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By a mmber t_lLareth theorem  we shall mean a theorem of the

I believe there 13 no generally acceptea uweaning for this term, btut
it should be noticed that we are using it in a rather restricted
sense. The moat generslly accepted meaning is probably this: suppose
we take an arbitrary formumla of the function calonlue of first order
and replace the function vaerisbles by primitive recursive relations.
The resulting formula represents a typical number thﬁoretic theorem
in t.hia (mre general) sense. _

form ' O(X) vanishes for infinltely many natural numbers X ',

where D(X) is a prinitive recursive function.
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5 Primitive recursive functions of natursl numbers sre defined induce
tively &8 follows. Suppose +0k'1) oy xuq)) gr(xl) oy xu), L‘(_ﬂ” ey Nigy )

are primitive recursive then @ [XU ce) ‘f\h\)is primitive reeursive if

it is defined by one of the sets of equations (&) ~ (s).

{a) (P/%[)““‘ ) l"[ﬁ Y l)‘a'(xu “) 1) u-,)"h),(’$h$i‘)
® Qs K= 00 hn)
{e) X ) L 5 vhere W= 1 and a 1s some particulsr nat-

ursl nnmber.

(@ @(x): x+1 (w=1)

(e) cF-[;gjj.,.)Xh_” ) ‘F(*n')r - ')

‘-P(*t y -3 Yy XF1) W%, % wr QL% xk))
The elass of primitive recursive function 13 more restricted tnan the
computable functions, but has the advantage that there 4s a process where-
by one can tell of a set of equations whetihwr if defines & primitive
recursive :i'unction in the menner described above.
£ O(X,)--.y Ru) is prinitive recursive then (‘A”... 7&"): “7
ia deacribsd as a prinmitive recursive relation between)‘, )"

‘Pie shall say that s problem is nuaber theoretic il it has been shown
that any solution of the problem may be put in the farm of & proof

of one or more pumber theoretic theorema. More accurately we may
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. we shall have

Y. X(€m, M) —12Q7T
€+49 m+19 ‘7 vy
e L4 Q:.' f*l - W - X 7
;f, ¢ = < < M,2< 4'4 4: 19L&/, = 14292

if ve define B (M,T) to be the smallest valune of K[‘P; e, M)

for which 4 ¢ L +.L<£ - ~L -—_ A
FTF TRt RLT T , 2+ <-;,<| ~S
then the Riemann hypothesis is true if for ea.ch T there 1s ™

satisfying B (M T') > 12227 . If on the other hand there is
T such that for a1l M, B(M,T) £ 122 T , the Riemam
nypothesis is false; for let e W oy be such that

(eh:« “in, M) < "zz"then‘ (E €y *+ ey )!

eH-(-LlM

‘How if Ov is a condensation point of the sequence M then
since{(8)1s continuous except at §=71 we oust have Y(a )= O
implying the falsity of the Riemann hypothesis. Thus we have

: ' —
reduced the problem to the question as to whether for each |

there 18 M for waick B(M,T) > 12271, B( M, T)

is primitive recursive, and the problem is therefors number theoretic.
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o /
valiiity ol C ixolies the vali2ity of €, and let thew: be & velifd

ayaten C in \A/ « Flpa'ly supnhose that given any computarle seuence

» C

2 2 T e ol systens in W the tlimit systen? in which & Tor-

1
mule 18 provable 17 and only if it 1s provcble in one of the srstens

C J alzo belonzs %o W » These 1limit systens are to be regard 2,

‘not as 11mctions of tre sequence given in extension, but as functions

of the rules of formation of their tems. & ssnuence yiven in cxten-
sloc may be deacribed by verious rules of formation, sani there will ke

several corresponding limit systens. Zach of these nay be described as

& lindt syaterx of *he secuence.

Under theze circu:f;stmces Y6 ey const: Lﬂct an ordinal logle. Iet
us asgociste poaitive integers with the systems, in auch‘a vor that
4o each co“re'*sponf s & positive integer .MC'- y BRI M C complctely
deseribes the ruies of procedurs of C . Then there 13 a VuF.r. // »
such that M (MC) ‘conv MC’ Zfor zack C 4n W |, and thers 13 a
?,'.f'.F @ such that i :D( r) conv IMC for each positive integzr
r then @(:D) conv W\C wiere C is a limit grstem of CJ » C,_ »
v e v oa ?"i“r_h gacs grsten C of W it s possible to asor:ia't»c—é logic |
forrmilu EC ¢ tie reletion betveen irer is that if & 1s s Cormlz of
\A/ cnd the nunber theoretic theorsn correspondin: to G {aszumed ex-
preszed in the conversion celeculvs form) asserts. thed } is qual,
then [: ( 13) coxv & 1f and only i1f. § is provadle in C . Tiere
will be a ¥, ‘.I* G auch that G(IM« ) conv EC for each C of W .,
Put

= Ao & (a0, w )




9, Cogpi"tegess cguestions..

