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Preface

Logic is the calculus of computation. Forty-five years ago, John McCarthy
predicted in A Basis for a Mathematical Theory of Computation that “the
relationship between computation and mathematical logic will be as fruitful in
the next century as that between analysis and physics in the last”. The field of
computational logic emerged over the past few decades in partial fulfillment
of that vision. Focusing on producing efficient and powerful algorithms for
deciding the satisfiability of formulae in logical theories and fragments, it
continues to push the frontiers of general computer science.

This book is about computational logic and its applications to program
verification. Program verification is the task of analyzing the correctness of a
program. It encompasses the formal specification of what a program should do
and the formal proof that the program meets this specification. The reasoning
power that computational logic offers revolutionized the field of verification.
Ongoing research will make verification standard practice in software and
hardware engineering in the next few decades. This acceptance into everyday
engineering cannot come too soon: software and hardware are becoming ever
more ubiquitous and thus ever more the source of failure.

We wrote this book with an undergraduate and beginning graduate audi-
ence in mind. However, any computer scientist or engineer who would like to
enter the field of computational logic or apply its products should find this
book useful.

Content

The book has two parts. Part I, Foundations, presents first-order logic, induc-
tion, and program verification. The methods are general. For example, Chap-
ter 2 presents a complete proof system for first-order logic, while Chapter 5
describes a relatively complete verification methodology. Part II, Algorithmic
Reasoning, focuses on specialized algorithms for reasoning about fragments of
first-order logic and for deducing facts about programs. Part II trades gener-
ality for decidability and efficiency.



VIII  Preface

The first three chapters of Part I introduce first-order logic. Chapters 1 and
2 begin our presentation with a review of propositional and predicate logic.
Much of the material will be familiar to the reader who previously studied
logic. However, Chapter 3 on first-order theories will be new to many readers.
It axiomatically defines the various first-order theories and fragments that we
study and apply throughout the rest of the book. Chapter 4 reviews induction,
introducing some forms of induction that may be new to the reader. Induction
provides the mathematical basis for analyzing program correctness.

Chapter 5 turns to the primary motivating application of computational
logic in this book, the task of verifying programs. It discusses specification, in
which the programmer formalizes in logic the (sometimes surprisingly vague)
understanding that he has about what functions should do; partial correctness,
which requires proving that a program or function meets a given specification
if it halts; and total correctness, which requires proving additionally that a pro-
gram or function always halts. The presentation uses the simple programming
language pi and is supported by the verifying compiler 7VC (see The 7VC
System, below, for more information on 7VC). Chapter 6 suggests strategies
for applying the verification methodology.

Part II on Algorithmic Reasoning begins in Chapter 7 with quantifier-
elimination methods for limited integer and rational arithmetic. It describes
an algorithm for reducing a quantified formula in integer or rational arithmetic
to an equivalent formula without quantifiers.

Chapter 8 begins a sequence of chapters on decision procedures for
quantifier-free and other fragments of theories. These fragments of first-order
theories are interesting for three reasons. First, they are sometimes decidable
when the full theory is not (see Chapters 9, 10, and 11). Second, they are
sometimes efficiently decidable when the full theory is not (compare Chapters
7 and 8). Finally, they are often useful; for example, proving the verification
conditions that arise in the examples of Chapters 5 and 6 requires just the
fragments of theories studied in Chapters 8-11. The simplex method for linear
programming is presented in Chapter 8 as a decision procedure for deciding
satisfiability in rational and real arithmetic without multiplication.

Chapters 9 and 11 turn to decision procedures for non-arithmetical theo-
ries. Chapter 9 discusses the classic congruence closure algorithm for equality
with uninterpreted functions and extends it to reason about data structures
like lists, trees, and arrays. These decision procedures are for quantifier-free
fragments only. Chapter 11 presents decision procedures for larger fragments
of theories that formalize array-like data structures.

Decision procedures are most useful when they are combined. For example,
in program verification one must reason about arithmetic and data structures
simultaneously. Chapter 10 presents the Nelson-Oppen method for combining
decision procedures for quantifier-free fragments. The decision procedures of
Chapters 8, 9, and 11 are all combinable using the Nelson-Oppen method.

Chapter 12 presents a methodology for constructing invariant generation
procedures. These procedures reason inductively about programs to aid in
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verification. They relieve some of the burden on the programmer to provide
program annotations for verification purposes. For now, developing a static
analysis is one of the easiest ways of bringing formal methods into general
usage, as a typical static analysis requires little or no input from the pro-
grammer. The chapter presents a general methodology and two instances of
the method for deducing arithmetical properties of programs.

Finally, Chapter 13 suggests directions for further reading and research.

Teaching

This book can be used in various ways and taught at multiple levels. Figure
0.1 presents a dependency graph for the chapters. There are two main tracks:
the wverification track, which focuses on Chapters 14, 5, 6, and 12; and the
decision procedures track, which focuses on Chapters 1-4 and 7-11. Within
the decision procedures track, the reader can focus on the quantifier-free de-
cision procedures track, which skips Chapters 7 and 11. The reader interested
in quickly obtaining an understanding of modern combination decision proce-
dures would prefer this final track.

We have annotated several sections with a * to indicate that they provide
additional depth that is unnecessary for understanding subsequent material.
Additionally, all proofs may be skipped without preventing a general under-
standing of the material.

Each chapter ends with a set of exercises. Some require just a mechanical
understanding of the material, while others require a conceptual understand-
ing or ask the reader to think beyond what is presented in the book. These
latter exercises are annotated with a *. For certain audiences, additional exer-
cises might include implementing decision procedures or invariant generation
procedures and exploring certain topics in greater depth (see Chapter 13).

In our courses, we assign program verification exercises from Chapters 5
and 6 throughout the term to give students time to develop this important
skill. Learning to verify programs is about as difficult for students as learning
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to program in the first place. Specifying and verifying programs also strength-
ens the students’ facility with logic.

Bibliographic Remarks

Each chapter ends with a section entitled Bibliographic Remarks in which
we attempt to provide a brief account of the historical context and develop-
ment of the chapter’s material. We have undoubtedly missed some important
contributions, for which we apologize. We welcome corrections, comments,
and historical anecdotes.

The wVC System

We implemented a verifying compiler called mVC to accompany this text. It
allows users to write and verify annotated programs in the pi programming
language. The system and a set of examples, including the programs listed in
this book, are available for download from http://theory.stanford.edu/
~arbrad/pivc. We plan to update this website regularly and welcome readers’
comments, questions, and suggestions about 7VC and the text.
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Part 1

Foundations

Everything is vague to a degree you do not realize till you have tried
to make it precise.

— Bertrand Russell

Philosophy of Logical Atomism, 1918

Modern design and implementation of software and hardware systems lacks
precision. Design documents written in a natural language admit misinterpre-
tation. Informal arguments about why a system works miss crucial weaknesses.
The resulting systems are fragile. Part I of this book presents an alternative
approach to system design and implementation based on using a formal lan-
guage to specify and reason about software systems.

Chapters 1 and 2 introduce the (first-order) predicate calculus. Chapter 1
presents the propositional calculus, and Chapter 2 presents the full predicate
calculus. A central task is determining whether formulae of the calculus are
valid. Chapter 3 formalizes common data types of software in the predicate
calculus. It also introduces the concepts of decidability and complexity of
deciding validity of formulae.

The final three chapters of Part I discuss applications of the predicate cal-
culus. Chapter 4 formalizes mathematical induction in the predicate calculus,
in the process introducing several forms of induction that may be new to the
reader. Chapters 5 and 6 then apply the predicate calculus and mathemat-
ical induction to the specification and verification of software. Specification
consists of asserting facts about software. Verification applies mathematical
induction to prove that each assertion evaluates to true when program con-
trol reaches it; and to prove that program control eventually reaches specific
program locations.

Part I thus provides the mathematical foundations for precise engineering.
Part II will investigate algorithmic aspects of applying these foundations.
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Propositional Logic

A deduction is speech in which, certain things having been supposed,

something different from the things supposed results of necessity be-
cause of their being so.

— Aristotle

Prior Analytics, 4th century BC

A calculus is a set of symbols and a system of rules for manipulating the
symbols. In an interesting calculus, the symbols and rules have meaning in
some domain that matters. For example, the differential calculus defines rules
for manipulating the integral symbol over a polynomial to compute the area
under the curve that the polynomial defines. Area has meaning outside of the
calculus; the calculus provides the tool for computing such quantities. The
domain of the differential calculus, loosely speaking, consists of real numbers
and functions over those numbers.

Computer scientists are interested in a different domain and thus require
a different calculus. The behavior of programs, or computation, is a computer
scientist’s chief concern. What is an appropriate domain for studying com-
putation? The basic entity of the domain is state: roughly, the assignment of
values (for example, Booleans, integers, or addresses) to variables. Pairs of
states comprise transitions. A computation is a sequence of states, each ad-
jacent pair of which is a transition. A program defines the form of its states,
the set of transitions between states, and the set of computations that it can
produce. A program’s set of computations characterizes the program itself as
precisely as its source code. Chapter 5 studies these ideas in depth.

With a domain in mind, a computer scientist can now ask questions. Does
this program that accepts an array of integers produce a sorted array? In
other words, does each of the program’s computations have a state in which a
sorted array is returned? Does this program ever access unallocated memory?
Does this function always halt? To answer such questions, we need a calculus
to reason about computations.
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This chapter and the next introduce the calculus that will be the basis for
studying computation in this book. In this chapter, we cover propositional
logic (PL); in the next chapter, we build on the presentation to define first-
order logic (FOL). PL and FOL are also known as propositional calculus
and predicate calculus, respectively, because they are calculi for reasoning
about propositions (“the sky is blue”, “this comment references itself”) and
predicates (“z is blue”, “y references 2”), respectively. Propositions are either
true or false, while predicates evaluate to true or false depending on the values
given to their parameters (z, y, and z).

Just as differential calculus has a set of symbols, a set of rules, and a
mapping to reality that provides its meaning, propositional logic has its own
symbols, rules of inference, and meaning. Sections 1.1 and 1.2 introduce the
syntax and semantics (meaning) of PL formulae. Then Section 1.3 discusses
two concepts that are fundamental throughout this book, satisfiability (Is
this formula ever true?) and wvalidity (Is this formula always true?), and the
rules for computing whether a PL formula is satisfiable or valid. Rules for
manipulating PL formulae, some of which preserve satisfiability and validity,
are discussed in Section 1.5 and applied in Section 1.6.

1.1 Syntax

In this section, we introduce the syntax of PL. The syntax of a logical lan-
guage consists of a set of symbols and rules for combining them to form
“sentences” (in this case, formulae) of the language.

The basic elements of PL are the truth symbols T (“true”) and L
(“false”) and the propositional variables, usually denoted by P, Q, R,
Py, Py, .... A countably infinite set of propositional variable symbols exists.
Logical connectives, also called Boolean connectives, provide the expres-
sive power of PL. A formula is simply T, L, or a propositional variable P; or
the application of one of the following connectives to formulae F', Fi, or Fj:

e —[": negation, pronounced ‘“not”;

e I A Fy: conjunction, pronounced “and”;

e F1V Fy: disjunction, pronounced “or”;

e F} — Fy: implication, pronounced “implies”;
e F) < Fy:iff, pronounced “if and only if”.

Each connective has an arity (the number of arguments that it takes): nega-
tion is unary (it takes one argument), while the other connectives are binary
(they take two arguments). The left and right arguments of — are called the
antecedent and consequent, respectively.

Some common terminology is useful. An atom is a truth symbol T, L or
propositional variable P, @, .... A literal is an atom « or its negation —a. A
formula is a literal or the application of a logical connective to a formula or
formulae.
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Formula G is a subformula of formula F' if it occurs syntactically within
G. More precisely,

the only subformula of P is P;

the subformulae of —F are —F and the subformulae of F’;

and the subformulae of F1 AFy, FiV EFy, Fi — Fy, I} < F5 are the formula
itself and the subformulae of I and F5.

Notice that every formula is a subformula of itself. The strict subformulae
of a formula are all its subformulae except itself.

Example 1.1. Consider the formula
F: (PANQ) — (PV-Q).

It contains two propositional variables, P and (). Each instance of P and Q
is an atom and a literal. —@Q is a literal, but not an atom. F' has six distinct
subformulae:

Fa P\/_'Qa _‘Qa P/\Qv Pv Q
Its strict subformulae are all of its subformulae except F' itself. ]

Parentheses are cumbersome. We define the relative precedence of the logi-
cal connectives from highest to lowest as follows: =, A, V, —, <. Additionally,
let — and < associate to the right, so that P —  — R is the same formula
as P — (Q — R).

Example 1.2. Abbreviate F' of Example 1.1 as
F': PNQ — PV-Q.
Also,
PIN-P,ANTV-PL AP,
stands for
(PLA((2P2) AT))V ((mPL) A Pp)
Finally,
P - P, — P;
abbreviates

P1 — (P2 — P3)
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1.2 Semantics

So far, we have considered the syntax of PL. The semantics of a logic provides
its meaning. What exactly is meaning? In PL, meaning is given by the truth
values true and false, where true # false. Our objective is to define how to
give meaning to formulae.

The first step in defining the semantics of PL is to provide a mechanism
for evaluating the propositional variables. An interpretation I assigns to
every propositional variable exactly one truth value. For example,

I: {P+true, Q— false, ...}

is an interpretation assigning true to P and false to @, where ... elides the
(countably infinitely many) assignments that are not relevant to us. That is, T
assigns to every propositional variable available to us (and there are countably
infinitely many) a value. We usually do not write the elision. Clearly, many
interpretations exist.

Now given a PL formula F' and an interpretation I, the truth value of F’
can be computed. The simplest manner of computing the truth value of F is
via a truth table. Let us first examine truth tables that indicate how to eval-
uate each logical connective in terms of its arguments. First, a propositional
variable gets its truth value immediately from I. Now consider the possible
evaluations of F: it is either true or false. How is —F evaluated? The following
table summarizes the possibilities, where 0 corresponds to the value false, and
1 corresponds to true:

F -F
0 1
1 0

The other connective can be defined similarly given values of F; and F5:

Fl F2 Fl/\FQ F1VF2 F1—>F2 F1<—>F2

00 0 0 1 1
01 0 1 1 0
10 0 1 0 0
11 1 1 1 1

In particular, F; — Fj is false iff F is true and F; is false. (Throughout the
book, we use the word “iff” to abbreviate the phrase “if and only if”; one can
also read it as “precisely when”.)

Example 1.3. Consider the formula
F: PNQ — PV-Q

and the interpretation
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I: {P > true, Q+ false} .
To evaluate the truth value of F' under I, construct the following table:

PQ -QPAQPV-QF
10 1 0 11

The top row is given by the subformulae of F'. I provides values for the first
two columns; then the semantics of PL provide the values for the remainder
of the table. Hence, F' evaluates to true under I. |

This tabular notation is convenient, but it is unsuitable for the predicate
logic of Chapter 2. Instead, we introduce an inductive definition of PL’s
semantics that will extend to Chapter 2. An inductive definition defines the
meaning of basic elements first, which in the case of PL are atoms. Then it
assumes that the meaning of a set of elements is fixed and defines a more
complex element in terms of these elements. For example, in PL, Fi A F is a
more complex formula than either of the formulae F; or Fb.

Recall that we want to compute whether F' has value true under inter-
pretation I. We write I |= F if F evaluates to true under I and I }= F if
F evaluates to false. To start our inductive definition, define the meaning of
truth symbols:

I T
I L

Under any interpretation I, T has value true, and | has value false. Next,
define the truth value of propositional variables:

I P iff I[P] = true

P has value true iff the interpretation I assigns P to have value true.

Since an interpretation assigns a truth value to every propositional vari-
able, I assigns false to P when I does not assign true to P. Thus, we can
instead define the truth values of propositional variables as follows:

I P iff I[P] = false

Since true # false, both definitions yield the same (unique) truth values.
Having completed the base cases of our inductive definition, we turn to

the inductive step. Assume that formulae F', Fi, and F5 have truth values.

From these formulae, evaluate the semantics of more complex formulae:

I = -F it I F

1 |:F1/\F2 iffI|:F1andI|:F2

1 |:F1\/F2 iffI|:F10rI|:F2

I ): F1 —>F2 lff, lfI':Fl thenI|:F2

I):F1<—>F2 iff]):FlandI):Fg,orlbéFland[[;éFQ
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In studying these definitions, it is useful to recall the earlier definitions given
by the truth tables, which are free of English ambiguities.
For implication, consider also the equivalent formulation

I F > F ifIEFRandliER

The formula F; — F5 has truth value true under I when either Fj is false
or F5 is true. It is false only when F} is true and F5 is false. Our inductive
definition of the semantics of PL is complete.

Example 1.4. Consider the formula
F: PNQ — PV-Q

and the interpretation
I: {P s true, Q+ false} .

Compute the truth value of F' as follows:

1. TP since I[P] = true
2. 1 Q since I[Q] = false
3. I E —-Q by 2 and semantics of —
4. T = PAQ by 2 and semantics of A
5. T E PV-Q by 1 and semantics of V
6. I = F by 4 and semantics of —

We considered the distinct subformulae of F' according to the subformula
ordering: F) precedes F5 if F; is a subformula of F5. In that order, we
computed the truth value of F' from its simplest subformulae to its most
complex subformula (F itself).

The final line of the calculation deserves some explanation. According to
the semantics for implication,

I ':Fl —>F2 iff,if[':FltheIlI':Fg

the implication F; — F5 has value true when I [~ Fj. Thus, line 5 is unnec-
essary for establishing the truth value of F'. |

1.3 Satisfiability and Validity

We now consider a fundamental characterization of PL formulae.
A formula F' is satisfiable iff there exists an interpretation I such that
I F. A formula F is valid iff for all interpretations I, I = F. Determining
satisfiability and validity of formulae are important tasks in logic.
Satisfiability and validity are dual concepts, and switching from one to the
other is easy. F' is valid iff —F is unsatisfiable. For suppose that F' is valid;
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then for any interpretation I, I = F. By the semantics of negation, I £ —F,
so —F is unsatisfiable. Conversely, suppose that —F is unsatisfiable. For any
interpretation I, I i~ —F, so that I = F by the semantics of negation. Thus,
F' is valid.

Because of this duality between satisfiability and validity, we are free to
focus on either one or the other in the text, depending on which is more
convenient for the discussion. The reader should realize that statements about
one are also statements about the other.

In this section, we present several methods of determining validity and
satisfiability of PL formulae.

1.3.1 Truth Tables

Our first approach to checking the validity of a PL formula is the truth-table
method. We exhibit this method by example.

Example 1.5. Consider the formula
F: PNQ — PV-Q.

Is it valid? Construct a table in which the first row is a list of the subformulae
of F' ordered according to the subformula ordering. Fill columns of proposi-
tional variables with all possible combinations of truth values. Then apply the
semantics of PL to fill the rest of the table:

PQPAQ-QPV-QF
00 0o 1 1 1

01 0 0 0 1
10 O 1 1 1
11 1 0 1 1

The final column, which represents the truth value of F' under the possible
interpretations, is filled entirely with true. F' is valid. |
Example 1.6. Consider the formula

F: PvQ — PAQ.
Construct the truth table:

PQPVQPAQF
00 0 0 1

01 1 0 0
10 1 0 0
11 1 1 1

Because the second and third rows show that F' can be false, F' is invalid. B
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1.3.2 Semantic Arguments

Our next approach to validity checking is the semantic argument method.
While more complicated than the truth-table method, we introduce it and
emphasize it throughout the remainder of the chapter because it is our only
method of evaluating the satisfiability and validity of formulae in Chapter 2.

