automata
Σ alphabet, L ⊆ Σ⋆ language of �nite words
A = (Σ,S ,S0, δ,F ) where S0,F ⊆ S , δ : S × Σ → 2SL(A) = {w ∈ Σ⋆ | δ(s0,w) ∩ F 6= ∅ ∧ so ∈ S0}where δ(s, ǫ) = s and δ(s, ax) = δ(δ(s, a), x).s0 s1 s2a baa

L((a∗(ab)∗)Languages a

epted by NFAs are 
losed for union, interse
tion and
omplementation; and are equivalent to languages a

epted by DFAs.N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 13 / 54



Automata on in�nite wordsIn�nite wordsAn in�nite word over Σ is a sequen
e a0a1a2 . . . amam+1 . . . where ai ∈ Σ.
Σω set of in�nite words over Σ.aaabbbaaabbb . . . 
an be represented by the ω-regular expression (aaabbb)ωBü
hi Automaton (nondeterministi
)
Aω = (Σ,S ,S0, δ,F ) where S0,F ⊆ S , δ : S × Σ → 2SGiven w = a0a1 . . ., a run in w (rw ) is a sequen
e of states s0, s1, · · · , withs0 ∈ S0 and si+1 ∈ δ(si , ai ), i ≥ 0.lim(rw) = {s | s = si for in�nitely many i ′s}L(Aω) = {w ∈ Σω | ∃rw lim(rw) ∩ F 6= ∅}N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 14 / 54



Bü
hi Automatas0 s1 s2a baa
w = aaababab . . . is a

epted Lω((a∗(ab)ω))
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Closure and Chara
terizationLanguages re
ognizable by Bü
hi automata are 
losed under union,interse
tion and 
omplementation (VERY HARD TO PROVE!!!).But determinism is weaker than nondeterminism. For instan
e (0 + 1)∗1ω
an not be re
ognized by a deterministi
 Bü
hi automaton.Theorem (Chara
terization)An ω-language L is re
ognizable by a Bü
hi automaton if and only if L is a�nite union of sets VW ω, where V ,W ⊂ Σ⋆ are FA re
ognizables.There are other equivalent a

eptan
e 
onditions: for Müller automata wewould have determinism, F ⊆ 2S and lim(rw) ∈ F . And 
omplementationis easier!!Other 
onditions by Rabin, Streett, et
.N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 16 / 54



Lω(Aω) 6= ∅ ? and Lω(Aω) 6= Σω?TheoremThe nonemptiness problem for a Aω Bü
hi automaton is de
idable in lineartime (NLOGSPACE-
omplete).Proof.Given Aω = (Σ,S ,S0, δ,F ), Lω(Aω) is nonempty i� exists a s0 ∈ S0 andt ∈ F su
h that s0 is 
onne
ted to t and t is 
onne
ted to itself.TheoremThe nonuniversality problem for a Aω Bü
hi automaton is de
idable inexponential time (PSPACE-
omplete).Proof.To obtain a 
omplementary automaton Aω is exponential andLω(Aω) 6= Σω ↔ Lω(Aω) 6= ∅.N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 17 / 54



LTL and AutomataComputation paths 
an be seen as in�nite words over 2Prop. To ea
h LTLformula φ we 
an asso
iate a Bü
hi automaton Aφ, su
h that the languageLω(Aφ) is the set of 
omputation paths that satisfy φ.To simplify the exposition and be
ause they are exponentially moresu

in
t than NFAs we are going to introdu
e alternating automata.In a NFA the (existential) 
hoi
e between two or more states 
an be seenas a disjun
tion.Alternation generalize this 
on
ept to other boolean formulas (and anuniversal 
hoi
e).
N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
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Alternating Finite Automata (AFA)Given a set X , let B+(X ) be the set of Boolean formulas with ∧ and ∨(and ⊤ and ⊥)Y ⊆ X satis�es a formula θ ∈ B+(X ) if the truth assignment that assigns1 to the members of Y and assigns 0 otherwise, satis�es θ.
{s1, s3} satis�es (s1 ∨ s2) ∧ (s3 ∨ s4)In NFA we 
an represent δ using B+(S). For example
δ(s0, a) = {s1, s0} = s1 ∨ s0.In AFA, δ(a, s) 
an be any formula of B+(S).
δ(s0, a) = (s1 ∧ s2) ∨ (s3 ∧ s4) means that the automaton a

epts awfrom s0, if it a

epts w from s1 and from s2, or a

epts w from s3 andfrom s4.In this 
ase, we have an existential and a universal 
hoi
e.N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 19 / 54