‘The purpoae of mtmducing o’*din&l ogics wBS to avomd ar far &

- possible ruae eifects of Godel'a theora.vx. I £ is e consequence of this
theoren, suitably modif fed, taat 1t 1s im')ossible to obtain u complete
,Iogic. foﬁmla, or {roughly speak:mg now) & Qonxplgte systeﬁ of logic. . ‘
Ye were able s however, from a given oysfem to obtam u mo comﬁlete one
by the sdjvnction e3 axions o& fomulae, Been intui*ivelf to o
~eorrect, but w‘ﬁcl"; the G’dd&l theoren shows are lmprnvablegl in thes

“‘-M-"n“‘ﬂ'“"———x.——o~.——nNb-—ﬁm—ﬁ“_—‘\—t.—-u—a‘-‘ B T

21 1, the case of P we adjoin &ll ol the axions (31‘0) 77“4 L"o; f(“‘) J

‘whera W is the G.R. of J‘: ome of wihich the (Bdel theorew shows to
be unprovable in P . : . o

u_n—-n‘*—-—F—."-.‘—_.”—a—-—-w—nm‘n‘”—.-—fum—‘—._-sm—a“mm

original aystem; from this e obtui:md © yet more complete systen br a

| repstition of;” t‘he'procéss,r and 'ab' on. Ve found thet the repetition ofA
the pr@oéséf féave' us a new rsj-,rstémfo; each c-X ordinsl formuls. Te
should like tr,;'vknoiv' wﬁbtbei‘ this process suifices, or whether the

, systém sﬁguld be extended in otﬁer USYB as. wéll;ﬂ If 1t were possible
to tell of a ¥.F.F. in normal fors whether it was an osdinal formula
we s;hw,L:_ 'méw Ev N cértain that it wze necessary to e:»xtemi‘ In other
wsys. In fact for any drdinal'fomula é x_ it wonls then be pasafﬂ.
to find & single logic formula L sueh that iF A( 2 H } conv £
:. Tor 30“19 o*d inal forrmla -Q- then L(ﬂ) conv 2. Since L- misth
be iJlGO‘ﬂplPtE thure must be formilasz H "or wh ich A( -Q-/ )

.48 not conver ible to 2 for anj orrima.l form.la _Q.- « A.owever in

_ view of the fact, prove d 1n §7 that there 3 no method of deternining
‘o; a formule in nomJ. ;or'* ‘mether ,»t is an 'r‘d nal fo“xsulz., tue

_¢ase does not ‘ari_se, end ﬁlera is sfill a poammli tnet soige
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‘alrady required of then, only th:t it is so with the nors
natural deiinitions,

I shnli prove the eomplotencss theorem in the folloring
form. it [ Ko ] iz a recursion formuls and &[o] ,
S[f0] , . . .arcoll provable in 2, then therc 1 o
C~i urdinal forrmle Q such thnt (&,),@[Iiﬂ is »rovoble in
the syst .~ £ of loglc @btatmed from P by adjo ning
a5 exioms all formulie vhose G.R'% are of the form

B ( Abun, ’K(a—(’v“), 3{3,“))///1, e, r)

(provid:d they r. » snt ro)sition:)

Zirst let us define ihe formuls A . Su pose D i3 o
el e vith the property thot ')_[ 4_4) conv . u'B—EF(M)o is
“rovoble in i, but D () conv 1 ir ~H[F 07 15 yrovavle tn
I (¥ iz veing es-urwd comsistent). ot ©  be derined by

O — {Avu. w((0u)}(Aew v(o(sw))
ens let V be o formule with the provertics
V(2) comv Aw.w(fue, U)
V(1) comwv Au-w (I, O(Se))

The existence of such o foriwis is estnblished in lecne 1

4

corollary on p 220, lio ' put

H-k—7 r\qu*-“/x\/f V(_Q[\/)j\[lulvl)xj

am—

R —> Lc(ﬁ*)