A proof based on the semantic method begins by assuming that the given
formula F is invalid: hence, there is a falsifying interpretation I such that
I £ F'. The proof proceeds by applying the semantic definitions of the logical
connectives in the form of proof rules. A proof rule has one or more premises
(assumed facts) and one or more deductions (deduced facts). An application
of a proof rule requires matching the premises to facts already existing in the
semantic argument and then forming the deductions. The proof rules are the
following:

e According to the semantics of negation, from I = —F, deduce I [~ F'; and
from I = —F, deduce I |= F:

I = ~F I} —-F
I ¥ F I = F

e According to the semantics of conjunction, from I = F' A G, deduce both
I'=F and I = G; and from I = F A G, deduce I = F or I = G. The
latter deduction results in a fork in the proof; each case must be considered

separately.
I E FAG I £ FAG
I =EF I~ F | IEG
I =G

e According to the semantics of disjunction, from I = F'V G, deduce I = F

or I = G; and from I £ F V G, deduce both I & F and I j= G. The
former deduction requires a case analysis in the proof.

I = FVG I £ FVG
I=F | I =G I £ F
I a

e According to the semantics of implication, from I = F — G, deduce
I ForlfG;and from I = F — G, deduce both I = F and I |~ G.
The former deduction requires a case analysis in the proof.

I EF->G I £ F->G
I'EF | ITEG I EF
I G
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According to the semantics of iff, from I = F < G, deduce I = F A G or
I FVG;and from I £ F « G, deduce I E FA-GorIE-FAG.
Both deductions require considering multiple cases.

I E Fod@G I £ FoG
I =EFANG | I ¥ FVGE I = FAN-G | I = -FAG

Finally, a contradiction occurs when following the above proof rules results
in the claim that an interpretation I both satisfies a formula F' and does
not satisfy F.

I F
I ¥ F
IE L

Before explaining proofs in more detail, let us see several examples.

Example 1.7. To prove that the formula

F: PNQ — PV-Q

is valid, assume that it is invalid and derive a contradiction. Thus, assume
that there is a falsifying interpretation I of F' (such that I [~ F'). Then,

1. T ¥ PAQ — PV—Q assumption

2. I E PAQ by 1 and semantics of —
3. I} PV-Q by 1 and semantics of —
4. I E P by 2 and semantics of A
5. 1T E Q by 2 and semantics of A
6. I £ P by 3 and semantics of Vv
7.1 -Q by 3 and semantics of V
8. I E @ by 7 and semantics of —

Lines 4 and 6 contradict each other, so that our assumption must be wrong:
F' is actually valid.

We can end the proof as soon as we have a contradiction. For example,

1. T ¥ PAQ — PV—Q assumption

2. I E PAQ by 1 and semantics of —
3. I PV-Q by 1 and semantics of —
4. I E P by 2 and semantics of A
5. I £ P by 3 and semantics of Vv

This argument is sufficient because a contradiction already exists. In other
words, the discovered contradiction closes the one branch of the proof. We
sometimes note the contradiction explicitly in the proof:

6. I E L 4 and 5 are contradictory
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Example 1.8. To prove that the formula
F: (P=Q)N(Q@—R) — (P—R)

is valid, assume otherwise and derive a contradiction:

1. I  F assumption

2. T E(P-Q) N (Q—R) by 1 and semantics of —
3. 1+ P—->R by 1 and semantics of —
4. I = P by 3 and semantics of —
5. I £~ R by 3 and semantics of —
6. I £ P—-Q by 2 and semantics of A
7. I E Q—R by 2 and semantics of A

There are two cases to consider from 6. In the first case,

8a. I £ P by 6 and semantics of —
9a. I E L 4 and 8a are contradictory

In the second case,
8. I E Q@ by 6 and semantics of —
Now there are two more cases from 7. In the first case,

9%a. I ¥~ Q by 7 and semantics of —
10ba. I E L 8b and 9ba are contradictory

In the second case,

9%b. I = R by 7 and semantics of —
1000. I E L 5 and 9bb are contradictory

All three branches of the proof are closed: F' is valid. |

We introduce vocabulary for discussing semantic proofs. The reader need
not memorize these terms now; just refer to them as they are used. A line
L:IEForL:IWF isasingle statement in the proof, sometimes labeled
as in the examples. A line L is a direct descendant of a parent M if L is
directly below M in the proof. L is a descendant of M if M is L itself, if L is
a direct descendant of M, or if the parent of L is a descendant of M (in other
words, descendant is the reflexive and transitive closure of direct descendant).
M is an ancestor of L if L is a descendant of M. Several proof rules — the
second conjunction rule, the first disjunction rule, the first implication rule,
and both rules for iff — produce a fork in the argument, as the last example
shows. A proof thus evolves as a tree rather than linearly. A branch of the
tree is a sequence of lines descending from the root. A branch is closed if it
contains a contradiction, either explicitly as I = L or implicitly as I E G
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and I £ G for some formula G. Otherwise, the branch is open. A semantic
argument is finished when no more proof rules are applicable. It is a proof
of the validity of F' if every branch is closed; otherwise, each open branch
describes a falsifying interpretation of F'.

While the given proof rules are (theoretically) sufficient, derived proof
rules can make proofs more concise.

Example 1.9. The derived rule of modus ponens simplifies the proof of
Example 1.8. The rule is the following:

I EF
I E F->d
I =G

In words, from [ = F and [ = F' — G, deduce I = G.
Using this rule, let us simplify the proof of the validity of

F: (P=QNQ@—R) - (P—R).

We assume that it is invalid and try to derive a contradiction.

1. I ¥ F assumption

2. I E(P—-Q) N (Q—R) by 1 and semantics of —

3. I ¥ P—R by 1 and semantics of —

4. I = P by 3 and semantics of —

5. I ¥~ R by 3 and semantics of —

6. I E P—-Q by 2 and semantics of A

7. I EQ—R by 2 and semantics of A

8. I F @ by 4, 6, and modus ponens

99 I ER by 8, 7, and modus ponens

10. I E L 5 and 9 are contradictory
This proof has only one branch. |

The truth-table and semantic methods can be used to check satisfiability.
For example, the truth table of Example 1.6 can be extended to show that

-F: =2(PVQ — PAQ)

is satisfiable:

PQPVQPAQF —-F
00 0 0 1 0

01 1 0 0 1
10 1 0 0 1
11 1 1 1 0

The second and third rows represent satisfying interpretations of —F. Addi-
tionally, the semantic argument in the following example shows that
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G: ~(PVQ — PAQ)
is satisfied by the discovered interpretation I, and thus that G is satisfiable.
Example 1.10. To prove that the formula

F: PvQ — PAQ

is valid, assume that F' is invalid; then there is an interpretation I such that
IE-F:

1. T - PvQ — PAQ assumption
2. I E Pv@Q by 1 and semantics of —
3. T ¥ PAQ by 1 and semantics of —

We have two choices to make. By 2 and the semantics of disjunction, either
P or @ must be true. By 3 and the semantics of conjunction, either P or @
must be false. So there are two options: either P is true and @ is false, or P is
false and @ is true. We choose P to be true and @ to be false. Then,

da. I = P by 2 and semantics of Vv
S5a. I = Q@ by 3 and semantics of A

The only subformulae of P and @) are themselves, so the table is complete.
Yet we did not derive a contradiction. In fact, we found the interpretation

I: {P+ true, Q — false}

for which I |= —F. Therefore, F' is actually invalid. The interpretation I :
{P  true, Q + false} is a falsifying interpretation.

If our choice had resulted in a contradiction, then we would have had to
try the other choice for P and @, in which P is false and @ is true. In general,
we stop either when we have found an interpretation or when we have closed
every branch. |

1.4 Equivalence and Implication

Just as satisfiability and validity are important properties of PL formulae,
equivalence and implication are important properties of pairs of formulae.
Two formulae F; and F5 are equivalent if they evaluate to the same truth
value under all interpretations I. That is, for all interpretations I, I E Fj
iff I E F,. Another way to state the equivalence of Fy and Fj is to assert
the validity of the formula F} < F5. We write F} < F, when F) and F; are
equivalent. | < F5 is not a formula; it simply abbreviates the statement “F
and F5 are equivalent.”

We use the last characterization to prove that two formulae are equivalent.



Example 1.11. To prove that
P & P,

we prove that
P < —-=P

is valid via a truth table:

01 0 1
1 0 1 1

Example 1.12. To prove
P—-Q < -PVvQ,
we prove that
F: P—>Q < -PVvQ
is valid via a truth table:

PQP—>Q-P-PVQ F
00 1 1

1

1 1
0 1
1 1

OO = =

01 1
10 0
11 1

1.4 Equivalence and Implication

15

Formula F; implies formula F; if I = Fy for every interpretation I such
that I = Fy. Another way to state that Fy implies F5 is to assert the validity
of the formula F; — F5. We write Fy = F5 when F; implies F5. Do not
confuse the implication F1 = F5, which asserts the validity of F} — Fy, with
the PL formula F} — F5, which is constructed using the logical operator —.

Fy = F5 is not a formula.

As with equivalences, we use the validity characterization to prove impli-

cations.
Example 1.13. To prove that
RA(-RVP) = P,

we prove that
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F: RAN(-RVP) - P

is valid via a semantic argument. Suppose F' is not valid; then there exists an
interpretation I such that I [~ F:

1. I F assumption

2. I E RAN(-RVDP) by 1 and semantics of —
3. I - P by 1 and semantics of —
4. I = R by 2 and semantics of A
5. I = -RVP by 2 and semantics of A

There are two cases to consider. In the first case,

6a. I = -R by 5 and semantics of V
Ta. I = L 4 and 6a are contradictory

In the second case,

6b. I = P by 5 and semantics of V
. I = L 3 and 6b are contradictory

Thus, our assumption that I [~ F' is wrong, and F' is valid. |

1.5 Substitution

Substitution is a syntactic operation on formulae with significant semantic
consequences. It allows us to prove the validity of entire sets of formulae via
formula templates. It is also an essential tool for manipulating formulae
throughout the text.

A substitution o is a mapping from formulae to formulae:

o: {F1—Gy, ..., F,—»G,}.
The domain of o, domain(o), is

domain(o) : {F1,...,F,},
while the range range(o) is

range(o) : {G1,...,Gn} .

The application of a substitution o to a formula F', Fo, replaces each occur-
rence of a formula F; in the domain of ¢ with its corresponding formula G; in
the range of 0. Replacements occur all at once. We remove any ambiguity by
establishing that when both subformulae F; and Fj, are in the domain of o,
and Fj, is a strict subformula of F}, then the larger subformula F} is replaced
by the corresponding formula G;. An example clarifies this statement.
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Example 1.14. Consider formula
F: PNQ — PV-Q
and substitution
o:{P— R, PANQ — P—-Q}.
Then
Fo: (P—@Q) - RV-Q,

where the antecedent P A @ of F' is replaced by P — @, and the P of the
consequent is replaced by R. Moreover,

Fo # RANQ — RV-Q
by our convention. [ ]

A variable substitution is a substitution in which the domain consists
only of propositional variables.

One notation is useful when working with substitutions. When we write
F[F,...,F,], we mean that formula F' can have formulae F;, i =1,...,n, as
subformulae. If o is {F} — G1,...,F, — G,}, then

F[Fl,...,Fn]O'Z F[Gl,,Gn] .
In the formula of Example 1.14, writing
F[P, PAQ]o: F[R, P — Q)]

emphasizes that subformulae P and P A @ of F are replaced by formulae R
and P — @, respectively.

Two interesting semantic consequences can be derived from substitution.
Proposition 1.15 states that substituting subformulae F; of F' with correspond-
ing equivalent subformulae G; results in an equivalent formula F”.

Proposition 1.15 (Substitution of Equivalent Formulae). Consider
substitution

o: {FF—Gq,....,F,— G}
such that for each i, F; < G;. Then F & Fo.
Example 1.16. Consider applying substitution
c: {P—-Q — -PVQ}

to



18 1 Propositional Logic
F:(P-Q) — R.
Since P — Q < —PVQ, the formula
Fo: (-PVQ) — R
is equivalent to F'. [ |

Proposition 1.17 asserts that proving the validity of a PL formula F' actu-
ally proves the validity of an infinite set of formulae: those formulae that can
be derived from F' via variable substitutions.

Proposition 1.17 (Valid Template). If F is valid and G = Fo for some
variable substitution o, then G is valid.

Example 1.18. In Example 1.12, we proved that P — @ is equivalent to
-PVQ:

F: (P—)Q) — (—\P\/Q)

is valid. The validity of F' implies that every formula of the form F; — F5 is
equivalent to —F} V Fy, for arbitrary subformulae £} and F. [ |

Finally, it is often useful to compute the composition of substitutions.
Given substitutions o1 and o9, the idea is to compute substitution o such that
Foi09 = Fo for any F. Compute o104 as follows:

1. apply o2 to each formula of the range of o1, and add the results to o;
2. if F; of F; — G; appears in the domain of o2 but not in the domain of
o1, then add F; — G; to o.

Example 1.19. Compute the composition of substitutions
oo9: {P — R PNQ—~ P—oQ}P ~ S, S+~ Q}
as follows:

{P + Roy, PAQ +— (P — Q)oz, S — Q}
={P — R PAQ » S—Q, 5 — Q}

1.6 Normal Forms

A normal form of formulae is a syntactic restriction such that for every
formula of the logic, there is an equivalent formula in the normal form. Three
normal forms are particularly important for PL.
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Negation normal form (NNF) requires that =, A, and V be the only
connectives and that negations appear only in literals. Transforming a formula
F to equivalent formula F’ in NNF can be computed recursively using the
following list of template equivalences:

-—F & F
-T & 1
1L & T
—‘(Fl /\Fg) & VA,
—‘(Fl \/Fg) & A Fy
F, - F, & —FVE
Fi o F & (Fl — FQ) A (F2 — Fl)

When implementing the transformation, the equivalences should be applied
left-to-right. The equivalences

ﬂ(Fl /\Fg) = ﬂFl\/_\FQ _\(Fl \/Fg) = _\Fl/\_\FQ

are known as De Morgan’s Law.

Propositions 1.15 and 1.17 justify that the result of applying the template
equivalences to a formula produces an equivalent formula. The transitivity of
equivalence justifies that this equivalence holds over any number of transfor-
mations: if F'< G and G < H, then F' < H.

Example 1.20. To convert the formula

F: =P — =(PAQ))
into NNF, apply the template equivalence

Fy - F, & -F1VF (1.1)
to produce

F': =(=PV~=(PAQ)) .

Let us understand this “application” of the template equivalence in detail.
First, apply variable substitution

o1: {FA1— P, Fro——~(PAQ)}
to the valid template formula of equivalence (1.1):

(FL > F, & ~FiVFE)o: P — ~(PAQ) &« -PV-(PAQ).
Proposition 1.17 implies that the result is valid. Then construct substitution

oy {P — =(PAQ) = =PV(PAQ)},
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and apply Proposition 1.15 to Fos to yield that
F': =(=PV~(PAQ))

is equivalent to F'. Subsequently, we shall not provide these details.
Continuing with the conversion to NNF, apply De Morgan’s law

(F V) & —F A-F
to produce
F": ==PAN—-=(PAQ) .
Apply
-—F & B
twice to produce
F": PN\PAQ,
which is in NNF and equivalent to F'. |

A formula is in disjunctive normal form (DNF) if it is a disjunction
of conjunctions of literals:

\/ /\&,j for literals ¢; ; .
g

To convert a formula F' into an equivalent formula in DNF, transform F' into
NNF and then use the following table of template equivalences:

(Fl \/Fg)/\Fg = (F1 /\F3)\/(F2/\F3)
Fl/\(FQ\/F3) = (F1 /\FQ)\/(Fl /\Fg)

Again, when implementing the transformation, the equivalences should be
applied left-to-right. The equivalences simply say that conjunction distributes
over disjunction.

Example 1.21. To convert
F: (@Q1V-Q2) N (-R1 — Ry)
into DNF, first transform it into NNF
F'o (@Quv@Q2) A (R1VR2),
and then apply distributivity to obtain
F": (QiA(R1V Ry) V (Q2 A (RiV R)),
and then distributivity twice again to produce
F": (QiAR1) V (QiAR2) V (Q2AR1) V (Q2ARy) .
F"" is in DNF and is equivalent to F. |
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The dual of DNF is conjunctive normal form (CNF). A formula in
CNF is a conjunction of disjunctions of literals:

/\\/éi,j for literals ¢; ; .
i

Each inner block of disjunctions is called a clause. To convert a formula F
into an equivalent formula in CNF, transform F' into NNF and then use the
following table of template equivalences:

(Fl /\FQ)\/Fg = (Fl \/Fg)/\(FQ\/Fg)
Fl\/(FQ/\F3) = (F1 \/Fg)/\(Fl \/F?,)

Example 1.22. To convert
Fi:(@QA-Q2) V (mR1 — Re)

into CNF, first transform F' into NNF:
F': (Q1ANQ2) V (R1VRy).

Then apply distributivity to obtain
F": (QiVRiVRy) A (QaV RV Ry),

which is in CNF and equivalent to F. |

1.7 Decision Procedures for Satisfiability

Section 1.3 introduced the truth-table and semantic argument methods for
determining the satisfiability of PL formulae. In this section, we study al-
gorithms for deciding satisfiability (see Section 2.6 for a formal discussion of
decidability). A decision procedure for satisfiability of PL formulae reports,
after some finite amount of computation, whether a given PL formula F is
satisfiable.

1.7.1 Simple Decision Procedures

The truth-table method immediately suggests a decision procedure: construct
the full table, which has 2" rows when F' has n variables, and report whether
the final column, representing F', has value 1 in any row.

The semantic argument method also suggests a decision procedure. The
basic idea is to make sure that a proof rule is only applied to each line in
the argument at most once. Because each deduction is simpler in construction
than its premise, the constructed proof is of finite size (see Chapter 4 for
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a formal approach to proving this point). When the semantic argument is
finished, report whether any branch is still open.

This simple description leaves out many details. Most importantly, when
many lines exist to which one can apply proof rules, which line should be con-
sidered next? Different implementations of this decision, called proof tactics,
result in different proof shapes and sizes. For example, one basic tactic is to
apply proof rules with only one deduction before proof rules with multiple
deductions to delay forks in the proof as long as possible.

Subsequent sections consider more sophisticated procedures that are the
basis for modern satisfiability solvers.

1.7.2 Reconsidering the Truth-Table Method

In the naive decision procedure based on the truth-table method, the entire
table is constructed. Actually, only one row need be considered at a time, mak-
ing for a space efficient procedure. This idea is implemented in the following
recursive algorithm for deciding the satisfiability of a PL formula F'

let rec SAT F' =
if ' =T then true
else if F' = 1 then false
else
let P = CHOOSE vars(F) in
(sAT F{P— T}) V (saT F{P+— l})

The notation “let rec SAT F' =" declares SAT as a recursive function that
takes one argument, a formula F'. The notation “let P = CHOOSE vars(F') in”
means that P’s value in the subsequent text is the variable returned by the
CHOOSE function. When applying the substitutions F{P — T} or F{P — L},
the template equivalences of Exercise 1.2 should be applied to simplify the
result. Then the comparisons F = T and F' = 1 can be implemented as
purely syntactic operations.

At each recursive step, if ' is not yet T or L, a variable is chosen on which
to branch. Each possibility for P is attempted if necessary. This algorithm
returns true immediately upon finding a satisfying interpretation. Otherwise,
if F'is unsatisfiable, it eventually returns | . SAT may save branching on certain
variables by simplifying intermediate formulae.

Example 1.23. Consider the formula
F: (P->QAPAQ.