Alternating Finite Automata (AFA)A = (Σ,S , s0, δ,F ) where s0 ∈ S , is the initial state ,F ⊆ S is the set of�nal states, and δ : S × Σ → B+(S)A run is now a tree r (S-labelled) with root, ǫ.The level of a node x (|x |) isits distan
e from the root. r(x) is the label of a node x .A bran
h β = x0x1 . . . is a maximal sequen
e of nodes su
h that x0 = ǫand xi is the parent of xi+1, i ≥ 0. And r(β) = r(x0)r(x1) . . . is thesequen
e of labels along the bran
h.RunA run on a word w = a0 . . . an is a S-labeled �nite tree, rw su
h thatr(ǫ) = s0 and:if |x | = i < n, r(x) = s and δ(s, ai ) = θ then x has k 
hildren x1, . . . , xkfor some k ≤ |S |, and {r(x1), . . . r(xk )} satis�es θ.If δ(r(x), ai ) = ⊤ then x has no 
hildren (and ⊥ never o

urs).N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 20 / 54



Alternating Finite Automata (AFA)A

epting runA run is a

epting if all nodes at depth n are labeled by states in F .Either a bran
h hits ⊤ or hits a �nal state.Language re
ognized by an AFAL(A) = {w ∈ Σ⋆ | ∃ an a

epting rw}Theorem (Equivalen
e AFA and NFA)A language is re
ognizable by a NFA i� it is re
ognizable by a AFA (butthe AFA are exponentially more su

in
t).ComplementationIf θ ∈ B+(S) its dual θ is obtained from θ by swit
hing ⊤ and ⊥, and ∨and ∧ .Given AFA A = (Σ,S , s0, δ,F ), A = (Σ,S , s0, δ,S − F ) and
δ(s, a) = δ(s, a). Then L(A) = Σ⋆ \ L(A).N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 21 / 54



Alternating Bü
hi AutomataLet A = (Σ,S , s0, δ,F ) be alternating automaton on in�nite words.We 
allit an alternating Bü
hi automaton.RunA run of A on an in�nite word w = a0a1 . . . is a S-labeled tree r su
h thatr(ǫ) = s0 and:if |x | = i , r(x) = s and δ(s, ai ) = θ, then x has k 
hildren x1,. . . , xk withk ≤ |S | and {r(x1), . . . r(xk)} satis�es θ.A run is a

epting if every in�nite bran
h in r in
ludes in�nitely many labelsin F .If δ(s, ai ) = ⊤, x has no 
hildren. A �nite run is a

epting.Lω(A) = {w ∈ Σω | there exists an a

epting run r on w}

N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
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Example
({a, b, 
 , d}, {s0 , s1}, δ, s0, {s1})

δ a b 
 ds0 ⊤ ⊤ s0 ∧ s1 s0s1 ⊥ ⊤ s1 ⊤Consider a run on 


d
dad . . .
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s0 s0s1s0 s1 s1s0 s1 s1 s1s0s0 s1s0



d
da
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Alternating Bü
hi AutomataTheoremA language is re
ognizable by an alternating Bü
hi automaton if and only ifit is re
ognizable by a nondeterministi
 Bü
hi automaton (but alternatingautomata are exponentially more su

in
t).ComplementationComplementation of alternating Bü
hi automata is not easy: goingin�nitely often through a

epting states is not the same as going in�nitelyoften through non-a

epting states.TheoremThe nonemptiness problem for alternating Bü
hi automata is de
idable inexponential time (PSPACE-
omplete).N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 25 / 54