To compute SAT F', choose a variable, say P, and recurse on the first case,
F{P—T}: (T - QATA-Q,

which simplifies to
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P— T P~ 1

(b)

Fig. 1.1. Visualizing runs of SAT

Fl : Q/\_\Q .
Now try each of
Fl{QHT} and Fl{QHL} .

Both simplify to L, so this branch ends without finding a satisfying interpre-
tation.
Now try the other branch for P in F:

F{P—1}: (L - QALA-Q,

which simplifies to L. Thus, this branch also ends without finding a satisfying
interpretation. Thus, F' is unsatisfiable.
The run of SAT on F' is visualized in Figure 1.1(a). |

Example 1.24. Consider the formula
F: (P->Q)A—-P.

To compute SAT F', choose a variable, say P, and recurse on the first case,
F{P—T}: (T - Q) AT,

which simplifies to L. Therefore, try
F{P— 1l}: (L - QAL

instead, which simplifies to T. Arbitrarily assigning a value to @ produces the
following satisfying interpretation:

I: {P s false, Q> true} .

The run of SAT on F' is visualized in Figure 1.1(b). |
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Fig. 1.2. Parse tree of F': PVQ — —(PA-R) with representatives for subformulae

1.7.3 Conversion to an Equisatisfiable Formula in CNF

The next two decision procedures operate on PL formulae in CNF. The trans-
formation suggested in Section 1.6 produces an equivalent formula that can be
exponentially larger than the original formula: consider converting a formula
in DNF into CNF. However, to decide the satisfiability of F', we need only
examine a formula F’ such that F' and F’ are equisatisfiable. F and F”’ are
equisatisfiable when F' is satisfiable iff F” is satisfiable.

We define a method for converting PL formula F' to equisatisfiable PL
formula F’ in CNF that is at most a constant factor larger than F'. The main
idea is to introduce new propositional variables to represent the subformulae
of F. The constructed formula F’ includes extra clauses that assert that these
new variables are equivalent to the subformulae that they represent.

Figure 1.2 visualizes the idea of the procedure. Each node of the “parse
tree” of F' represents a subformula G of F. With each node G is associated a
representative propositional variable Rep(G). In the constructed formula F”,
each representative Rep((G) is asserted to be equivalent to the subformula G
that it represents in such a way that the conjunction of all such assertions is
in CNF. Finally, the representative Rep(F') of F is asserted to be true.

To obtain a small formula in CNF, each assertion of equivalence between
Rep(G) and G refers at most to the children of G in the parse tree. How is this
possible when a subformula may be arbitrarily large? The main trick is to refer
to the representatives of G’s children rather than the children themselves.

Let the “representative” function Rep : PL — VU{T, L} map PL formulae
to propositional variables V, T, or L. In the general case, it is intended to
map a formula F' to its representative propositional variable Pr such that the
truth value of Pp is the same as that of F. In other words, Pr provides a
compact way of referring to F.

Let the “encoding” function En : PL — PL map PL formulae to PL formu-
lae. En is intended to map a PL formula F' to a PL formula F’ in CNF that
asserts that F”’s representative, P, is equivalent to F': “Rep(F') « F”.

3
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As the base cases for defining Rep and En, define their behavior on T, 1,
and propositional variables P:

Rep(T)=T En(T)=T
Rep(L) =1 En(L)=T
Rep(P) = P En(P)=T

The representative of T is T itself, and the representative of L is _L itself.
Thus, Rep(T) < T and Rep(L) < L are both trivially valid, so En(T) and
En(L) are both T. Finally, the representative of a propositional variable P is
P itself; and again, Rep(P) < P is trivially valid so that En(P) is T.

For the inductive case, F' is a formula other than an atom, so define its
representative as a unique propositional variable Pp:

Rep(F) = Pp .

En then asserts the equivalence of F' and Pr as a CNF formula. On conjunc-
tion, define

En(Fy A Fy) =
let P = Rep(F1 A Fg) in
(=P V Rep(F1)) A (=P V Rep(F2)) A (—Rep(F1)V —Rep(F»)V P)

The returned formula
(=P V Rep(F1)) A (=P VRep(f2)) A (—Rep(F1)V —Rep(Fs)V P)
is in CNF and is equivalent to
Rep(Fi A Fy) < Rep(F1) A Rep(Fs) .
In detail, the first two clauses
(mP VRep(F1)) A (=P V Rep(Fz))
together assert
P — Rep(Fi) A Rep(F2)

(since, for example, P V Rep(F}) is equivalent to P — Rep(F})), while the
final clause asserts

Rep(F1) A Rep(F;) — P.

Notice the application of Rep to F; and F5. As mentioned above, it is the
trick to producing a small CNF formula.
On negation, En(—F') returns a formula equivalent to Rep(—F) < —Rep(F):

En(—F) =

let P =Rep(—F) in
(=P V —Rep(F)) A (PV Rep(F))
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En is defined for V, —, and < as well:

En(F1 \Y FQ) =
let P =Rep(Fy V Fy) in
(=P V Rep(F1) V Rep(F2)) A (-Rep(F1)V P) A (-Rep(F2)V P)

En(F1 — Fg) =
let P = Rep(Fy — F3) in
(=P V —Rep(F1) vV Rep(F2)) A (Rep(F1)V P) A (—Rep(F2)V P)

En(F1 > Fg) =
let P = Rep(Fy < F») in
(~PV —Rep(F1) V Rep(F3)) A (P V Rep(F1)V —Rep(F2))
A (PV—Rep(F1)V —Rep(F2)) A (P V Rep(F1)V Rep(F))

Having defined En, let us construct the full CNF formula that is equisat-
isfiable to F. If Sp is the set of all subformulae of F' (including F' itself),
then

F': Rep(F) A [\ En(G)
GeSF

is in CNF and is equisatisfiable to F'. The second main conjunct asserts the
equivalences between all subformulae of F' and their corresponding represen-
tatives. Rep(F') asserts that F’s representative, and thus F' itself (according
to the second conjunct), is true.

If F has size n, where each instance of a logical connective or a proposi-
tional variable contributes one unit of size, then F’ has size at most 30n + 2.
The size of F” is thus linear in the size of F'. The number of symbols in the
formula returned by En(F; < Fb), which incurs the largest expansion, is 29.
Up to one additional conjunction is also required per symbol of F. Finally,
two extra symbols are required for asserting that Rep(F') is true.

Example 1.25. Consider formula
F: (@QAQ2) vV (R AR,

which is in DNF. To convert it to CNF, we collect its subformulae
Sr: {Q1, Q2, Q1 ANQ2, Ri, Ry, Ri ARy, F}

and compute

En(Q1)

En(Q2)

En(Q1 A Q2) = (mP(Q,nqQ.) V Q1) N (5P (Q,nqy) V Q2)
A (_‘Ql VaQ2 vV P(Ql/\Q2)>

T
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T

En(Rl)

En(Rg)

En(R1 A RQ) = (ﬁP(Rl/\RQ) V Rl) A (_‘P(Rl/\Rz) V Rg)
A\ (ﬂRl V Ry V P(Rl/\Rz))

En(F') = (=Pr) V P(Qirqs) ¥ P(RiARy))
N (ﬁP(Ql/\Q2) v P(F))
N (=P ARy VY Piry)

Then

F': P(F) A /\ En(G)
GEeSF

is equisatisfiable to F' and is in CNF. |

1.7.4 The Resolution Procedure

The next decision procedure that we consider is based on resolution and
applies only to PL formulae in CNF. Therefore, the procedure of Section
1.7.3 must first be applied to the given PL formula if it is not already in CNF.

Resolution follows from the following observation of any PL formula F' in
CNF: to satisfy clauses C1[P] and C3[—P] that share variable P but disagree
on its value, either the rest of C; or the rest of Co must be satisfied. Why? If
P is true, then a literal other than —P in C5 must be satisfied; while if P is
false, then a literal other than P in C; must be satisfied. Therefore, the clause
C1[L] v Cq[1], simplified according to the template equivalences of Exercise
1.2, can be added as a conjunction to F' to produce an equivalent formula still
in CNF.

Clausal resolution is stated as the following proof rule:

C4[P] Cy[—P]
Ci[L] v O[]

From the two clauses of the premise, deduce the new clause, called the resol-
vent.

If ever L is deduced via resolution, F' must be unsatisfiable since F' A L is
unsatisfiable. Otherwise, if every possible resolution produces a clause that is
already known, then F' must be satisfiable.

Example 1.26. The CNF of (P — Q) A P A =Q is the following:
F: (-PVvQ) NP A Q.

From resolution

(-PvQ) P
Q Y
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construct
F: (—|P\/Q) AP AN-QNQ.

From resolution

-Q @
J_ )

deduce that F', and thus the original formula, is unsatisfiable. |
Example 1.27. Consider the formula

F: (-PvQ) N Q.
The one possible resolution

=rPveQ) Q@
-P

yields
Fr: (-PvQ@) N -Q AN —P.

Since no further resolutions are possible, F' is satisfiable. Indeed,
I: {P+ false, Q — false}

is a satisfying interpretation. A CNF formula that does not contain the clause
1 and to which no more resolutions can be applied represents all possible
satisfying interpretations. |

1.7.5 DPLL

Modern satisfiability procedures for propositional logic are based on the Davis-
Putnam-Logemann-Loveland algorithm (DPLL), which combines the space-
efficient procedure of Section 1.7.2 with a restricted form of resolution. We
review in this section the basic algorithm. Much research in the past decade
has advanced the state-of-the-art considerably.

Like the resolution procedure, DPLL operates on PL formulae in CNF.
But again, as the procedure decides satisfiability, we can apply the conversion
procedure of Section 1.7.3 to produce a small equisatisfiable CNF formula.

As in the procedure sAT, DPLL attempts to construct an interpretation of
F; failing to do so, it reports that the given formula is unsatisfiable. Rather
than relying solely on enumerating possibilities, however, DPLL applies a
restricted form of resolution to gain some deductive power. The process of
applying this restricted resolution as much as possible is called Boolean con-
straint propagation (BCP).
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BCP is based on unit resolution. Unit resolution operates on two clauses.
One clause, called the unit clause, consists of a single literal £ (( = P or
£ = =P for some propositional variable P). The second clause contains the
negation of £: C[—¢]. Then unit resolution is the deduction

Unlike with full resolution, the literals of the resolvent are a subset of the
literals of the second clause. Hence, the resolvent replaces the second clause.

Example 1.28. In the formula
F: (P)AN(PVQ) AN (RV-QVS),
(P) is a unit clause. Therefore, applying unit resolution

P (=PVQ)
Q

produces
F': (Q) N (RVv-QVS).
Applying unit resolution again

Q RV-QVS
RV S

produces
F": (RVS),
ending this round of BCP. |

The implementation of DPLL is structurally similar to SAT, except that it
begins by applying BCP:

let rec DPLL F' =
let I/ =BCP F in
if F/ =T then true
else if I = 1 then false
else
let P = CHOOSE vars(F’) in
(ppLL F/{P— T}) V (DPLL F/{P — L})

As in SAT, intermediate formulae are simplified according to the template
equivalences of Exercise 1.2.
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F

0eT_— T~ 0w
(R) AN (=R) N (PV-R) (-PVR)
R (-R) | R— T
n -P
P— 1
1L I:{P > false, Q + false, R+ true}

Fig. 1.3. Visualization of Example 1.30

One easy optimization is the following: if variable P appears only positively
or only negatively in F', it should not be chosen by CHOOSE vars(F’). P appears
only positively when every P-literal is just P; P appears only negatively when
every P-literal is —P. In both cases, F' is equisatisfiable to the formula F”
constructed by removing all clauses containing an instance of P. Therefore,
these clauses do not contribute to BCP. When only such variables remain,
the formula must be satisfiable: a full interpretation can be constructed by
setting each variable’s value based on whether it appears only positively (true)
or only negatively (false).

The values to which propositional variables are set on the path to a solution
can be recorded so that DPLL can return a satisfying interpretation if one
exists, rather than just true.

Example 1.29. Consider the formula
F: (P) A (-PVQ) A (RV-QVS).

On the first level of recursion, DPLL recognizes the unit clause (P) and applies
the BCP steps from Example 1.28, resulting in the formula

F": RVS.

The unit resolutions correspond to the partial interpretation
{P  true, Q > true} .

Only positively occurring variables remain, so F' is satisfiable. In particular,
{P  true, @+ true, R — true, S true}

is a satisfying interpretation of F.
Branching was not required in this example. |

Example 1.30. Consider the formula

F: (-PVQVR) A (-QVR) A (FQV-R) A (PV-QV-R).
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On the first level of recursion, DPLL must branch. Branching on @ or R will
result in unit clauses; choose Q.

Then

F{Q—T}: (R) A (-R) A (PV-R).

The unit resolution

R (-R)
1

finishes this branch.

On the other branch,

F{Q+— L1}: (-PVR).

P appears only negatively, and R appears only positively, so the formula is
satisfiable. In particular, F is satisfied by interpretation

I: {P — false, Q + false, R — true} .

This run of DPLL is visualized in Figure 1.3. |

1.8 Summary

This chapter introduces propositional logic (PL). It covers:

Its syntar. How one constructs a PL formula. Propositional variables,
atoms, literals, logical connectives.

Its semantics. What a PL formula means. Truth values true and false.
Interpretations. Truth-table definition, inductive definition.

Satisfiability and validity. Whether a PL formula evaluates to true under
any or all interpretations. Duality of satisfiability and validity, truth-table
method, semantic argument method.

Equivalence and implication. Whether two formulae always evaluate to the
same truth value under every interpretation. Whether under any interpre-
tation, if one formula evaluates to true, the other also evaluates to true.
Reduction to validity.

Substitution, which is a tool for manipulating formulae and making general
claims. Substitution of equivalent formulae. Valid templates.

Normal forms. A normal form is a set of syntactically restricted formulae
such that every PL formula is equivalent to some member of the set.
Decision procedures for satisfiability. Truth-table method, SAT, resolution
procedure, DPLL. Transformation to equisatisfiable CNF formula.
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PL is an important logic with applications in software and hardware de-
sign and analysis, knowledge representation, combinatorial optimization, and
complexity theory, to name a few. Although relatively simple, the Boolean
structure that is central to PL is often a main source of complexity in appli-
cations of the algorithmic reasoning that is the focus of Part II. Exercise 8.1
explores this point in more depth.

Besides being an important logic in its own right, PL serves to introduce
the main concepts that are important throughout the book, in particular
syntax, semantics, and satisfiability and validity. Chapter 2 presents first-
order logic by building on the concepts of this chapter.

Bibliographic Remarks

For a complete and concise presentation of propositional logic, see Smullyan’s
text First-Order Logic [87]. The semantic argument method is similar to
Smullyan’s tableau method.

The DPLL algorithm is based on work by Davis and Putnam, presented
in [26], and by Davis, Logemann, and Loveland, presented in [25].

Exercises

1.1 (PL validity & satisfiability). For each of the following PL formulae,
identify whether it is valid or not. If it is valid, prove it with a truth table or
semantic argument; otherwise, identify a falsifying interpretation. Recall our
conventions for operator precedence and associativity from Section 1.1.

b)) (P — Q)VPA-Q

d)(P - QVR) - P - R

e)(PANQ) - R - -R — Q
(HPANQV-PV(-Q — —P)

WP > Q — R) — R~ ~Q — P
(h) R - Q@ - -P) - P > Q — R
1

.2 (Template equivalences). Use the truth table or semantic argument
method to prove the following template equivalences.
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)
)
)
— F < -F

—‘(Fl /\Fg) & Vb,
)—‘(Fl \/Fg) & A F
)
)
)

!

1 — Fy & —FVE,

1 — Fy & —Fy — —F

(Fl —>F2) & Fi Ay

Fy \/FQ) N F3 & (Fl/\F3) V (FQ/\F3)
Fy /\Fg) VvV F3 & (F1VF3) A\ (FQ\/F3)
F1—>F3) A (F2—>F3) & i VE, — Fj
F1—>F2) A (F1—>F3) s F — FyNE;
1T — F - F3 & FiIANF, — Fj

Z) (Fl > Fg) A (F2 > Fg) = (Fl — F3)

!

J

e~
< S
NGRS
ﬁj/-\/-\/-\/-\

1.3 (Redundant logical connectives). Given T, A, and -, prove that L,
V, —, and < are redundant logical connectives. That is, show that each of L,
PV Fy, Fy — F5, and Fy < F5 is equivalent to a formula that uses only Fj,
Fy, T,V, and —.

1.4 (The nand connective). Let the logical connective A (pronounced
“nand”) be defined according to the following truth table:

00 1
01 1
10 1
11 0

Show that all standard logical connectives can be defined in terms of A.

1.5 (Normal forms). Convert the following PL formulae to NNF, DNF, and
CNF via the transformations of Section 1.6.

(a) ~(P — Q)

(0) ~(=(PANQ) — —R)

(¢) QAR — (PV-Q)) A (PVR)
(d)~(Q@Q—R) N P N (QV -(PAR))
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1.6 (Graph coloring). A solution to a graph coloring problem is an as-
signment of colors to vertices such that no two adjacent vertices have the same
color. Formally, a finite graph G = (V, E) consists of vertices V = {v1,...,v,}
and edges F = {(vi;,w;,), ..., (v;,,w;. )}. The finite set of colors is given by
C ={ec1,...,cm}. A problem instance is given by a graph and a set of colors:
the problem is to assign each vertex v € V a color(v) € C such that for every
edge (v,w) € E, color(v) # color(w). Clearly, not all instances have solutions.

Show how to encode an instance of a graph coloring problem into a PL
formula F'. F' should be satisfiable iff a graph coloring exists.

(a) Describe a set of constraints in PL asserting that every vertex is colored.
Since the sets of vertices, edges, and colors are all finite, use notation such
as “color(v) = ¢” to indicate that vertex v has color c¢. Realize that such
an assertion is encodeable as a single propositional variable Py .

(b) Describe a set of constraints in PL asserting that every vertex has at most
one color.

(c) Describe a set of constraints in PL asserting that no two connected vertices
have the same color.

(d) Identify a significant optimization in this encoding. Hint: Can any con-
straints be dropped? Why?

(e) If the constraints are not already in CNF, specify them in CNF now. For
N vertices, K edges, and M colors, how many variables does the optimized
encoding require? How many clauses?

1.7 (CNF). Example 1.25 constructs a CNF formula that is equisatisfiable
to a given small formula in DNF.

(a) If distribution of disjunction over conjunction (described in Section 1.6)
were used, how many clauses would the resulting formula have?
(b) Consider the formulae

n

Fo: \(QinR)

i=1

for positive integers n. As a function of n, how many clauses are in

(4) the formula F’ constructed based on distribution of disjunction over
conjunction?

(i) the formula

F': Rep(F,) A [\ En(G)?
GESFn
(#i4) For which n is the distribution approach better?
1.8 (DPLL). Describe the execution of DPLL on the following formulae.

(a) (PV=QV-R)AN(QV—-PVR)A(RV-Q)
(D) (PVQVR)A(-PV-QV-R)A(-PVQVR)AN(-QV R)A(QV —-R)
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First-Order Logic

One task we logicians are interested in is that of analyzing the notion

of “proof” — to make it as rigorous as any other notion in mathe-
matics.

— Raymond Smullyan

The Lady or the Tiger?, 1982

This chapter extends the machinery of propositional logic to first-order
logic (FOL), also called both predicate logic and the first-order predicate
calculus. While first-order logic enjoys a degree of expressiveness that makes
it suitable for reasoning about computation, it does not admit completely
automated reasoning.

FOL extends PL with predicates, functions, and quantifiers. As in our
discussion of PL, we first introduce the syntax of FOL and its semantics. We
then build on the semantic argument method of PL to provide a method of
proving first-order validity.

Section 2.6 reviews decidability and complexity. A decidable problem has
an algorithm, which is a procedure that always finishes with a correct answer
on every instance of the problem. While validity of PL formulae is decid-
able, validity of FOL formulae is not. Complexity is the study of the intrinsic
hardness of a decidable problem.

The optional Section 2.7 proves the soundness and completeness of the
semantic argument method. It also presents two classic theorems that are
applied in Chapter 10.

2.1 Syntax

All formulae of PL evaluate to true or false. FOL is not so simple. In FOL,
terms evaluate to values other than truth values such as integers, people, or
cards of a deck. However, we are getting ahead of ourselves: just as in PL,
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the syntax of FOL is independent of its meaning. The most basic terms are
variables z, y, z, 1, T2, ... and constants a, b, ¢, a1, ag, .. ..

More complicated terms are constructed using functions. An n-ary func-
tion f takes n terms as arguments. Notationally, we represent generic FOL
functions by symbols f, g, h, f1, f2, .... A constant can also be viewed as a
0-ary function.

Example 2.1. The following are all terms:

a, a constant (or 0-ary function);

x, a variable;

f(a), a unary function f applied to a constant;

g(z,b), a binary function g applied to a variable z and a constant b;

fg(z, f(D))).

The propositional variables of PL are generalized to predicates, denoted
P, q, T, P1, P2, --.. An n-ary predicate takes n terms as arguments. A FOL
propositional variable is a 0-ary predicate, which we write P, Q, R, P,
Py, ...

Countably infinitely many constant, function, and predicate symbols are
available.

An atom is T, L, or an n-ary predicate applied to n terms. A literal is
an atom or its negation.

Example 2.2. The following are all literals:

P, a propositional variable (or 0-ary predicate);
e p(f(x),g(z, f(x))), a binary predicate applied to two terms;

o —p(f(x),9(x, f(x))).

The first two literals are also atoms. | |

A FOL formula is a literal, the application of a logical connective —, A,
V, —, or < to a formula or formulae, or the application of a quantifier to a
formula. There are two FOL quantifiers:

e the existential quantifier Jz. F[z|, read “there exists an x such that
Flal”;
e and the universal quantifier Vz. Fz], read “for all z, F[z]”.

In Vz. Flz], = is the quantified variable, and F[z] is the scope of the
quantifier Vz. For convenience, we sometimes refer informally to the scope
of the quantifier Vx as the scope of the quantified variable z itself. The case
is similar for Jz. Flz]. Also, z in Flz| is bound (by the quantifier). By
convention, the period in “. F[z]” indicates that the scope of the quantified
variable  extends as far as possible. We often abbreviate V. Vy. F[z,y] by
V,y. Flz,y].
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Example 2.3. In

va. p(f(z),z) — Gy p(fl9(z.9)). 9(z,y))) A alz, f(2) ,
&
~ ~ 4
F
the scope of x is F', and the scope of y is G. This formula is read: “for all x, if

p(f(x),x) then there exists a y such that p(f(g(x,y)), 9(z,y)) and q(z, f(x))”.
|

A variable is free in formula F[z] if there is an occurrence of z that is
not bound by any quantifier. Denote by free(F') the set of free variables of
a formula F'. A variable is bound in formula F[z] if there is an occurrence
of z in the scope of a binding quantifier Vz or 3z. Denote by bound(F') the
set of bound variables of a formula F. In general, it is possible that free(F) N
bound(F') # @, as a variable x can have both free and bound occurrences.

A formula F' is closed if it does not contain any free variables.

Example 2.4. In

F: Vo p(f(z),y) — Yy. p(f(z),y),

x only occurs bound, while y appears both free (in the antecedent) and bound

(in the consequent). Thus, free(F') = {y} and bound(F) = {z,y}. |
If free(F') = {z1,...,2n}, then its universal closure is
Vey. ... Vo, F

and its existential closure is
dzq. ... 3z, F .

We usually write the universal and existential closures as V. F' and 3. F,
respectively.

The subformulae of a FOL formula are defined according to an extension
of the PL definition of subformula:

the only subformula of p(t1,...,t,), where the ¢; are terms, is p(t1, . . ., tn);
the subformulae of —F are —F and the subformulae of F’;
the subformulae of Fy A Fo, F1 V Fs, F} — F5, Fi < F5 are the formula
itself and the subformulae of F; and F5;

e and the subformulae of dx. F' and Vx. F' are the formula itself and the
subformulae of F.

The strict subformulae of a formula excludes the formula itself.
The subterms of a FOL term are defined as follows:

e the only subterm of constant a or variable x is a or z itself, respectively;
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e and the subterms of f(¢1,...,¢,) are the term itself and the subterms of
ty et

The strict subterms of a term excludes the term itself.

Example 2.5. In

F: Vo p(f(z),y) — Yy. p(f(z),y),

the subformulae of F' are

Foop(f(@)y) — Yy p(f(@),9) , Vy. p(f(2),y) , p(f(2),y) -
The subterms of g(f(z), f(h(f(z)))) are

g(f (@), f(h(f(2)))) » f(x), f(R(f(2))), h(f(z)), =.
f(z) occurs twice in g(f(z), f(h(f(x)))). |

Example 2.6. Before discussing the formal semantics for FOL, we suggest
translations of English sentences into FOL. The names of the constants, func-
tions, and predicates are chosen to provide some intuition for the meaning of
the FOL formulae.

e Every dog has its day.
Va. dog(z) — Fy. day(y) A itsDay(z,y)
e Some dogs have more days than others.
Jz,y. dog(x) A dog(y) N F#days(x) > #days(y)
e All cats have more days than dogs.
Va,y. dog(x) A cat(y) — #days(y) > #days(x)
e Fido is a dog. Furrball is a cat. Fido has fewer days than does Furrball.
dog(Fido) A cat(Furrball) A #days(Fido) < #days(Furrball)

e The length of one side of a triangle is less than the sum of the lengths of
the other two sides.

Va,y, z. triangle(x,y,z) — length(z) < length(y) + length(z)
e Fermat’s Last Theorem.

Vn. integer(n) A n > 2
— Va,y, 2.
integer(x) A integer(y) A integer(z) AN x>0 A y>0 A z2>0
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2.2 Semantics

Having defined the syntax of FOL, we now define its semantics. Formulae
of FOL evaluate to the truth values true and false as in PL. However, terms
of FOL formulae evaluate to values from a specified domain. We extend the
concept of interpretations to this more complex setting and then define the
semantics of FOL in terms of interpretations.

First, we define a FOL interpretation /. The domain D; of an interpre-
tation I is a nonempty set of values or objects, such as integers, real numbers,
dogs, people, or merely abstract objects. |Dy| denotes the cardinality, or
size, of D;. Domains can be finite, such as the 52 cards of a deck of cards;
countably infinite, such as the integers; or uncountably infinite, such as the
reals. But all domains are nonempty.

The assignment «; of interpretation I maps constant, function, and pred-
icate symbols to elements, functions, and predicates over Djy. It also maps
variables to elements of Dy:

e each variable symbol x is assigned a value z; from Dy;
e each n-ary function symbol f is assigned an n-ary function

f]:D?—>D]

that maps n elements of D; to an element of Dry;
e cach n-ary predicate symbol p is assigned an n-ary predicate

pr : D} — {true, false}

that maps n elements of D; to a truth value.

In particular, each constant (0-ary function symbol) is assigned a value from
Dy, and each propositional variable (0-ary predicate symbol) is assigned a
truth value.

An interpretation I : (Dy, «y) is thus a pair consisting of a domain and an
assignment.

Example 2.7. The formula
F:rx+y>z - y>z—x

contains the binary function symbols + and —, the binary predicate symbol >,
and the variables z, y, and z. Again, +, —, and > are just symbols: we choose
these names to provide intuition for the intended meaning of the formulae.
We could just as easily have written

F'oop(f(zy),2) — py.9(z,2)) -
We construct a “standard” interpretation. The domain is the integers, Z:

Di=Z={.,-2-1,01,2,..}.
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To + and — we assign standard addition 4z and subtraction —z of integers,
respectively. To > we assign the standard greater-than relation >z of integers.
Finally, to z, y, and z, we assign the values 13, 42, and 1, respectively. We
ignore the countably infinitely many other constant, function, and predicate
symbols that do not appear in F. We thus have interpretation I : (Z, ay),
where

ar: {+—+4z, - —z, >—>>z, c— 13, y—42, z—1, ...} .

The elision reminds us that, as always, oy provides values for the countably
infinitely many other constant, function, and predicate symbols. Usually, we
do not write the elision. |

Given a FOL formula F' and interpretation I : (D, ay), we want to com-
pute if F evaluates to true under interpretation I, I = F', or if F' evaluates to
false under interpretation I, I [~ F'. We define the semantics inductively as in
PL. To start, define the meaning of truth symbols:

I=T
I L

Next, consider more complicated atoms. « gives meaning ay|x], as[c], and
ag[f] to variables x, constants ¢, and functions f. Evaluate arbitrary terms
recursively:

ar[f(t1, ..., tn)] = ar[fl(arlt], ..., arlta]) ,

for terms t1,...,t,. That is, define the value of f(t1,...,¢,) under ay by
evaluating the function aj[f] over the terms ag[t1], ..., ag[tp]. Similarly,
evaluate arbitrary atoms recursively:

arlp(t, - ta)] = aslpl(arlti],- .., arftal) -

Then

I E plty,... tn) iff arlp(ts,..., tn)] = true

Having completed the base cases of our inductive definition, we turn to
the inductive step. Assume that formulae F; and F5 have fixed truth values.
From these formulae, evaluate the semantics of more complex formulae. The
logical connectives are handled in FOL in precisely the same way as in PL:

-F i I F

Fl/\FQ 1ffI|:F1andI|:F2

F1VF2 1ff]):F10rI|:F2

F1—>F2 lff, lfI':Fl thenI):FQ

F— F ff I'EFand I Fy,or [ A Fy and I (£~ Fy

~ O~~~
T
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Example 2.8. Recall the formula
F:roz4+y>z - y>z—z
of Example 2.7 and the interpretation I : (Z, ay), where
ar: {+— 4z, —— —z, >—>z, v — 13z, y+— 425, z— 15} .
Compute the truth value of F' under I as follows:

1. TEz+y>z since ajlx +y > 2] =13z 4742 >z 1z
2. I Fy>z—x since ajly >z —x] =427 >5 17 —7 13z
3. 1 EF by 1, 2, and the semantics of —

For the quantifiers, let & be a variable. Define an xz-variant of an inter-
pretation I : (D, «y) as an interpretation J : (Dy, ay) such that

e Dr=Dy;
e and ayly] = ay[y] for all constant, free variable, function, and predicate
symbols y, except possibly z.

That is, I and J agree on everything except possibly the value of variable x.
Denote by J : I <{z + v} the z-variant of I in which a[z] = v for some
v € D;. Then

I E Va. F iff forallve Dy, I<{z— v} EF
I E 3z F iff there exists v € Dy such that I <{z +— v} = F

In words, I is an interpretation of Vx. F iff all z-variants of I are interpre-
tations of F. I is an interpretation of Jz. F' iff some z-variant of I is an
interpretation of F.

Example 2.9. Consider the formula
F: 3. f(z) = g(x)
and the interpretation I : (D : {o, e}, ay) in which
ar: {f(e) = o, f(s) e, g(o) e, g(s) o}
Compute the truth value of F' under I as follows:

1. IT<{z—v} £ f(z)=g(x) forve D
2. I [~ Jz. f(z) = g(x) since v € D is arbitrary

In the first line, basic reasoning about the interpretation I reveals that f and
g always disagree. The second line follows from the first by the semantics of
existential quantification. |
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2.3 Satisfiability and Validity

A formula F' is said to be satisfiable iff there exists an interpretation [
such that I = F. A formula F is said to be valid iff for all interpretations
I, I = F. Determining satisfiability and validity of formulae are important
tasks in FOL. Recall that satisfiability and validity are dual: F' is valid iff - F
is unsatisfiable.

Technically, satisfiability and validity only apply to closed FOL formulae,
which do not have free variables. However, let us agree on a convention: if we
say that a formula F such that free(F') # ) is valid, we mean that its universal
closure V % . F' is valid; and if we say that it is satisfiable, we mean that its
existential closure 3 % . F' is satisfiable. Duality still holds: a formula F' with
free variables is valid (V*. F is valid) iff its negation is unsatisfiable (3*. - F
is unsatisfiable). Henceforth, we freely discuss the validity and satisfiability of
formulae with free variables.

For arguing the validity of FOL formulae, we extend the semantic argu-
ment method from PL to FOL. Most of the concepts carry over to the FOL
case without change. In addition to the rules for the logical connectives of PL
(see Section 1.3), we have the following rules for the quantifiers.

e According to the semantics of universal quantification, from I = V. F,
deduce I < {xz +— v} = F for any v € Dy.

I E Ve F for any v € Dy
I<{z—v} E F

In practice, we usually apply this rule using a domain element v that was
introduced earlier in the proof.

e Similarly, from the semantics of existential quantification, from I = Jz. F,
deduce I < {z +— v} = F for any v € Dy.

I 3z F for any v € Dy
I<{z—v} £ F

Again, we usually apply this rule using a domain element v that was in-
troduced earlier in the proof.

e According to the semantics of existential quantification, from I = Jz. F,
deduce I < {x + v} = F for some v € Dy that has not been previously
used in the proof.

I E 3z F for a fresh v € Dy
I<{z—v} E F

e Similarly, from the semantics of universal quantification, from I £ Vz. F,
deduce I <« {x + v} & F for some v € Dy that has not been previously
used in the proof.

I £ Ve F for a fresh v € Dy
Ia{x—v} £ F
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The restriction in the latter two rules corresponds to our intuition: if all we
know is that Jx. F', then we certainly do not know which value in particular
satisfies F'. Hence, we choose a new value v that does not appear previously in
the proof: it was never introduced before by a quantification rule. Moreover,
ar does not already assign it to some constant, as[a], or to some function
application, ay[f(t1,...,tn)]-

Notice the similarity between the first two and between the final two rules.
The first two rules handle a case that is universal in character. Consider the
second rule: if there does not exist an x such that F', then for all values, F’
does not hold. The final two rules are existential in character.

Lastly, the contradiction rule is modified for the FOL case.

e A contradiction exists if two variants of the original interpretation I dis-
agree on the truth value of an n-ary predicate p for a given tuple of domain
values.

J:I<-- = p(siy...,80)
K:IT<a -} ptr,...,tn) forie{l,...,n}, as[s;] = axlt]
IE 1

The intuition behind the contradiction rule is the following. The variants J
and K are constructed only through the rules for quantification. Hence, the
truth value of p on the given tuple of domain values is already established
by I. Therefore, the disagreement between J and K on the truth value of p
indicates a problem with 1.

None of these rules cause branching, but several of the rules for the logical
connectives do. Thus, a proof in general is a tree. A branch is closed if it
contains a contradiction according to the (first-order) contradiction rule; it is
open otherwise. All branches are closed in a finished proof of a valid formula.
We exhibit the proof method through several examples.

Example 2.10. We prove that

F: (Vz. p(z)) — (Yy. p(y))

is valid. Suppose not; then there is an interpretation I such that I [~ F:

1. I ¥~ F assumption

2. I E Vz. p(z) 1 and semantics of —

3. I = Yy. p(y) 1 and semantics of —

4. I<a{y—v} ¥ py) 3 and semantics of V, for some v € Dy
5. I<{x—v} E p(x) 2 and semantics of V

Lines 2 and 3 state the case in which line 1 holds: the antecedent and conse-
quent of F' are respectively true and false under I. Line 4 states that because
of 3, there must be a value v € D; such that I < {y — v} }~= p(y). Line 5 uses
this same value v and the semantics of V with 2 to derive a contradiction:
under I, p(v) is false by 4 and true by 5. Thus, F is valid. [ |
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For concision we shorten, for example, “semantics of ¥V’ to “V” in the
explanation column of our arguments.

Example 2.11. Consider the following relation between universal and exis-
tential quantification:

F: (Vz. p(z)) < (—3z. p(x)) .

Is it valid? Suppose not. Then there is an interpretation I such that I = F'.
Consider the forward (—) and backward («) directions of < as separate
cases. In the first case,

1. I = V. p(x) assumption

2. I £ -3z —p(x) assumption

3. I = Jz. —p(x) 2 and —

4. I<{z—v} = -p) 3 and 3, for some v € Dy
5. Ia{x—v} = p(x) 1 and V

Lines 4 and 5 are contradictory. In line 5, we use the value introduced in line
4 with the semantics of V and line 1. We are allowed to choose this same value
v precisely because line 1 states that for all x, p(x).

For the second case,

1. I £ V. p(x) assumption

2. I E —3z. —p(x) assumption

3. Ia{x—v} [~ p(x) 1 and V, for some v € Dy
4. I [~ Jz. —p(x) 2 and —

5. I<a{x—v} £ —plx) 4 and 3

6. I<{z—v} E px) 5 and -

Lines 3 and 6 are contradictory. Line 4 says that Jz. —p(z) is false under I.
Thus, by the semantics of 3, no value w from Dy is such that p(w) is true. In
particular, line 5 identifies v, introduced in line 3.

As both cases end in contradictions for arbitrary interpretation I, F' is
valid. |

It is sometimes useful to reference known values, as the following simple
example illustrates.

Example 2.12. To prove that
F: pla) — 3Jz. p(x)
is valid, assume otherwise and derive a contradiction.

I £ F assumption
I = p(a) 1 and —
I} Jz. p(x) 1 and —

I<{zr asla]} ¥ p(z) 3 and 3
IE L 2, 4

G o=
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In line 4, we used the value assigned to a to instantiate the quantified variable
of line 3, which has universal character. Because lines 2 and 4 are contradic-
tory, F'is valid. |

To show that a formula F' is invalid, it suffices to find an interpretation I
such that I = —F.

Example 2.13. Consider the formula

F: (Vo p(z,z)) — (Fz. Vy. p(x,y)) .

To show that it is invalid, we find an interpretation I such that

I = =((Ve. pla,z)) — Bz Vy. p(z,y))) ,

or, according to the semantics of —,

I' = (Vo p(z,2)) A =(3z. Vy. p(z,y)) -

Choose
DI = {07 1}
and

br = {(an)v (171)} .

We use a common notation for defining relations: p(a, b) is true iff (a,b) € py.
Here, p;(0,0) is true, and p;(1,0) is false.
Both Vz. p(x, x) and —(3z. Vy. p(x,y)) evaluate to true under I, so

I & (Vz.p(z,z)) A =(3z. Vy. p(z,y)) ,

which shows that F' is invalid. Interpretation I is a falsifying interpretation
of F. |

We apply the semantic argument method to more examples in Section 3.1.
Equivalence (F; < F3) and implication (Fy = F») extend directly from
PL to FOL. Equivalence of and implication between two formulae can be
argued using the semantic argument method. See, for example, Example 2.11.

2.4 Substitution

Substitution for FOL is more complex than substitution for PL because of
quantification. We introduce two types of substitution in this section with
the goal of generalizing Propositions 1.15 and 1.17 to the FOL setting. As in
PL, substitution allows us to consider the validity of entire sets of formulae
simultaneously.
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First, we define the renaming of a quantified variable. If variable z is
quantified in F so that F has the form F[Vx. G[z]], then the renaming of = to
fresh variable 2’ produces the formula F[vVz'. G[z']]. A “fresh variable” is any
variable that does not occur in F'. By the semantics of universal quantification,
the original and final formulae are equivalent. The case is similar for existential
quantification. Often, we simply say that a variable is renamed to mean that
its bound occurrences are renamed to a fresh variable. Free occurrences of
variables are never renamed.