LTL Satis�ability and Alternating Bü
hi AutomataLet M = (S , → , L) be a model and and π = s1 → . . . a 
omputationpath. Given L, a path 
an be seen as an in�nite word over 2Prop.The set of paths satisfying a given formula are exa
tly those a

epted bysome automaton on in�nite words (Sherman, Pnueli and Harel, 1984).TheoremGiven an LTL formula φ one 
an build an alternating Bü
hi automatonAφ = (2Prop,S , φ, δ,F ) where |S | = O(|φ|) su
h that Lω(Aφ) is exa
tly theset of paths satisfying the formula φ.
N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 26 / 54



LTL Satis�ability and Alternating Bü
hi AutomataProof.Let S be the set of all subformulas of φ and their negation. Let F be the setof all formulas in S of the form ¬(ψUφ). Let the dual of a formula to beextended to negation ¬φ = φ and φ = ¬φ. The transition fun
tion δ is:
δ(p, a) = ⊤ if p ∈ a
δ(p, a) = ⊥ if p 6∈ a
δ(φ ∧ ψ, a) = δ(φ, a) ∧ δ(ψ, a)
δ(¬φ, a) = δ(φ, a)
δ(Xφ, a) = φ
δ(φUψ, a) = δ(ψ, a) ∨ (δ(φ, a) ∧ φUψ)

N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
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LTL Satis�ability and Alternating Bü
hi AutomataConsider r a run of Aφ. Ea
h in�nite bran
h is labeled from some point onby φUψ or ¬(φUψ). Sin
e
δ(¬(φUψ), a) = δ(ψ, a) ∧ (δ(φ, a) ∨ ¬(φUψ))an in�nite bran
h labeled from some point by ¬(φUψ) ensures that φUψindeed fails at that point, sin
e ψ fails. That is why those states are �nal.On the other hand, an in�nite bran
h labeled by φUψ does not ensure that

φUψ holds. The proof follows by indu
tion on the stru
ture of the formula
φ.CorollaryGiven an LTL formula φ, one 
an build a Bü
hi automaton Aφ su
h thatL(Aφ) is exa
tly the set of paths satisfying the formula φ.N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 28 / 54



ExampleLet φ = (X¬p)Uq.Aφ = (2{p.q}, {φ,¬φ,X¬p,¬X¬p,¬p, p,¬q, q}, φ, δ, {¬φ})s {p, q} {p} {q} ∅
φ ⊤ ¬p ∧ φ ⊤ ¬p ∧ φ
¬φ ⊥ p ∨ ¬φ ⊥ p ∨ ¬φX¬p ¬p ¬p ¬p ¬p

¬X¬p p p p p
¬p ⊥ ⊥ ⊤ ⊤p ⊤ ⊤ ⊥ ⊥q ⊤ ⊥ ⊤ ⊥
¬q ⊥ ⊤ ⊥ ⊤In the state φ if q does not holds then ¬p and φ must hold in the nextstate. As φ /∈ F , eventually q must be satis�able.N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 29 / 54



Transition systems and Bü
hi Automata
Given M = (S , → , L) and PropAny π = s0s1 . . . 
an be seen as sequen
e of subsets of PropWe asso
iate with M a Bü
hi automatonAM = (2Prop,S , {s0}, δ,S),su
h that s ′ ∈ δ(s, a) i� s → s ′ and a = L(s).Sin
e the set of �nal states is S , every π is an a

epting run and Lω(AM) isthe set of paths of M.