Example 2.14. Renaming the bound variable z to fresh variable 2’ in
F: px) N V. q(z,y)
produces
F': p(z) A V2. q(2,y) .
Renaming y does not cause any change because y does not occur bound. W
A substitution is a map from FOL formulae to FOL formulae:
o: {FA—Gy, ..., F, = Gp}.

As in PL, domain(o) = {F1,..., F,} and range(c) = {G4,...,G,}. To com-
pute the application of o to F, Fo, replace each occurrence of F; in F' by G;
simultaneously. When both subformulae F; and Fj, are in the domain of o
and Fj, is a strict subformula of Fj, replace occurrences of F; by Gj.

Example 2.15. Consider formula

F: (Vz. p(z,y)) — q(f(y), )

and substitution

o: {x—g(@), y— f(2), a(f(y),z) — Iz h(z,y)} .

Then
Fo: (Yz. p(g(x), f(z))) — 3Jz. h(z,y) .
Notice how there are more bound occurrences of x in F'o than in F'. | |

Use care when substitutions include quantifiers in the domain. Substituting
for a quantified subformula Vz. F' requires that all of Vz. F' be replaced.

Example 2.16. Consider formula
F: 3y p(z,y) A ply,2)

and substitution
o: {3y p(x,y) — p(z,a)}

where a is a constant. F'o = F' because the scope of the quantifier 3y in F is
p(x,y) A p(y, x), not just p(z,y). =



2.4 Substitution 47
2.4.1 Safe Substitution

A restricted application of substitution has a useful semantic property.
Define for a substitution o its set of free variables:

Vo = | J(free(F}) U free(G))) -

V, consists of the free variables of all formulae F; and G; of the domain and
range of 0. Compute the safe substitution Fo of formula F as follows:

1. For each quantified variable z in F' such that « € V,, rename z to a fresh
variable to produce F’.
2. Compute F'o.

Example 2.17. Consider again formula

F: (Vo p(x,y) — q(f(y),x)

and substitution

o: {z—g(), y = f(z), ¢(f(y),2) = 3x. h(z,y)} .

To compute the safe substitution Fo, first compute

V, = free(z) U free(g(z)) U free(y) U free(f(x))
U free(q(f(y),z)) U free(Fz.h(z,y))
- }x} Li{x} U{ytu{z} u{z,ytu iy}
=Y

Then

1. x € V,;, so rename bound occurrences in F:
Fre (el p(alyy) — a(f(y),x) -

x also occurs free in F.
2. Flo: (V2. p(o, f(z))) — Fz. h(z,y).

The first step of computing a safe substitution becomes trivial if each
quantified variable has a unique name.

Example 2.18. Consider formula

F: (Vz.p(z,y)) — qo(f(y),z),

in which the quantified variable has a different name than any free variable
of F or the substitution
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o: {z—g(@), y— fy), d(f(y),z) = Fw. h(w,y)} -

Compared to Example 2.17, the quantified variable z in F' and the quantified
variable w of ¢ have different names than any other variable of F' or . The
safe substitution is the unrestricted substitution

Fo: (Vz.p(z, f(y))) — Jw. h(w,y) .
|

Proposition 2.19 (Substitution of Equivalent Formulae). Consider
substitution

o {Fl'_)Gla vy Fn'—)Grn}

such that for each i, F; < G;. Then F < Fo when Fo is computed as a safe
substitution.

The language of Propositions 2.19 and 1.15 are almost identical.

2.4.2 Schema Substitution

Example 2.11 proves an interesting relation between universal and existential
quantification (Vz. p(z) < —3z. —p(z)), but the result is not general. We
would like to prove that for any FOL formula F,

H: (Vz. F) < (=3z. =F)

is valid. H is a formula schema (plural: schemata). Formula schema and
schema substitutions provide the desired generality.

A formula schema H contains at least one placeholder Fi, F5, . ... For
example, F' is a placeholder in the formula schema H above. A formula schema
can also have side conditions that specify that certain variables do not occur
free in the placeholders.

Consider a substitution ¢ mapping placeholders to FOL formulae. A
schema substitution is an (unrestricted) application of o to a formula
schema. It is legal only if o obeys the side conditions of the formula schema.

Example 2.20. Recall from Example 2.11 that
(Va. p(z)) < (=3z. —p(x))

is valid. It can act as a formula schema. First, rewrite the formula using
placeholders:

H: (Vz. F) < (-3z. -F) .

H does not have any side conditions. Next, to prove the validity of
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G: (Vo. . q(z,y)) < (—Fz. =Jy. q(z,y)) ,
show that G is derivable from H via a schema substitution:
o: {F— 3y qz,y)} .

Then Ho = G (Ho is syntactically identical to G), so that by Proposition
2.25 below, G is valid. |

A formula schema H is valid if Ho is valid for every schema substitution
o that obeys the side conditions of H. Apply the semantic method to prove
the validity of a formula schema.

Example 2.21. To prove the validity of the formula schema
H: V. i NFy) «— (Vx. Fy) AN (Va. Fy)

consider the two directions. First, assume that I = (Vz. FiAFy) — (Va. F1) A
(VZ‘ FQ)I

1. T E Ve. i ANF assumption
2. I = (Vo. Fi) N (V. Fy) assumption
3. I | (Bz.-F1) VvV 3Bz ~Fs) 2, =
There are two cases to consider:
4a. I = Jz. -F 3,V
S5a. I<{z—v} E -F 4a, 3, for some v € Dy
6a. I<{z—v} E i AF; 1,V
Ta. I<{z—v} E F 6a, N\

ending in a contradiction. The second disjunctive case is similar.
For the second main case, assume that I = (Vz. F1) A (V. Fp) —
(Vl‘ F1 A FQ)Z

1. I W Ve i ANF,y assumption

2. I = (Vo. F1) N (Vz. Fy) assumption

3. I ': dx. =Fy V - 1, -

4. I<{z v} E ~F1V-F 3, 3, for some v € Dy
5. I = Ve Py 2, A

6. I = Vo B 2, A

7. I<d{x—v} E F 5,V

8. Ia{x—v} E F 6, v

Again, there are two cases to consider:
9a. I<{z—v} E -F 4, v

ending in a contradiction. The second disjunctive case is similar. Thus, H is
a valid formula schema. |
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We now consider formula schemata with side conditions.
Example 2.22. Consider the formula schema with side condition
H: (Vx. F) < F provided z ¢ free(F) .

If we disregard the side condition, then H is an invalid formula schema as, for
example,

Gi: (Va. p(z)) < p),
obtained from H by schema substitution
o: {F—pla)},

is invalid. However, ¢ is disallowed by the side condition that x should not
occur free in F.
H (with the side condition) is a valid formula schema. Thus, the formula

Gz (Vo. Jy. p(z,9) < Fy. p(z,y)
is valid: obtain it via the schema substitution
o: {F—3y. p(zy)},
which obeys H’s side condition. |

Reasoning about the validity of a formula schema with side conditions
usually requires invoking its side conditions during a semantic argument.

Example 2.23. To prove the validity of
H: (Vz. F) < F provided z ¢ free(F) ,
consider the two directions of «. First,

V. F assumption
F assumption
F 1, V, since = & free(F)
1

2,3
Second,
1. I £ Vz. F assumption
2. 1 EF assumption
3. I E Jz.-F 1 and -
4. I E -F 3, 3, since x ¢ free(F)
5. Ik L 2,4

Thus, H is a valid formula schema. |
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Example 2.24. To prove the validity of
H: (Ve. i NFy) < (Vz. F1) A Fy provided x ¢ free(F3) ,

consider two cases. First,

1. T EVe. F1 N Fy assumption

2. 1T ¥ (Vo. F1) N Fy assumption

3. I E (Vz. Fi) N (Vx. Fy) 1, valid schema from Example 2.21
4. I E (Vz. F1) N Fy 3, Example 2.23, since = ¢ free(Fy)
5. I = L 2, 4

Observe the application of valid formula schemata from previous examples in
lines 3 and 4. Second,

1. T Ve Iy AN Fy assumption
2. T E (Ve. F1) N Fy assumption
3. I E (Vz. Fi) N (Vx. Fy) 2, Example 2.23, since = ¢ free(F3)
4. I E Y. Iy N Fy 3, Example 2.21
5. 1 = L 1,4
Thus, H is a valid formula schema. |

Proposition 2.25 (Formula Schema). If H is a valid formula schema and
o is a substitution obeying H'’s side conditions, then Ho is also valid.

The valid PL formula
(P—>Q) = (-PVQ)

can be treated as a valid formula schema:
(F1 - F) < (WA VF).

In general, valid propositional templates are valid formulae schemata, so that
Proposition 2.25 generalizes Proposition 1.17.

2.5 Normal Forms

The normal forms of PL extend to FOL. A FOL formula F' can be trans-
formed into negation normal form (NNF) by using the procedure of Section
1.6 augmented with these two (schema) equivalences:

—Vz. Flz] < 3z. ~F[z] —3Jz. Flz] & Va. -F[z] .

Example 2.26. We apply the procedure to find a formula in NNF that is
equivalent to

G: Vz. (3y. plx,y) A plx,2)) — Jwp(z,w) .

Each formula below is equivalent to G and is obtained from the previous one
through an application of an equivalence.
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1.Va. (Fy. p(z,y) A plx,2)) — Jw. p(z,w)
2.Ve. ~(Jy. p(z,y) A p(x,2)) V Jw. p(z,w)
3. V. (Vy. ~(p(z,y) A p(x,2))) V Jw. p(z,w)
4. Vr. (Vy. —p(z,y) V —p(x,z)) V Jw. p(z,w)

Formula 2 follows from the equivalence
FL—F & -FiVF,.
Formula 3 arises from an application of
—3Jx. Flz] & Va. -F[z],
and the final formula, which is in NNF, follows from De Morgan’s Law. W

A formula is in prenex normal form (PNF) if all of its quantifiers
appear at the beginning of the formula:

Quzr. ... Quay. Flz1, ... 2],

where Q; € {V,3} and F is quantifier-free. Every FOL formula F' can be
transformed into an equivalent formula F’ in PNF. To compute an equivalent
PNF F' of F,

1. Convert F' into NNF formula F}.

2. When multiple quantified variables have the same name, rename them to
fresh variables, resulting in Fb.

3. Remove all quantifiers from F, to produce quantifier-free formula Fj.

4. Add the quantifiers before I3,

F4 . Q1$1. Qnmn F3 5

where the Q; are the quantifiers such that if Q; is in the scope of Q; in
Fy, then i < j.

F} is equivalent to F.
Example 2.27. We apply the procedure to find a PNF equivalent of
F: Vo =3y p(z,y) A plx,2)) V Ty plz,y) .
1. Write F' in NNF:
Fy: Vo (Yy. —p(e,y) Voople,z)) Vo Ty pz,y) -
2. Rename quantified variables:

Fy: Va. (Vy. -p(a,y) V —p(z,2)) V Jw. p(a,w) .
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3. Remove all quantifiers to produce quantifier-free formula
Fy: =p(z,y) vV —plz,2) vV oplz,w) .
4. Add the quantifiers before F3:
Fy: V. Vy. Jw. —p(x,y) V —p(x,2) V plz,w) .
Alternately, choose order
Fy: Vo Jw. Yy. =p(z,y) V —p(x,z) V p(z,w) .
Both F, and F} are equivalent to F. However,
G: Vy. Jw. Vo. =p(z,y) V —plz,z) V p(z,w)

is not equivalent to F'.

A FOL formula is in CNF (DNF) if it is in PNF and its main quantifier-
free subformula is in CNF (DNF). CNF and DNF equivalents are obtained by
transforming formula F' into PNF formula F’ and then applying the relevant
procedure of Section 1.6 to the main quantifier-free subformula of F’.

2.6 Decidability and Complexity

We review the main concepts from decidability and complexity theory. Bibli-
ographic Remarks refers the interested reader to other texts that focus on
these topics.

2.6.1 Satisfiability as a Formal Language

Satisfiability of formulae is the primary decision problem in logic. We can
formalize satisfiability as a formal language decision problem. Consider PL.
Let Lp. be the set of all satisfiable formulae. That is, the word w € Lp| iff

1. w is a syntactically well-formed formulae: it parses according to the defi-
nition of Section 1.1;
2. and when w is viewed as a PL formula F', F' is satisfiable.

Then the formal decision problem is the following: given a word w, is w € Lp ?

Satisfiability of FOL formulae can be similarly formalized as a language
question. Let LgoL be the set of all FOL formulae (words that parse according
to Section 2.1) that are satisfiable. Then the formal decision problem is the
following: given a word w, is w € LroL? In other words, is it a well-formed
FOL formula, and if so, is it satisfiable? Dually, we can define the validity
problem for PL and FOL.
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2.6.2 Decidability

A formal language L is decidable if there exists a procedure that, given a
word w, (1) eventually halts and (2) answers yes if w € L and no if w ¢
L. Other terms for “decidable” are recursive and Turing-decidable. A
procedure for a decidable language is called an algorithm. Satisfiability of
PL formulae is decidable: the truth-table method is a decision procedure.

A formal language is undecidable if it is not decidable.

A formal language L is semi-decidable if there exists a procedure that,
given a word w, (1) halts and answers yes iff w € L, (2) halts and answers no if
w ¢ L, or (3) does not halt if w ¢ L. The possible outcomes (2) and (3) for the
case w ¢ L mean that the procedure may or may not halt. Unlike a decidable
language, the procedure is only guaranteed to halt if w € L. Other terms for
“semi-decidable” are partially decidable, recursively enumerable, and
Turing-recognizable.

The terms “Turing-decidable” and “Turing-recognizable” arise from Alan
Turing’s classic formalization of procedures as Turing machines. A Turing
machine consists of a finite automaton coupled with an infinite tape and tape
head. Each cell of the tape can hold one character from a finite alphabet.
The state of the automaton changes based on its control structure and the
character currently under the tape head. During a state change, the automaton
instructs the tape head to write a new character to the current cell and to
move one position left or right.

Church and Turing showed that Lo, is undecidable: there does not exist
an algorithm for deciding if a FOL formula F' is satisfiable (and similarly
for validity). However, there is a procedure that halts and says yes if F is
valid, so validity is semi-decidable. We describe such a procedure based on
the semantic argument method in Section 2.7.

2.6.3 *Complexity

If a language is decidable, then one considers the complexity of the decision
problem. We define several of the main complexity classes here. A language
L is polynomial-time decidable, or in PTIME (also, in P), if there exists a
procedure that, given w, answers yes when w € L, answers no when w ¢ L,
and halts with the answer in a number of steps that is at most proportionate
to some polynomial of the size of w. For example, determining if the word
w is a well-formed FOL formula is polynomial-time decidable and can be
implemented using standard parsing methods.

A language L is nondeterministic-polynomial-time decidable, or in
NPTIME (also, in NP), if there exists a nondeterministic procedure that, given
w’

1. guesses a witness W to the fact that w € L that is at most proportionate
in size to some polynomial of the size of w;
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2. checks in time at most proportionate to some polynomial of the size of w
that W really is a witness to w € L;
3. and answers yes if the check succeeds and no otherwise.

For example, Lp, is in NP, as exhibited by the following nondeterministic
procedure for deciding if a PL formula is satisfiable:

1. parse the input w as formula F' (return no if w is not a well-formed PL
formula);

2. guess an interpretation I, which is linear in the size of w;

3. check that I |= F.

I is the witness to the satisfiability of F'.

A language L is in co-NP if its complement language L is in NP. For
example, unsatisfiability of PL formulae is in co-NP because satisfiability is
in NP. It is not known if unsatisfiability of PL formulae is in NP. While
a satisfiable PL formula has a polynomial size witness of its satisfiability
(a satisfying interpretation I), there is no known polynomial size witness of
unsatisfiability.

A language L is NP-hard if every instance v € L’ of every other NP decid-
able language L’ can be reduced to deciding an instance wY, € L. Moreover,
the size of w}, must be at most proportionate to some polynomial of the size
of v. That is, L is NP-hard if every query v € L’ of every NP language L’
can be encoded into a query w € L, where w is not much larger than v. L is
NP-complete if it is in NP and is NP-hard.

Lpp is NP-complete. Indeed, Lp|, also called SAT, was the first language
shown to be NP-complete. We proved that Lp_ is in NP above by describing a
nondeterministic polynomial time procedure. The Cook-Levin theorem shows
that all NP-languages L can be reduced to Lpr, so that Lp| is NP-hard. They
exhibited a polynomial time algorithm that, given L and input w, constructs
an encoding into PL of a simulation of a run of a nondeterministic Turing
machine for L on w. The encoding as PL formula F' has length that is poly-
nomial in the length of w. F' is satisfiable iff the Turing machine decides that
w e L.

For discussing the complexity of decision problems and algorithms, we use
the standard notation. Consider a function f(n) over integers. For example,
f(n) =logn, f(n) =n?, f(n) = 2" or f(n) = 2>". A function g(n) is of at
most order f(n) if there exist a scalar ¢ > 0 and an integer ng > 0 such that

Vi > ng. g(n) < cf(n) .

O(f(n)) denotes the set of all functions of at most order f(n). Similarly,
2(f(n)) denotes the set of all function of at least order f(n): a function g(n)
is of at least order f(n) if there exist a scalar ¢ > 0 and an an integer ng > 0
such that

Vn > ng. g(n) > cf(n) .
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Finally, ©(f(n)) = £2(f(n)) N O(f(n)) denotes the set of all functions of
precisely order f(n).

Example 2.28.

2" € 2(n3)
2" ¢ O(n?)

o e 06 0 0 0 0 0 0 0
w
S
[\v]
+
S
m
)

A decision problem has time complexity O(f(n)) if there exists a decision
algorithm P for the problem and a function g(n) € O(f(n)) such that P
runs in time at most g(n) on input of size n. A decision problem has time
complexity £2(f(n)) if there exists a function g(n) € £2(f(n)) such that all
decision algorithms P for the problem run in time at least g(n) on input of
size n. Finally, a decision problem has time complexity ©(f(n)) if it has time
complexities £2(f(n)) and O(f(n)).

Example 2.29. The algorithm SAT for deciding PL satisfiability runs in time
O(2™), where n is the number of variables in the input formula, because each
level of recursion branches. Hence, the problem of PL satisfiability has time
complexity O(2"). |

2.7 *Meta-Theorems of First-Order Logic

We prove that the semantic argument method for FOL is sound and, given
a proper strategy of applying the proof rules, complete. A proof method is
sound if every formula that has a proof according to the method is valid. A
proof method is complete if every formula that is valid has a proof according
to the method. That the semantic argument method is sound means that a
closed semantic argument for I & F proves the validity of F; and that the
semantic argument method is complete means that every valid formula F
of FOL has a closed semantic argument proving its validity. Because there
exists a complete proof method for FOL, FOL is a complete logic: every valid
formula of FOL has a proof of its validity.

The second half of this section is devoted to proving two classic theorems
that we apply in Chapter 10.
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2.7.1 Simplifying the Language of FOL

In preparation for the proofs, we simplify the language of FOL without los-
ing expressiveness. Exercises 1.3 and 4.6 show that we have many redundant
logical connectives. We choose to use only the logical constant T and the con-
nectives = and A, from which the others can be constructed. Additionally, we
need only one quantifier since 3x. F' is equivalent to =Vx. —=F. We choose V.

A second simplification is more involved. The goal is to remove constant
and function symbols from the language by using predicate symbols instead.
Given a formula F, let S be the set of function symbols appearing in it.
Associate with each n-ary function symbol f of S a new (n + 1)-ary predicate
pys. Then for each occurrence of a function f in a literal L of F'

L[f(tla cee 7tn)] )
replace L in F' with the new formula
Jx. pe(ti, ..., th,x) A Llz] .

After all replacements, the resulting formula G does not contain any function
symbols.

The next step ensures that the new predicate py describes a function f: it
associates with each tuple of domain values vq,...,v, precisely one value v.
For each introduced predicate py, construct the formula

Ip: Vz. Jy. pr(x,y) A (Vz. pp(z,2) — y==2).
Then construct the formula
H: | NIs| - G.
fes

The equality predicate = is not yet defined. To make = an equivalence
relation, assert that it is reflexive, symmetric, and transitive:

(Vz. z = x)
E: N(Vo,yz=y - y==x)
AN NVey,zoe=y N y=2z — x=2)

Additionally, every predicate symbol p appearing in G should obey =:
Ep: Vo,y. v =y — (p(x) < p(y))
Let T be the set of predicate symbols of G. Construct the final formula

F'e |\En NE,| — H.
peT
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F is valid iff F is valid. Moreover, F’ does not contain any function symbols.

For the special case of constant symbols, it is simpler to replace F[a] with
F' :Vz. Flz].

For the remainder of this section, we consider a version of FOL with only
the logical constant T, the connectives — and A, the quantifier V, and predicate
symbols. It is equivalent in expressive power to the richer language studied
earlier in the chapter.

2.7.2 Semantic Argument Proof Rules

In this simplified form of FOL, we need only the following seven proof rules.

e For handling negation:

I E -F I} —F
I £~ F I =F
e For handling conjunction:
I EFAG I FAG
I =EF I~ F | IEG
I =G

e For handling universal quantification:

I = Vo F for any v € Dy
I<{z—v} E F

and

I W V. F for a fresh v € Dy
I<{zw—v} £ F

e For deriving a contradiction:

J:Iqa--- = p(er,...,2n)
K:I<-- [ plyr,... yn) forie{l,... ,n}, ajlz;] = axlyi]
IE 1

Only the second rule for conjunction requires a case analysis.

2.7.3 Soundness and Completeness

That the semantic argument method is sound is fairly obvious for the first six
rules: each follows almost directly from the semantics of FOL. The final rule
for deriving a contradiction requires some explanation. The variants J and
K are constructed only through the rules for handling quantification so that
they simply assign values to the arguments of p. Hence, the truth value of p
on the given tuple of domain values is already established by I. Furthermore,
the disagreement between J and K on the truth value of p indicates that I is
not in fact an interpretation. Therefore, we have the following theorem.
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Theorem 2.30 (Sound). If every branch of a semantic argument proof of
I £ F closes, then F is valid.

Completeness is more complicated. We want to show that there exists a
closed semantic argument proof of I £ F' when F is valid. Our strategy is as
follows. We define a procedure for applying the proof rules. When applying
the quantification rules, the procedure selects values from a predetermined
countably infinite domain. We then show that when some falsifying interpre-
tation I exists (such that I ¥~ F) our procedure constructs, at the limit, a
falsifying interpretation. Therefore, F' must be valid if the procedures actu-
ally discovers an argument in which all branches are closed. We now proceed
according to this proof plan.

Let D be a countably infinite domain of values vi,vo,vs,... which we
can enumerate in some fixed order. Start the semantic argument by placing
I |~ F at the root and marking it as unused. Now assume that the procedure
has constructed a partial semantic argument and that each line is marked as
either used or unused. We describe the next iteration.

Select the earliest line L : I = G or L : I & G in the argument that
is marked unused, and choose the appropriate proof rule to apply according
to the root symbol of G’s parse tree. To apply a rule, add the appropriate
deductions at the end of every open branch that passes through line L; mark
each new deduction as unused; and mark L as used. The application of the
negation rules and the first conjunction rule is then straightforward. Applying
the second (branching) conjunction rule introduces a fork at the end of every
open branch, doubling the number of open branches. In applying the second
quantification rule, choose the next domain element v; that does not appear
in the semantic argument so far. For the first quantification rule, assume that
G has the form Vz. H. Choose the first value v; on which Vz. H has not been
instantiated in any ancestor of L. Additionally, consider I = G as a second
“deduction” of this rule (so that both I <{z — v;} = H and I = G are
added to every branch passing through L and marked as unused). This trick
guarantees that x of Vz. H is instantiated on every domain element without
preventing the rest of the proof from progressing. Finally, close any branch
that has a contradiction resulting from a deduction in this iteration.

Recall that a semantic argument is finished if no further applications of
rules are possible. In our proof procedure, this situation occurs when all lines
are marked as wused. Although we can never construct a finished semantic
argument with infinitely many lines in practice, we can reason about such
arguments. For example, such an argument has an infinitely long branch. For
suppose not: then every branch has finite length, so there must be an infinite
number of these finite branches. But such a situation requires a deduction
step that results in an infinite number of branches, whereas each proof rule
produces at most two branches. This result is known as Koénig’s Lemma. We
next prove that each open branch of a finished semantic argument describes
a falsifying interpretation.
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Lemma 2.31. Each open branch of a finished semantic argument for I = F
defines a falsifying interpretation of F.

Proof. We apply structural induction on the formulae appearing in the branch
to conclude that each line L : I = G or L : I [~ G holds, including I ~ F. In
that case, I is a falsifying interpretation of F'. The technique of structural
induction is defined in Section 4.4.

For the base case, consider lines in which G is an atom. As the contradiction
rule is never applied (otherwise, the branch would be closed) no contradiction
exists. Therefore, each instance I<- -+ = p(x1,...,2,) or I<- -« = p(z1,...,20)
defines the truth value of p on one tuple of domain elements without contra-
dicting any other definition on the branch. (For tuples of domain elements
on which p is not explicitly defined on the branch, p may take any value, say
false.)

Consider when G is formed by applying a logical connective to one or two
formulae. As the procedure applied the appropriate proof rule, the inductive
hypothesis and the semantics of the logical connectives tell us that L holds.
For example, consider the case L : [ = F1 A Fy. Then I E Fy and I = F»
appear on the branch, and both lines hold by the inductive hypothesis. The
reader may verify the other logical connectives with similar reasoning.

Consider the case L : I = Vz. F. For L to hold, it must be the case
that for some fresh domain value v, M : I <{x +— v} [ F. But the procedure
guarantees that M is a descendant of L. Moreover, F' is a subformula of Vz. F',
so the inductive hypothesis asserts that M holds. Then so does L.

Consider the case L : I |=Vz. F. For L to hold, it must be the case that
for all domain values v, M : I <{z +— v} = F. But the procedure guarantees
that such a line exists for every v. Moreover, F' is a subformula of Vx. F', so
the inductive hypothesis asserts that each such lines holds. Hence, so does L,
finishing the proof. ]

Remark 2.32. The formulae that appear on an open branch of a finished
semantic proof comprise a Hintikka set. The proof strategy that we employed
is essentially that used in proving Hintikka’s Lemma, which asserts that a
Hintikka set is satisfiable.

Remark 2.33. We defined the procedure with a fixed countably infinite do-
main in mind and then proved that an open branch of a finished semantic
argument corresponds to at least one falsifying interpretation. Therefore, we
have proved an additional fact: every satisfiable FOL formula is satisfied by an
interpretation with a countable domain. This result is Lowenheim’s Theo-
rem.

Theorem 2.34 (Complete). The semantic argument method is complete:
each valid formula F has a semantic argument proof (in which every branch
is closed).
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Proof. Suppose that F is valid, yet no semantic argument proof exists. Then
a finished semantic argument constructed according to our procedure has an
open branch. By Lemma 2.31, this branch describes a falsifying interpretation
of F', a contradiction. Hence, all branches of a finished semantic argument must
in fact be closed (and thus finite). By Ko6nig’s Lemma, the semantic argument
itself has finite size. |

2.7.4 Additional Theorems

Is a countable (but possibly infinite) set S of satisfiable formulae simulta-
neously satisfiable? That is, does there exist a single interpretation I that
satisfies every member of S7 The Compactness Theorem relates simulta-
neous satisfiability of S to satisfiability of the conjunction of each finite subset
of S. Dually, we might consider whether the disjunction of a countable set of
formulae is valid.

Theorem 2.35 (Compactness Theorem). A countable set of first-order
formulae S is simultaneously satisfiable iff the conjunction of every finite sub-
set is satisfiable.

Proof. The forward direction is clear: if I simultaneously satisfies the members
of S, then it satisfies each finite conjunction.

For the other direction, extend the proof procedure of the previous section
as follows. Arrange the members of S in some order Fi, F5, F3, ..., which is
possible because S is countable. Start the procedure with I &= —Fy. At the
end of each iteration of the procedure, choose the next formula F; in the
sequence and append I [~ —F; to every open branch, marking it as unused.
Since each finite subset of S is satisfiable, at least one branch remains open
and the procedure does not terminate.

A finished semantic argument constructed in this manner enumerates an
interpretation that falsifies every —F; and thus satisfies every F;. Hence, S is
simultaneously satisfiable. |

Remark 2.36. This proof proves an additional fact that extends Lowenheim’s
Theorem: every simultaneously satisfiable countable set of FOL formulae is
simultaneously satisfied by an interpretation with a countable domain. This
result is the Lowenheim-Skolem Theorem.

We apply the next theorem, the Craig Interpolation Lemma, in Chap-
ter 10. It asserts that if F¥ — G is valid, then there is a formula H (called an
interpolant) such that ¥ — H and H — G are valid and whose predicates
and free variables occur in both F and G. The proof is constructive: it de-
scribes a procedure for extracting the interpolant from a proof of the validity
of F' — (. However, proofs constructed via the proof rules of Section 2.7.2
are not directly amenable to the interpolation procedure. We describe an al-
ternate set of proof rules instead and show that any proof constructed from
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the rules of 2.7.2 can be translated into a proof using the new rules. Then we
prove the Craig Interpolation Lemma using these new proof rules.

One trick that will prove convenient is the following. Associate a fresh
variable x; with each domain value v; introduced during the proof. Whenever
a variant I <{z +— v;} is used, rename x to the variable x; corresponding to
the value v; in both the variant interpretation and the formula. This renaming
does not affect the soundness of the proof, but it makes contradictions more
obvious.

The new rules are the following:

e For handling double negation:

I & ~F I £ ——F
I EF I ¥ F

e For handling conjunction:

I EFAG I FAG
I =EF I~ F | IEG
I =G

and

I E -(FAG) I ¥ ~(FAG)
I =E~-F | IE-G I £ —F
I -G
e For handling universal quantification:

I E Ve F I Ve F for any v € Dy
I<{z—v} E F I<{zx—v} £ -F

and
I £ Ve F I & Ve F for a fresh v € Dy

I<{z—v} £ F I<{z—v} E -F

e For deriving a contradiction (recall our trick of renaming variables to cor-
respond uniquely to domain values):

J:iI<a-- E p(r,...,xn)
K:I<-- W plxy,...,zp)

I =1

and
J:Iqa--- = pler,..., %) JiIa--- FE op(er,...,xn)
K:I< - F —p(z1,...,z,) K:I< - [ plx,...,z,)

IE L I'E L



2.7 *Meta-Theorems of First-Order Logic 63

The important characteristic (for proving the interpolation lemma) of this set
of proof rules is that premises and deductions agree on the use of = or [,
except in the contradiction rules. In contrast, the negation rules of Section
2.7.2 do not have this property. We obtained this property by folding each
negation rule into every other rule.

Before proving the interpolation lemma, let us prove that the new semantic
argument proof system based on these rules is sound and complete. Soundness
is fairly obvious; for completeness, we briefly describe how to map a proof from
the system of Section 2.7.2 to a proof using these rules.

Lemma 2.37. Fvery proof in the proof system of Section 2.7.2 has a corre-
sponding proof in the new proof system.

Proof. In constructing the new proof, ignore any use of the negation rules
of Section 2.7.2, instead choosing from the (doubled) set of conjunction and
quantification rules depending on whether a — is at the root of the parse tree
of a formula. Use the new negation rules to remove double negations when
necessary. For deriving a contradiction, one of the three cases represented by
the contradiction rules must occur when a contradiction occurs in the original
proof. |

We can now prove the theorem.

Theorem 2.38 (Craig Interpolation Lemma). If F — G is valid, then
there exists a formula H such that ' — H and H — G are valid and whose
predicates and free variables occur in both F and G.

Proof. We prove the result by describing a procedure that extracts from a
(closed) semantic argument proof of the validity of F' — G the interpolant H.
For convenience, let the proof itself begin with the lines

1. T EF assumption
2. I G assumption

Notice that with the new set of proof rules, only |= rules will be applied
to deductions stemming from line 1, while only p~ rules will be applied to
those stemming from line 2. The three contradiction rules correspond to three
possible situations: a contradiction between I = F and I = G (F — G is
valid), within I = F itself (F' is unsatisfiable), and within I = G itself (G is
valid).

The procedure runs backwards through a proof. It associates with each line
L of the proof a set of positive formulae U and a set of negative formulae V.
U consists of formulae on lines from which L descends (including itself) that
are satisfied by their interpretation (lines of the form K = Fy). V consists of
formulae on lines from which L descends (including itself) that are falsified
by their interpretation (lines of the form K [~ F3). Define L’s characteristic
formula as
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NU = \/V,

written as {U} — {V'} for concision. That the branch on which L lies ends in
a contradiction implies that {U} — {V} is valid. The procedure constructs
for each line an interpolant X of {U} — {V'}; that is, X is such that

/\U:>X and X:>\/V

and the predicates and free variables of X appear in both U and V. The
interpolant of line 2 of the proof is the interpolant H that we seek.

Let us begin with the end of a branch, L : T | L. It must have been
deduced via a contradiction. If the first contradiction rule produced L, then
its characteristic formula is of the form

{U,p(z1,...,2n), L} = {V,p(x1,...,20)},

where the variable renaming trick ensures that the arguments to p are syn-
tactically the same. Its parent has characteristic formula

{U,p(z1,...,2)} = {V,p(x1,...,20)} ,

and both have interpolant p(z1,...,z,). If the second contradiction rule pro-
duced L, then its characteristic formula is of the form

{U,p(z1,...,20), D(x1,...,2,), L} = {V},

and its parent’s is of the form

{U,p(z1,...,20), p(x1,...,25)} = {V}.

Both have interpolant L (=T in the restricted language). Similarly, if the third
contradiction rule produced L, then the interpolant is T.

Consider lines derived via the conjunction rules. Suppose L : I &= F is
deduced from I = F AG. Then the characteristic formulae of L and its parent
are

(UFAG,F} - {V} and {UFAG}—{V},

respectively. If L has interpolant X, then so does its parent. The case is similar
for a line L : I £ —F deduced from I & —(F A G).

For the next conjunction rule, suppose that L : I [~ F' is deduced on one
branch from I £ F A G. Then L is at a fork in the proof and has sibling line
L' : I }£ G. The characteristic formulae of L, L', and their parent are

{Uy—={V,FAG,F}, {U} = {V,FAG,G}, and {U} - {V,FAG},

respectively. If L and L’ have interpolants X and Y, respectively, then their
parent has interpolant X AY.
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Similarly, suppose L : I = —F is deduced on one branch from I = —(FAG)
(so that its sibling is L' : I | —@G). If L and L' have interpolants X and Y,
respectively, then their parent has interpolant X VY (=(=X A =Y) in the
restricted language).

The interpolant X of a line L derived via a double-negation rule passes
directly to its parent, for the characteristic formula of L simply has a repetition
——F of a formula F' that the parent’s characteristic formula does not have.

We turn to the quantification rules. Consider a line L : I <« {z — v} £ F
derived from I }= Va. F. L and its parent M have characteristic formulae

{U} = {V,Va. F,F} and {U}— {V,Vz. F},

respectively. Moreover, v is fresh, and thus z does not appear in either U or
V' according to our trick. Hence, z cannot occur free in L’s interpolant X. It
thus follows that

Vx.Vz. X — V V Ve FF V F
is equivalent to

Vx«. X — V V V. V Vz. F
and thus to

V. X — V V Vo.F .

Therefore, X is an interpolant of M. Similarly, X is an interpolant of the
parent of L : I «{z — v} E =F deduced from I = —Vz. F.

Consider L : I <{z — v} |= F with interpolant X derived from I = Vz. F,
where z is not necessarily fresh. The characteristic formulae of L and its parent
M are

{UVz. F,F} - {V} and {UVz. F}—{V},
respectively. Clearly,

UANVe. FNF = X
implies that

UANVa. FF = X.

Hence, X is an interpolant of M when z is not free in U or V' (so that z is not
free in X)) and when it is free in both. However, if z is free in V' but not in U,
then X is not an interpolant of M. But Vz. X is an interpolant. In particular,
we have

UANVz. F = Vz. X
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and
Vz. X = V because Vz. X = X and X = V.

For the final case, suppose that L : I <{z — v} £ —F is deduced from
I £ =Vz. F. The characteristic formula of L is

{U} = {V,~Va. F,F} .

Then X is the interpolant of the parent M unless z is free in U but not free
in V. In the latter case, the interpolant is 3z. X (—Vz. =X in the restricted
language). The reasoning is similar to the previous case, completing the proof.

|

2.8 Summary

Building on the presentation of PL in Chapter 1, this chapter introduces first-
order logic (FOL). It covers:

e Its syntax. How one constructs a FOL formula. Variables, terms, function
symbols, predicate symbols, atoms, literals, logical connectives, quantifiers.

o Its semantics. What a FOL formula means. Truth values true and false.
Interpretations: domain and assignments. Difference between a function
(predicate) symbol and a function (predicate) over a domain.

o Satisfiability and validity. Whether a FOL formula evaluates to true under
any or all interpretations. Semantic argument method.

e Substitution, which is a tool for manipulating formulae and making general
claims. Safe and schema substitutions. Substitution of equivalent formulae.
Valid schemata.

e Normal forms. A normal form is a set of syntactically restricted formulae
such that every FOL formula is equivalent to some member of the set.

o A review of decidability and complexity theory, which provides the concepts
necessary for discussing decidability and complexity questions in logic.

e Meta-theorems. Semantic argument method is sound and complete. Com-
pactness Theorem. Craig Interpolation Lemma.

The results of Section 2.7 are the groundwork for our theoretical treatment
of the Nelson-Oppen combination method in Chapter 10.

FOL is the most general logic that is discussed in this book. Its applications
include software and hardware design and analysis, knowledge representation,
and complexity and decidability theory.

FOL is a complete logic: every valid FOL formula has a proof in the se-
mantic argument method. However, validity is undecidable. Many applications
benefit from complete automation, which is impossible when considering all
of FOL. Therefore, Chapter 3 introduces first-order theories, which formal-
ize interesting structures, such as integers, rationals, lists, stacks, and arrays.
Part II of this book explores algorithms for reasoning within these theories.
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Bibliographic Remarks

For a complete and concise presentation of propositional and first-order logic,
see Smullyan’s text First-Order Logic [87]. The semantic argument method
is similar to Smullyan’s tableau method. Also, the proofs of completeness of
the semantic argument method, the Compactness Theorem, and the Craig
Interpolation Lemma are inspired by Smullyan’s presentation.