N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
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LTL Model Che
kingM, so |= φ redu
es to know ifLω(AM) ⊆ Lω(Aφ)Or equivalently, Lω(AM) ∩ Lω(Aφ) = ∅As Lω(Aφ) = Lω(A¬φ), 
omplementation is not a problem and A¬φ has2O(|φ|) states.The interse
tion automaton has |S |.2O(|φ|) states.TheoremChe
king whether a model M satis�es an LTL formula φ 
an be done intime O(|S |.2O(|φ|))Usually the spe
i�
ation is rather short...N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 31 / 54



Bran
hing-time Logi
 - CTLThe evolution of the transition system 
orresponds to an in�nite
omputation tree.Computation Tree Logi
 (CTL) allows expli
it and existential quanti�
ationover paths.Prop, set of propositional variables p, q, r , s, . . .Syntax
φ ::= ⊥ | ⊤ | p | (¬φ) | (φ ∧ φ) | (φ ∨ φ) | (φ ⇒ φ) | (AXφ) |

(EXφ) | (AFφ) | (EFφ) | (AGφ) | (EGφ) | A[φUφ] | E[φUφ]
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Bran
hing-time Logi
 - CTLTemporal 
onne
tivesA means along All pathsE means along at least one pathF,G,X and U as in LTLA and E 
an only appear with one of the other temporal 
onne
tives.Examples AG(p ⇒ EGr)EFE[rUq]E[A[rUp]Uq]A[AX¬pUE[EX(p ∧ q)U¬p]]N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 33 / 54



CTL Semanti
sSatis�abilityGiven M = (S , → , L), a state s ∈ S and an CTL formula φ we de�ne
M, s |= φ:1 M, s |= ⊤ and M, s 6|= ⊥2 M, s |= p i� p ∈ L(s)3 M, s |= ¬φ i� M, s 6|= φ4 M, s |= φ ∧ ψ i� M, s |= φ and M, s |= ψ5 M, s |= φ ∨ ψ i� M, s |= φ or M, s |= ψ6 M, s |= φ ⇒ ψ i� if M, s |= φ then M, s |= ψ7 M, s |= AXφ i� for all s1 su
h that s → s1, M, s1 |= φ8 M, s |= EXφ i� exists s1 su
h that s → s1 e M, s1 |= φN.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 34 / 54



CTL Semanti
sSatis�ability9 M, s |= AGφ i� for all paths π = s1 → s2 · · · with s1 = s, and allsi ∈ π M, si |= φ10 M, s |= EGφ i� if exists a path π = s1 → s2 · · · with s1 = s su
h thatfor all si ∈ π M, si |= φ11 M, s |= AFφ i� for all paths π = s1 → s2 · · · with s1 = s, and forsome si ∈ π, M, si |= φ12 M, s |= EFφ i� exists a path π = s1 → s2 · · · with s1 = s and forsome si ∈ π, M, si |= φ13 M, s |= A[φ1Uφ2] i� for all paths π = s1 → s2 · · · with s1 = s, wehave that φ1Uφ2 is satis�ed, i.e. there is si ∈ π M, si |= φ2, and forea
h j < i M, sj |= φ114 M, s |= E[φ1Uφ2] i� there is a path π = s1 → s2 · · · with s1 = s, andthat path satis�es φ1Uφ2, i.e. there is si ∈ π M, si |= φ2, and for ea
hj < i M, sj |= φ1.N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 35 / 54



CTL Semanti
s
φEFφ φ

φ

φφ φ

AFφ
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CTL Semanti
s
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LTL, CTL and CTL∗CTL is not stri
tly more expressive than LTL.Fp ⇒ Fq
annot be expressed in CTLas it is not the same as:AFp ⇒ AFq or AG(p ⇒ AFq)CTL⋆CTL where it is not mandatory that a LTL 
onne
tive {X, G,F,U} ispre
eded by a A or E.Examples:A[(pUr) ∨ (qUr)]E(GFφ)N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 38 / 54



CTL⋆Syntax1 state formulas
φ ::= ⊤ | p | (¬φ) | (φ ∧ φ) | Aα | Eα2 path formulas

α ::= φ | (¬α) | (α ∧ α) | αUα | (Gα) | (Fα) | (Xα)CTL∗ is stri
tly more expressive than both LTL and CTL, but
omputationally mu
h more ine�
ient.N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 39 / 54