The history of the development of mathematical logic is rich. For an
overview, see [98] and related articles in The Stanford Encyclopedia of Phi-
losophy. We mention in particular Hilbert’s program of the 1920s — see, for
example, [38] — to find a consistent and complete axiomatization of arith-
metic. Godels two incompleteness theorems proved that such a goal is impos-
sible. The first incompleteness theorem, which Godel presented in a lecture
in September, 1930, and then in [36], states that any axiomatization of arith-
metic contains theorems that are not provable within the theory. The second,
which Goédel had proved by October, 1930, states that a theory such as Peano
arithmetic cannot prove its own consistency unless it is itself inconsistent.
Earlier, Godel proved that first-order logic is complete [35]: every theorem
has a proof. However, Church — and, independently, Turing — proved that
satisfiability in first-order logic is undecidable [13]. Thus, while every theorem
of first-order logic has a finite proof, invalid formulae need not have a finite
proof of their invalidity.

For an introduction to formal languages, decidability, and complexity the-
ory, see [85, 72, 41].

Exercises

2.1 (English and FOL). Encode the following English sentences into FOL.

(a) Some days are longer than others.

(b) In all the world, there is but one place that I call home.
(¢) My mother’s mother is my grandmother.

(d) The intersection of two convex sets is convex.

2.2 (FOL validity & satisfiability). For each of the following FOL formu-
lae, identify whether it is valid or not. If it is valid, prove it with a semantic
argument; otherwise, identify a falsifying interpretation.

(a) (Vz,y. p(z,y) — p(y.x)) — Vz. p(z,2)
(b) Va,y. p(z,y) — p(y,x) — V2. p(z,2)
(¢) Bz. p(x)) — Vy. p(y)
(d) (Vz. p(z)) — y. p(y)
(e) Ix,y. (p(z,y) — (p(y,x) — Vz.p(z,2)))

2.3 (Semantic argument). Use the semantic argument method to prove the
following formula schemata.
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) ~(Vz. F) < 3Jx. -F

) =(Jz. F) & V. -F

Y Ve, y. F & Vy,z. F

) Jy. Va. F = V. Jy. F

Ydz. FVG & (3z. F) v (Jy. G)

()Iz. F-G & (Va. F) - (3z. G)

g)dx. FVG & (Fx. F) vV G, provided z ¢ free(G)
)Ve. FVG & (Vx. F) V G, provided x ¢ free(G)
(49) Jz. FAG & (Fz. F) A G, provided = & free(G)
() Ve. F -G & (Fz. F) — G, provided z= & free(G)

2.4 (Normal forms). Put the following formulae into prenex normal form.

(a) (V. y. p(z,y)) — V. p(z,z)
(b) Iz. (Vz. Jy. p(x,y)) — Va. p(z,2)
(0) Voo ~(3, . Vo p(a,2) — a(,2)) A 2. p(w,2)

2.5 (*Characteristic formula). Why is the characteristic formula of a line
on a closed branch of a semantic argument valid?
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First-Order Theories

Formalization works as “an early-warning system” when things are
getting contorted.

— Edsger W. Dijkstra

EWD764: Repaying Our Debts, 1980

When reasoning in particular application domains such as software or
hardware, one often has particular structures in mind. For example, programs
manipulate numbers, lists, and arrays. First-order theories formalize these
structures to enable reasoning about them. This chapter introduces first-order
theories in general and then focuses on theories useful in verification and re-
lated tasks. These theories include a theory of equality, of integers, of rationals
and reals, of recursive data structures, and of arrays.

There is another reason to study first-order theories. While validity in FOL
is undecidable, validity in particular theories or fragments of theories is some-
times decidable. Many of the theories studied in this chapter have important
fragments for which validity is efficiently decidable. For each theory, we iden-
tify the decidable and efficiently decidable fragments, which we summarize in
Section 3.7. Part II studies decision procedures for the decidable fragments.

3.1 First-Order Theories

A first-order theory T is defined by the following components.

1. Tts signature X is a set of constant, function, and predicate symbols.
2. Its set of axioms A is a set of closed FOL formulae in which only constant,
function, and predicate symbols of X' appear.

A Y-formula is constructed from constant, function, and predicate symbols
of X, as well as variables, logical connectives, and quantifiers. As usual, the
symbols of X' are just symbols without prior meaning. The axioms A provide
their meaning.
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A Y-formula F' is valid in the theory T, or T-valid, if every interpre-
tation I that satisfies the axioms of T',

I E A forevery Aec A, (3.1)
also satisfies F': I = F'. For this reason, we write
T = F

to mean that F is T-valid. Formally, the theory T consists of all (closed)
formulae that are T-valid. We call an interpretation satisfying (3.1) a T-
interpretation.

A XY-formula F' is satisfiable in T, or T-satisfiable, if there is a T-
interpretation I that satisfies F'.

A theory T is complete if for every closed X-formula F, T = F or
T |= —F. A theory is consistent if there is at least one T-interpretation. In
particular, in a consistent theory 7', there does not exist a X-formula F' such
that both T' = F and T }= —F. (Otherwise, by the semantics of conjunction,
T E FA-F and thus T |= L; but L is not satisfied by any interpretation.)

Concepts from general FOL validity carry over to first-order theories in
the natural way. For example, two formulae F} and F, are equivalent in 7',
or T-equivalent, if T |= F} < Fy: for every T-interpretation I, I | F iff
IEF,.

A fragment of a theory is a syntactically-restricted subset of formulae
of the theory. For example, the quantifier-free fragment of a theory T is
the set of formulae without quantifiers that are valid in T'. Recall our con-
vention that non-closed formula F' is valid iff its universal closure is valid.
Technically, the “quantifier-free fragment” of T' actually consists of valid for-
mulae in which all variables are universally quantified. However, the term
“quantifier-free fragment” is the common and accepted name for this frag-
ment. Subsequent chapters show that the quantifier-free fragments of theories
are of great practical and theoretical importance.

A theory T is decidable if T' |= F' is decidable for every Y-formula F'. That
is, there is an algorithm that always terminates with “yes” if F' is T-valid or
with “no” if F'is T-invalid. A fragment of T is decidable if T' |= F' is decidable
for every XY-formula F' that obeys the fragment’s syntactic restrictions.

The union T3 U T of two theories 77 and 75 has signature X7 U X5 and
axioms A; U As. Clearly, a (T UT5)-interpretation is both a Tj-interpretation
and a Th-interpretation since it satisfies the axioms of both 77 and T5. Hence,
a formula that is T3-valid or Ts-valid is (77 U T3)-valid, while a formula that
is (Ty U Ty)-satisfiable is both T}-satisfiable and Ts-satisfiable.

Because FOL (the “empty” theory, or the theory without axioms) is unde-
cidable in general, we must turn to theories and fragments of theories for the
possibility of fully automated reasoning. While many interesting theories are
undecidable, there are several important theories and fragments of theories
that are decidable. These theories and fragments are the main subject of Part
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IT of this book. We introduce them in the following sections. In Section 3.7,
we summarize the decidability and complexity results for these theories and
fragments.

3.2 Equality
The theory of equality Tg is the simplest first-order theory. Its signature

EE:{:7 a7 b7 C’ "'7f7 g? h?"'?p? q? ,,17"'}
consists of

e = (equality), a binary predicate;
e and all constant, function, and predicate symbols.

Equality = is an interpreted predicate symbol: its meaning is defined via
the axioms of Tg. The other constant, function, and predicate symbols are
uninterpreted except as they relate to equality. The axioms of Tg are the
following:

l.Ve.x =z (reflexivity)
2. Vr,y.x =y — y==x (symmetry)
3.V, y,z.x=y Ny=z — x=12 (transitivity)
4. for each positive integer n and n-ary function symbol f,
n
v, y. </\ T = y1> — f(z) = f(y) (function congruence)
i=1
5. for each positive integer n and n-ary predicate symbol p,
n
Ve, y. </\ x; = y1> — (p(z) < p(y)) (predicate congruence)
i=1
The notation x stands for the list of variables x1, . .., z,. Axioms (function con-

gruence) and (predicate congruence) are actually axiom schemata. An axiom
schema stands for a set of axioms, each an instantiation of the parameters (f
and p in (function congruence) and (predicate congruence), respectively). For
example, for binary function symbol fa, (function congruence) instantiates to
the following axiom:

V$1a$2ay17y2- 1 =M1 N Tg = Y2 — f2($1,$2) = fQ(ylayQ) .

The first three axioms state that = is an equivalence relation: it is a
binary predicate that obeys reflexivity, symmetry, and transitivity. The final
two axiom schemata formalize our intuition for the behavior of functions and
predicates under equality. A function (predicate) always evaluates to the same
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value (truth value) for a given set of argument values. They assert that = is
a congruence relation.

Tk is just as undecidable as full FOL because it allows all constant, func-
tion, and predicate symbols. In particular, any FOL formula F' can be en-
coded as a Xg-formula F’ simply by replacing occurrences of the symbol =
with a fresh symbol. Since = does not occur in this transformed formula F”,
the axioms of Tg are irrelevant; hence, F’ is Tg-satisfiable iff F” is first-order
satisfiable.

However, the quantifier-free fragment of Tg is both interesting and effi-
ciently decidable, as we show in Chapter 9.

Example 3.1. Without quantifiers, free variables and constants play the
same role. In the formula

F:a=bAb=c — g(f(a),b)=9g(f(c),a),
a, b, and ¢ are constants, while in

z,y, and z are free variables. F' is Tg-valid iff F” is Tg-valid; F' is Tg-satisfiable
iff I’ is Tg-satisfiable. [ ]

It is often useful to reason about the T-satisfiability or T-validity of a X-
formula F' in a structured but informal way. We show how to use the semantic
argument method with Tg.

Example 3.2. To prove that
F:a=bAb=c— g(f(a),b)=9g(f(c),a)

is Tg-valid, assume otherwise: there exists a Tg-interpretation I such that
T~ F:

1. I ¥ F assumption

2. I Ea=bAb=c 1, —

3. I = g(f(a),b) =g(f(c),a) L, —

4. I E a=b 2, A

5. I Eb=c 2, A

6. I Ea=c 4, 5, (transitivity)

7. I E fla)=f(c 6, (function congruence)
8. I Eb=a 4, (symmetry)

9. I E g(f(a),b) =g(f(c),a) 7, 8 (function congruence)
0. I} L 3,9

Our assumption is apparently false: F' is Tg-valid. |
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3.3 Natural Numbers and Integers

Arithmetic involving the addition and multiplication of the natural numbers
N ={0,1,2,...} is perhaps the oldest of mathematical theories. In this section
we describe three theories of arithmetic. Peano arithmetic allows addition
and multiplication over natural numbers, while Presburger arithmetic is
restricted to addition over natural numbers. The final theory, the theory of
integers, is convenient for automated reasoning but is no more expressive
than Presburger arithmetic.

3.3.1 Peano Arithmetic

The theory of Peano arithmetic Tpp, or first-order arithmetic, has
signature

EPA: {07 ]-a +, :}7

where

e ( and 1 are constants;
e + (addition) and - (multiplication) are binary functions;
e and = (equality) is a binary predicate.

Its axioms are the following:

1. Vz. =(z +1=0) (zero)
2. Vo,y.x+1=y+1 - 2=y (successor)
3. Fl0] A (Va. Flz] = Flx +1]) — Va. F[z] (induction)
4. Ve.x+0=1z (plus zero)
5. Vr,y. e+ (y+1)=(zx+y)+1 (plus successor)
6. Ve.z-0=0 (times zero)
T Ve,zy.z-(y+ 1) =z -y+x (times successor)

These axioms concisely define addition, multiplication, and equality over nat-
ural numbers. Informally, axioms (zero), (plus zero), and (times zero) define
0 as we understand it: it is the minimal element of the natural numbers; it
is the identity for addition (z + 0 = z); and under multiplication, it maps
any number to 0 (z -0 = 0). Axioms (zero), (successor), (plus zero), and (plus
successor) define addition. Axioms (times zero) and (times successor) define
multiplication: in particular, (times successor) defines multiplication in terms
of addition.

(induction) is an axiom schema: it stands for the set of axioms obtained
by substituting for F' each Ypa-formula that has precisely one free variable.
It asserts that every Tpa-interpretation I obeys induction: if I satisfies F'[0]
and Vz. Flz] — F[z + 1], then I also satisfies Vx. Flx].

For convenience, we usually do not write the “” for multiplication. For
example, we write zy rather than z - y.
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The intended interpretations of Tpa have domain N and assignments
ay defining 0, 1, +, -, and = as we understand them in everyday arithmetic.
In particular,

az[0] is On: oy maps the symbols “0” to Oy € N;
ag[1] is 1n: oy maps the symbols “1”7 to 1y € N;
ar[+] is +y, addition over N;

ag[] is N, multiplication over N;

ar[=] is =, equality over N.

Example 3.3. The formula 3z + 5 = 2y can be written using the signature
EPA as

rtrt+r+l+1+1+14+1=y+y
or as
14+14+1)-24+1+1+1+1+1=(14+1)-y.
In practice, we use the abbreviated notation 3x + 5 = 2y. |

Example 3.4. Rather than augmenting Tpa with axioms defining inequality
>, we can transform formulae with inequality into formulae over the restricted
signature Xpa. Write

3r+5>2y as Jz.z#0 A 3x+5=2y+2,

where z # 0 abbreviates =(z = 0). The latter formula is a Ypa-formula. Weak
inequality can be similarly transformed. Write

3r+5>2y as Jz.3x+5=2y+=z.

Example 3.5. The Ypa-formula
dr,y,z. 220 AN y#0 AN 2#0 AN zx+yy = z2

is Tpa-valid. It asserts that there exists a triple of positive integers fulfilling
the Pythagorean Theorem. The formula

Jr,y,z. 2 #0 AN y#0 A z2#0 A zax + yyy = 222

is the cubic analogue. For constant n, let ™ represent n multiplications of x;
then every formula of the set

{Vae,y,2. 240 AN y#0 A 2#0 — 2" +y" #2" : n>2 AN nel}

is Tpa-valid, as claimed by Fermat’s Last Theorem and proved by Andrew
Wiles in 1994. ]
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Remark 3.6. Godel’s first incompleteness theorem (see Bibliographic Re-
marks of Chapter 2) implies that Peano arithmetic Tpa does not capture true
arithmetic: there exist closed YXpa-formulae representing valid propositions of
number theory that are Tpa-invalid. Gédel’s proof constructs such a formula:
it encodes the assertion that the formula itself cannot be proved. Now, either
this formula can be proved from the axioms of Tpa (contradicting itself so that
Tpa is inconsistent) or it cannot be proved (so that Tpa is incomplete).

Satisfiability and validity in Tpa is undecidable. Therefore, we turn to a

more restricted theory of arithmetic that does not allow multiplication.

3.3.2 Presburger Arithmetic
The theory of Presburger arithmetic T has signature
2N {0, 1, +, :},

where

e 0 and 1 are constants;
e + (addition) is a binary function;
e and = (equality) is a binary predicate.

Its axioms are a subset of the axioms of Tpa:

1. Vz. ~(x +1=0) (zero)
2. Vx,y.z+1l=y+1 - z=y (successor)
3. Fl0] A (Va. F[z] = Flx+1]) — Vz. F[z] (induction)
4. Vz.z+0=z (plus zero)
5. Ve,y. o+ (y+1)=(z+y)+1 (plus successor)

Again, (induction) is an axiom schema standing for the set of axioms obtained
by replacing F' with each Yy-formula that has precisely one free variable.
The intended interpretations of Ty have domain N and are such that

0] is Oy € N;
1] is 1y € N;
+] is +n, addition over N;
=] is =, equality over N.

a][
a][
Oé[[
Oé[[
How does one reason about all integers, Z = {...,—2,—1,0,1,2,...}? Such
formulae can be encoded as Yy-formulae.
Example 3.7. Consider the formula
Fo: Yw,z. Jy,z. 2 +2y—2—13 > -3w+5,

where — is meant to be interpreted as standard subtraction, and w, z, y, and
z are intended to range over Z. The formula
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YWy, Wns Tpy Tre IWp, Yn, Zp, Zn-

Fi:
' (Zp — ) +2(Yp — Yn) — (2p — 2n) — 13> =3(wp — wp) +5

introduces two variables, v, and vy, for each variable v of Fj. While each of v,
and v,, can only range over N, v, —v,, should range over the integers. But how
is — interpreted? Moving negated terms to the other side of the inequality
eliminates —:

YWy, Wns Tpy Tre IWp, Yn, Zp, Zn-

Fy:
? Tp +2Yp + 2 + 3wy > Ty +2Yn + 2p + 13+ 3w, +5 .

The final transformation eliminates constant coeflicients and strict inequality:

YWy, Wn, Tpy T IYp, Yn, Zps Zn- U
=(u=0) A
Fy : Tp+Yp T Yp t 2n + Wp + Wy + Wy
=Tn+Yn +Yn+ 2p + Wy +wr +wp, +u
+14+14+14+1+1+1+1+1+1
+1+14+1+14+1+14+1+14+1.

Presburger showed in 1929 that Ty is decidable. Therefore, the “theory
of (negative and positive) integers” that we loosely constructed above is also
decidable via the syntactic rewriting of formulae into Xy-formulae. Rather
than using this cumbersome rewriting, however, we next study a theory of
integers.

3.3.3 Theory of Integers

The theory of integers Ty has signature

Syt {,=2,-1,0, 1,2, ..., =3,—2, 2, 3, ..., +, — = >},
where
e ..., —2 -1,0,1,2, ...areconstants, intended to be assigned the obvious
corresponding values in the intended domain of integers Z;
e ..., =3, —2- 2, 3-, ... are unary functions, intended to represent con-

stant coefficients (e.g., 2 - z, abbreviated 2z);

e + and — are binary functions, intended to represent the obvious corre-
sponding functions over Z;

e = and > are binary predicates, intended to represent the obvious corre-
sponding predicates over Z.

Since Example 3.7 shows that Yz-formulae can be reduced to Xn-formulae, we
do not axiomatize T%. Ty is merely a convenient representation for reasoning
about addition over all integers.
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The intended interpretations of Tz have domain Z and are such that oy
assigns the obvious values, functions, and predicates to the constant, function,
and predicate symbols of Yz.

In Chapter 7, we discuss Cooper’s decision procedure for deciding T7-
validity, while in Chapter 8, we discuss decision procedures for the quantifier-
free fragment of T7. These procedures decide Ti-validity as well: the following
example illustrates that Yy-formulae can be reduced to Xz-formulae.

Example 3.8. To decide the Ty-validity of
Ve.y. z=y+1,
decide the Ty-validity of
Ve.z>0 — Jy.y>0 AN z=y+1,
where t; > to expands to t; =ty V t1 > to. [ |

We prove the validity of several Xz-formulae using the semantic argument
method. Our application of the semantic argument method in this context is
informal; it is intended to allow us to argue intuitively about validity until
Chapter 7.

Example 3.9. To prove that the X-formula
F:Vyyz x>z ANy>0 - z+y>=z.

is Tz-valid, assume otherwise: there is a Tz-interpretation I such that I = F:
1. I ¥ F assumption

L: I<{z—vi}<a{y— va}<a{z+— v3}
Eare>zANy>20 - z+y>z 1,V

3. I EFx>zAy>0 2, —
4. L E x+y>=z 2, —
5. 1 E -z +y>2) 4, -

We derive a contradiction by collecting formulae from lines 3 and 5, applying
the variant interpretation I7, and querying the theory T7: are there integers
V1, Ve, Vs such that

vi>vg A vo >0 A ﬂ(V1+V2>V3)?

No, for vi > v3 A vo > 0 implies v; + vo > v3. We summarize this reasoning
in T with the line

6. .[1 ': J_ 3, 5, TZ

Therefore, F' is Ty-valid. |
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Arguing the validity of arithmetic formulae at the level of axioms is te-
dious. Therefore, unlike in Example 3.2 in which the theory-specific reasoning
is incorporated into the semantic argument method by applying and stating
specific axioms of Tg, the semantic argument method for 77 handles the “log-
ical” aspects of the structured reasoning, while a separate informal argument
reasons about the theory-specific elements.