In�nite TreesA tree τ over N is a subset of N⋆ that is pre�x-
losed. For ea
h node x ,arity(x) is the number of 
hildren of x .Let D ⊂ N. A tree τ is a D-tree if τ is a tree over N andarity(x) ∈ D,∀x ∈ τ .If D = {1, 2} a D-tree is a binary tree.A tree is 
alled lea�ess if every node has at least one 
hild.A Σ-labeled tree is a pair (τ,T ), where T : nodes(τ) → ΣWe are going to 
onsider labeled lea�ess D-trees.N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 40 / 54



Nondeterministi
 Automata on In�nite TreesA nondeterministi
 Bü
hi tree automataA = (Σ,D,S ,S0, δ,F )

Σ �nite alphabetD ⊂ N �nite set of aritiesS �nite set of statesS0 ⊆ S set of initial statesF ⊆ S , set of �nal states
δ : S × Σ × D → 2S⋆ transition fun
tion, where δ(s, a, k) ⊆ SkN.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 41 / 54



Nondeterministi
 Bü
hi Tree Automata
When the automaton is in state s and it is reading a k-ary node x of
(τ,T ), it nondeterministi
ally 
hooses a k-tuple (s1, . . . , sk) in δ(s,T (x)),makes k 
opies of itself, and then moves to the node x · i in the state si fori = 1, . . . , k .RunA run r : τ → S of A on a Σ-labeled D-tree τ is an S-labeled D-tree su
hthat r(ǫ) ∈ S0 and for ea
h node x su
h that arity(x) = k , we have
(r(x · 1), . . . , r(x · k)) ∈ δ(r(x),T (x), k).

N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
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ExampleA = ({a, b}, {2}, {s, t}, {s}, δ, {t}), and δ(s, a, 2) = {(t, t)},
δ(t, a, 2) = {(t, t)}.Given a (τ,T ) is binary tree with T (x) = a for all x , a run is:s ttt t t tt t tt t t t t
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Nondeterministi
 Bü
hi Tree AutomataA

epting RunThe run is a

epting if lim(r(β)) ∩ F 6= ∅ for every bran
h β = x0, x1, . . .of
τ . Tω(A) = {τ | τ is a

epted by A}A Bü
hi automata on in�nite words is essentially a Bü
hi tree automata on
{1}-trees.TheoremThe nonemptiness problem for nondeterministi
 Bü
hi tree automata isde
idable in quadrati
 time.N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 44 / 54



Alternating Automata on In�nite TreesAn alternating Bü
hi tree automatonA = (Σ,D,S , s0, δ,F )

Σ �nite alphabetD ⊂ N �nite set of aritiesS �nite set of statess0 ∈ S set of initial statesF ⊆ S , set of �nal states
δ : S × Σ × D → B+(N × S) partial transition fun
tion, where
δ(s, a, k) ∈ B+({1, . . . , k} × S) for ea
h s ∈ S , a ∈ Σ, and k ∈ D ifde�ned.N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 45 / 54



Alternating Bü
hi Tree AutomataA run r of A on a Σ-labeled lea�ess D-tree (τ,T ) is a τ × S-labeled tree.Ea
h node of r 
orresponds to a node of τ . A node in r , labeled by (x , s),des
ribes a 
opy of the automaton that reads the node x of τ in the state s.The labels of a node and its 
hildren have to satisfy the transition fun
tion.RunA run r is a τ × S-labeled tree (τr ,Tr ) where1 Tr (ǫ) = (ǫ, s0)2 Let y ∈ τr , Tr (y) = (x , s), arity(x) = k , and δ(s,T (x), k) = θ. Thenthere is a setQ = {(
1, s1), (
2, s2), . . . , (
n, sn)} ⊆ {1, . . . , k} × Ssu
h thatQ satis�es θ, andfor all 1 ≤ i ≤ n, we have y · i ∈ τr and Tr (y · i) = (x · 
i , si ).N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
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Alternating Bü
hi Tree AutomataTheoremLet A be an alternating Bü
hi tree automaton with n states. Then there isa nondeterministi
 Bü
hi tree automaton An with 3n states su
h thatTω(An) = Tω(A).TheoremThe nonemptiness problem for alternating Bü
hi tree automata is de
idablein exponential time.This result is not very good for CTL- model 
he
king... butTheoremThe 1-letter nonemptiness problem for uniform alternating Bü
hi treeautomata is de
idable in quadrati
 time (uniform means |D| = 1).N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 47 / 54



Weak Alternating Bü
hi Tree AutomataWeak alternating Bü
hi tree automata (WAA) has a spe
ial a

epting
ondition that allows the partition of S in sets that are in
luded in F ordisjoint from F . Then:TheoremThe 1-letter nonemptiness problem for uniform weak alternating treeautomata is de
idable in linear time.Or even betterTheoremThe 1-letter nonemptiness problem for uniform limited-alternation WAA ofsize n and depth m 
an be solved in spa
e O(m log2 n).N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 48 / 54



CTL and WAA
A model M = (S , → , L) with a state s ∈ S is a tree model if (S , → ) is atree and s is its root. Then M 
an be seen as a lea�ess 2Prop-labeled tree.
M is a D-tree model, for D ⊆ N, if (S , → ) is a D-tree.TheoremGiven a CTL formula φ and a �nite set D ⊆ N, one 
an build alimited-alternation WAA Aφ = (Σ,D,S , s0, δ,F ) , where Σ = 2Prop and |S |is in O(|φ|), su
h that Tω(Aφ) is exa
tly the set of D-tree modelssatisfying φ.
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CTL Model Che
kingFor bran
hing temporal logi
, ea
h model 
orresponds to a single
omputation tree.Model 
he
king is redu
ed to 
he
king a

eptan
e of this 
omputation treeby the automaton des
ribing the formula.A model M = (S , → , L) with a state s0 ∈ S , 
an be seen as a S-tree
(τM ,TM) that 
orresponds to the unwinding of M from s0. For s ∈ S , thearity(s) is the number of → -su

essors of s and letsu

(s) = (s1, , . . . , sarity(s)). τM and TM are de�ned by:1 ǫ ∈ τM and TM(ǫ) = s02 For y ∈ τM with su

(TM(y)) = (s1, . . . sk) and for all 1 ≤ i ≤ k , wehave y · i ∈ τM and TM(y · i) = si .Let D be the set of arities of states of M. τM is a D-tree.N.Moreira, R.Reis (DCC-FC & LIACC) Automata and Veri�
ation 50 / 54



A Computation Tree (again)
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CTL Model Che
king and WAA
Let (τM , L · TM) be the 2Prop-labeled D-tree de�ned byL · TM(y) = L(TM(y)) for y ∈ τM .Let φ be a CTL formula.Suppose that AD,φ = (2Prop,D,Sφ, φ, δ,F ) is an alternating automatonthat a

epts exa
tly all D-tree models that satisfy φ

(τM , L · TM) is a

epted by AD,φ i� M, so |= φBut It is possible to get an alternating Bü
hi tree automaton AM,φ on a1-letter alphabet that is nonempty i� (τM , L · TM) is a

epted by AD,φ
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CTL Model Che
king and WAA
TheoremAM,φ = ({a},D,S × Sφ, δ′, (s0, φ),S × F ) is a limited-alternationWAA, whi
h is a produ
t of M and (AD,φ|), i.e,

|(AM,φ| = O(|M|.|(AD,φ|)Tω(AM,φ) is nonempty if and only if M, so |= φ.TheoremChe
king whether a model M satis�es a CTL formula φ 
an be done intime O(|M|.|φ|) or in spa
e O(|φ| log2 |M|).
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Complexity
Model Che
king SatisfabilityLTL PSPACE-
omplete PSPACE-
ompleteCTL P-
omplete DEXPTIME-
ompleteCTL⋆ P-
omplete D2-EXPTIME-
omplete

µ-
al
ulus NP∩
o-NP DEXPTIME-
omplete
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