Example 3.10. To prove that the Xz-formula
F:Ve,y2>0AN (z=2y Vao=2y+1) — z—y>0
is Ty-valid, assume otherwise: there is a Ty-interpretation I such that I = F":

1. I ¥~ F assumption
L: I<{z—vi}<a{y— va}
Ex>0A (z2=2y Vao=2y+1) — 2—y>0

1,V
3. I Ex>0AN (z=2y Vx=2y+1) 2, —
4. L = x>0 3, A
5. I E x=2y Vazx=2y+1 3, A
6. I £ xz—y>0 2, —
7. L E o(x—y>0) 6, =

There are two cases to consider. In the first case,
8a. T F =2y 5,V

We collect the formulae of lines 4, 7, and 8a, apply the variant interpretation
I, and query the theory T7%: are there integers vy, vs such that

vi>0 A vi=2vs A —(vi—vy >0)7

No, for substituting v; = 2vy throughout produces
2vo >0 A —(2v2 —vy > 0)

which simplifies to
vo >0 A —(ve >0),

a contradiction. This reasoning is summarized by
9. L E L 4,7, 8a, Ty,
In the second case,
8. I F x=2y+1 5,V

Considering lines 4, 7, and 8b, are there integers vy, vs such that



3.4 Rationals and Reals 79
vi>0 A vi=2va+1 A —(vi —vo>0)7
No, for substituting v; = 2vs 4+ 1 throughout produces
2vo+1>0 A =(2va+1—vy>0),
which simplifies to
2vo+1>0 A =(va+1>0).

The first literal holds only when v > —1, while the second holds only when
vo < —1, a contradiction. This reasoning is summarized by

9. I = L 4,7, 8b Ty

Thus, F' is Tz-valid. |

3.4 Rationals and Reals

Almost as old as arithmetic on integers is arithmetic on the rational numbers
Q and (not quite as old) on the real numbers R. In this section, we describe
two theories of real arithmetic. The latter theory can also be seen as a theory
of rational arithmetic.

The first theory is the theory of reals, involving addition and multiplica-
tion over R; it is also known as elementary algebra. The term “elementary”
refers to the restriction that variables range only over domain elements (as in
all first-order theories), not over sets or functions of domain elements. Most
junior high students are familiar with elementary algebra. As a first-order
theory, elementary algebra is of course more complex since formulae are con-
structed with logical connectives and quantifiers.

The second theory is the theory of addition over R or Q. Interpretations
with domains of R are indistinguishable from interpretations with domains of
Q, as we discuss below. For this reason, we call this second theory the theory
of rationals.

Example 3.11. Let us distinguish informally between the theories of integers
(with only addition), reals (with addition and multiplication), and rationals
(with only addition).

In the theory of integers,

F: dx.22=7

is Tyz-invalid. However, assigning to x the rational number ; satisfies 2z = 7,
so I should be satisfiable in the theory of rationals. Moreover, ; is also a real
number, so F' should also be satisfiable in the theory of reals.

The theory of reals includes multiplication, allowing a formula like
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G: Jz. 22 =2

to be expressed, where 22 abbreviates x - x. G should be valid in the theory

of reals because assigning to z the real number V2 satisfies 22 = 2. /2 is
irrational. |

3.4.1 Theory of Reals
The theory of reals Tk, or elementary algebra, has signature
ER : {07 17 +a Ty Ty T Z} )

where

0 and 1 are constants;

+ (addition) and - (multiplication) are binary functions;

— (negation) is a unary function;

and = (equality) and > (weak inequality) are binary predicates.

Tr has the most complex axiomatization of the theories that we study. We
group axioms by their mathematical content.

First are the axioms of an abelian group. An abelian group is a structure
with additive identity 0, associative and commutative addition +, additive
inverse —, and equality =. The qualifier “abelian” simply means that addition
is commutative. The axioms are the following:

1. Vo,y,2. (x+y)+z=2+ (y+2) (4 associativity)
2.Vz.z24+0=2 (+ identity)
3. Vr.x+(—z)=0 (4 inverse)
4. Ve,y.z4+y=y+x (+ commutativity)

The first three axioms are the axioms of a group.

Second are the additional axioms of a ring. A ring is an abelian group with
a multiplicative identity 1 and associative multiplication - that distributes over
addition. For convenience, we usually shorten z - y to zy.

1. Vz,y, z. (zy)z = z(yz) (- associativity)
2. Vz.zl=x (- left identity)
3. Ve. lz =2 (- right identity)
4. Va,y,z. x(y+ 2) =zy + 2 (left distributivity)
5. Va,y,z. (x +y)z =22+ yz (right distributivity)

Both left and right identity and distributivity axioms are required since - is
not commutative (yet). It is made so in the next set of axioms.

Third are the additional axioms of a field. In a field, - is commutative;
the additive and multiplicative identities are different; and the multiplicative
inverse of a non-0 value exists (e.g., ; is the multiplicative inverse of 2).

1. Va,y. a2y = yx (- commutativity)



2.
3.

0#1
Ve.x#0 — Jy.ay=1
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(separate identities)
(- inverse)

The axiom (- commutativity) makes the (- right identity) and (right distributivity)
axioms redundant.
Fourth are the additional axioms characterizing > as a total order.

[\]

We again abbreviate 1, .

Ne,2y.x 2y Ny>ax — x=y
Nr,y,z.x >y Ny>z — x>z
Nryy.x >y Vy>a

(antisymmetry)
(transitivity)
(totality)

Finally are the additional axioms of a real closed field.

Vr,y,zor 2y — x+z>2y+z2
NVr,y. x>0 AN y>0 — 2y >0

Ve, Jy. x=y% V x=—y?

. for each odd integer n,

Vo, 3y y" + oy o oyt =0

(4 ordered)
(- ordered)
(square-root)

(at least one root)

..,y by . By y", we mean y multiplied by itself

n times: y---y. The axioms (4 ordered) and (- ordered) assert that every
Tr-interpretation is an ordered field. The axiom (square-root) asserts the
existence of the square-root of every value. The final axiom schema states

that polynomials of odd degree have at least one root.

w N

10.
11.
12.
13.

14.
15.

16.

Putting all axioms together and pruning redundant axioms, we have:

Ne,2y.x 2y Ny>x — x=y
Nr,y,z.x >y Ny>z — x>z
NVryy.x >y Vy>a

Veyy,zo (e y)tz=2+ (y+ 2)

Ve.x+0==x

Ve, x4+ (—z)=0
Vryy.x+y=y+zx
N,y zox >y - x+z>y+z

Y,y 2. (zy)z = 2(yz)

Ve, lz =x

Ve.x 20 — Jy. ay=1

V,y. xy = yx

Ve,y. >0 AN y>0 — xzy >0

Ve, y,z. x(y + 2) = xy + a2
01

Ve, Jy. x=y? vV —x =y>?

(antisymmetry)
(transitivity)
(totality)

(+ associativity)
(+ identity)

(+ inverse)

(+ commutativity)
(+ ordered)

(- associativity)
(- identity)

(- inverse)

(- commutativity)
(- ordered)

(distributivity)
(separate identities)

(square-root)
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17. for each odd integer n,
Vo Iy y" 4oy 4y + 2, =0 (at least one root)

Example 3.12. The method of quantifier elimination, which we study
in Chapter 7, eliminates quantifiers from a formula to produce an equivalent
quantifier-free formula. If a formula F' contains free variables, then a quantifier
elimination procedure produces an equivalent quantifier-free formula F’ such
that free(F”) C free(F'). For example, when is the formula

F: 3. ax’+bx+c=0

satisfiable? That is, what are the conditions on a, b, and ¢ such that a quadratic
polynomial has a real root? Recall that the discriminant must be nonnegative:

F': v®—4ac>0.
[’ is the quantifier-free formula that is Tr-equivalent to F. |

Tarski proved that Tg was decidable in the 1930s, although the Second
World War prevented his publishing the result until 1956. Collins proposed the
more efficient technique of cylindrical algebraic decomposition (CAD) in
1975. Unfortunately, even the most efficient decision procedures for Tg have
prohibitively high time complexity: CAD runs in time proportionate to 924" ,
for some constant k and for |F| the length of Yg-formula F'.

3.4.2 Theory of Rationals

Given the high complexity of deciding Tg-validity (and the high intellectual
complexity of Tarski’s and subsequent decision procedures for Tg), we turn to
a simpler theory without multiplication, the theory of rationals Tg. It has
signature

EQ: {Oa 17 +a — = Z}a
where

0 and 1 are constants;

+ (addition) is a binary function;

— (negation) is a unary function;

and = (equality) and > (weak inequality) are binary predicates.

Its axioms are the following:

L.Ve,y x>y Ny>x — x=y (antisymmetry)
2. Vr,y,z.x >y Ny>z — x>z (transitivity)
3. Vz,y.x>y Vy>x (totality)
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4. Ve, y,z. (x+y)+z=c+(y+2) (+ associativity)
5. Ve.x+0=ux (+ identity)
6. Ve.z+ (—z) =0 (4 inverse)
7. Ve,y.r+y=y+=zx (+ commutativity)
8. Va,y,z. x>y — cz+z>y+=z (+ ordered)

9. for each positive integer n,
Ve.nz=0 — =0 (torsion-free)

10. for each positive integer n,
Vz. Jy. . =ny (divisible)

By nz we mean x added to itself n times: x + - - - 4+ x. The first eight axioms
are a subset of the axioms of Tr. They state that every Tp-interpretation is
an ordered abelian group. > is a total order by the first three axioms. Identity
0, addition +, additive inverse —, and equality = comprise an abelian group
by the next four axioms. The eighth axiom asserts that the abelian group is
ordered.

The axiom schema (torsion-free) states that only 0 can be added to itself to
produce 0. The name “torsion-free” comes from the following mathematical
context. In a group, the order of an element v is the integer n such that nv
is the identity element 0: nv = 0. If no such n exists, then the element v has
infinite order. A group is torsion-free if the only element with finite order is
the identity 0.

Finally, the axiom schema (divisible) asserts that all elements of the domain
Dy of a Tp-interpretation I are divisible. That is, for every positive integer n,
every element v € Dy is the sum of n of some other element w € Dj.

Thus, every Tp-interpretation is a divisible torsion-free abelian group. In
particular, the rationals and reals with +, —, =, and > are divisible torsion-
free abelian groups. As Tg-interpretations, the rationals and reals are ele-
mentarily equivalent: there does not exist a Yg-formula that distinguishes
between a real Tp-interpretation (an interpretation with domain R) and a
rational Tgp-interpretation (an interpretation with domain Q).

This characteristic makes sense, intuitively: no linear expression with only
integer coefficients can capture, say, v/2 without also being satisfied by some
rational values. When junior high students solve linear algebra problems, they
apply addition, subtraction, multiplication, and division; but they do not take
roots.

In contrast, TR is a theory of reals: the Xg-formula z-2 = 2 is only satisfied
by Tg-interpretations I in which az[z] = —v/2 or azlz] = V2.

Example 3.13. Strict inequality is simple to express in Tp. Write

Vr,y. 3z.x+y >z
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as the Yg-formula
Ve,y. Jz. 2(z+y=2) AN x+y>=z.
The situation is similar for Tk. |

Example 3.14. Rational coefficients are simple to express in Tg. Write

1 +2 >4
9¥ T g¥ =

as the Yg-formula 3z + 4y > 24. [ |

For convenience, we sometimes write © <y for y > x.

In Chapter 7, we study a procedure for eliminating quantifiers in the theory
Tg. On closed formulae, this procedure decides validity. In Chapter 8, we study
a decision procedure for the quantifier-free fragment of Ty, which is efficiently
decidable.

3.5 Recursive Data Structures

The theory of recursive data structures (RDS) describes a set of data
structures that are ubiquitous in programming. The most basic RDS is a non-
recursive structure, like C’s struct, in which a single variable has multiple
fields. Truly recursive RDSs include lists, stacks, and binary trees.

The theory of recursive data structures Trps formalizes the reasoning
about such structures. It builds on the theory of equality Tg.

Theory of Lists
We first focus on the theory of LISP-like lists, Teons, which has signature
Yeons : {cons, car, cdr, atom, =} ,

where

e cons is a binary function, called the constructor: cons(a, b) represents the
list constructed by concatenating a to b;

car is a unary function, called the left projector: car(cons(a, b)) = q;

cdr is a unary function, called the right projector: cdr(cons(a, b)) = b;
atom is a unary predicate: atom(x) is true iff x is a single-element list;
and = (equality) is a binary predicate.

car and cdr are historical names abbreviating “contents of address register”
and “contents of decrement register”, respectively. In the intended interpre-
tations, atoms are individual elements, while lists are multiple elements as-
sembled together via cons. For example, cons(a,cons(b,c)) is a list of three
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elements, while a for which atom(a) holds is an atom. car and cdr are func-
tions for accessing parts of lists. For example, car(cons(a, cons(b, ¢))) returns
the head a of the list; cdr(cons(a, cons(b, ¢))) returns the tail cons(b, ¢) of the
list; and cdr(cdr(cons(a, cons(b, ¢)))) returns c.

The axioms of Tens are the following:

1. the axioms of (reflexivity), (symmetry), and (transitivity) of Tg
2. instantiations of the (function congruence) axiom schema for cons, car, and
cdr:

V1, T2, Y1,Y2. T1 =Tz A Y1 =Y2 — cons(z1,y1) = cons(zz,Y2)
Vo,y. x =y — car(z) = car(y)
Ve,y. z =y — cdr(z) = cdr(y)

3. an instantiation of the (predicate congruence) axiom schema for atom:

Va,y. x =y — (atom(x) < atom(y))

4. Vx,y. car(cons(x,y)) = x (left projection)
5. Va,y. cdr(cons(z,y)) =y (right projection)
6. Va. matom(z) — cons(car(x),cdr(x)) =z (construction)
7. VYx,y. ~atom(cons(z,y)) (atom)

The first three sets of axioms define = to be a congruence relation for cons,
car, cdr, and atom. The axioms (left projection) and (right projection) define
the behavior of car and cdr on non-atom lists: car returns the first element of
a cons structure, and cdr returns the second element. However, they do not
specify the behavior of car and cdr on atoms. The (construction) axiom states
that the cons of car(z) and cdr(z) is « itself, unless x is an atom. In other
words, cons constructs structures, and car and cdr deconstructs them. Finally,
the axiom (atom) asserts that a term with root function symbol cons is not
an atom; it is a non-atomic list.

The congruence axioms for cons, car, and cdr assert an important property
about lists: two lists are equal iff their components are equal. The forward
direction — if two lists are equal, then their components are equal — is a
consequence of the (function congruence) axioms for car and cdr. The backward
direction is a consequence of the (function congruence) axiom for cons. This
relationship between two structures and their components is sometimes called
extensionality. We see it in arrays as well.

General Theory of RDS

Teons is an instance of the general theory of recursive data structures Trps.
Each RDS contributes the following to the signature:

e an n-ary constructor C;
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e n projection functions 77%, . ,ﬂg;

e and one atom predicate atomc.
Associated with each RDS is an instantiation of the following axiom schema:

1. the axioms of (reflexivity), (symmetry), and (transitivity) of Tg;

2. instantiations of the (function congruence) axiom schema for constructor

C and set of projectors 7, ..., 7¢;

) tmy

3. an instantiation of the (predicate congruence) axiom schema for atomc;
4. for each i € {1,...,n},

Voi,...,Tn. ﬂf(C(xl, cey ) = 1 (projection)
5. Vo. matomc(z) — C(n$(z),...,7$(2)) =2 (construction)
6. Vr1,...,x,. matomc(C(zy, ..., 2,)) (atom)

The axioms of Teons are an instantiation of this schema. We subsequently
focus on Teons for concreteness.

Theory of Acyclic Lists

A variation on this theory in which data structures are acyclic has been stud-
ied. Acyclicity makes sense for stacks, but not necessarily for lists and other
data structures. Consider the theory of acyclic LISP-like lists, 7.5, . Its axioms
include those of Teons and the following axiom schemas:

V. car(x) #
V. cdr(

V. car(car(

V. car(cdr(z)) # x
Va. cdr(car(x)

T is decidable, but Teons is not. However, the quantifier-free fragments of

these theories are efficiently decidable.

Theory of Lists with Specified Atoms

The axioms of Tions leave the behavior of car and cdr on atoms unspecified.
Adding the axiom

V. atom(z) — atom(car(x)) A atom(cdr(x))

to those of Teons makes decidability of the resulting theory T:22°™ NP-complete.

cons
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Theory of Lists with Equality

In Chapter 9, we describe a decision procedure for satisfiability in the
quantifier-free fragment of Tions. The decision procedure is actually appli-
cable to the quantifier-free fragment of a more expressive theory, T, which
is the combination of Tg and T¢ons and thus includes uninterpreted constants,
functions, and predicates. Thus, its signature is XgU Xcons, and its axioms are
the union of the axioms of Tg and Tcons. In Section 3.8 and Chapter 10, we
discuss more general combinations of theories.

Example 3.15. To prove that the X .-formula

car(a) = car(b) A cdr(a) =cdr(b) A —atom(a) A —atom(b)
— fla) = f(b)

is T;,s-valid, assume otherwise: there exists a T (-interpretation I such that
I = F:

F:

1 I F assumption
2. I car(a) = car(b) 1, =, A

3. I cdr(a) = cdr(b) 1, =, A

4. 1 —atom(a) 1, =, A

5. 1 —atom(b) 1, =, A

6. T £ fa)=f0) 1, -

7.1 cons(car(a), cdr(a)) = cons(car(b) cdr(b))

LI L L S T L [ [

2, 3, (function congruence)

8. I cons(car(a),cdr(a)) = a 4, (construction)

9. I cons(car(b), cdr(b)) = b 5, (construction)

10. I a=>o 7, 8, 9, (transitivity)

11. I fa) = f(b) 10, (function congruence)

12. Tk L 6, 11
Therefore, F' is T, .-valid. |
3.6 Arrays

Arrays are another common data structure in programming. They are similar
to the uninterpreted functions of Tg except that they can be modified. The
theory of arrays T describes the basic characteristic of an array: if value v
is written to position ¢ of array a, then subsequently reading from position i
of a should return v. Because logic is static, modified arrays are represented
functionally, as in functional programming.

The theory of arrays Ta has signature

Xn {[]a '<'<1'>7 :}’7

where
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e qfi] (read) is a binary function: a[i] represents the value of array a at
position i;

e a(i<v) (write) is a ternary function: a(i <v) represents the modified array
a in which position ¢ has value v;

e and = (equality) is a binary predicate.

-[-] and -(-<-) really are binary and ternary functions, respectively, even though
we write them using a convenient notation. Writing a[i] as read(a, i) and a(i<e)
as write(a, i, e) emphasizes that they are functions.

Arrays are represented functionally. The term a(i < v) is an array that
is like a except that it has value v at position 4. The term a(i <v)[j] (which
abbreviates (a(i<v))[j]) is equal to the value of array a(i<v) at position j: it is
vif j =i and a[j] otherwise. a(i<v){j<w) (which abbreviates (a(i<v)){j<w))
is an array that is like a except that it differs at the positions ¢, where it has
value v, and j, where is has value w. Finally, the term a(i<v)(j <w)[k] (which
abbreviates ((a(i <v)){j <w))[k]) has value w if &k = j (even if k = i also),
value v if k =4 and k # j, and value a[k] otherwise.

The axioms of Ta are the following;:

1. the axioms of (reflexivity), (symmetry), and (transitivity) of TE;

2. Ya,i,j. i =7 — ali] = alj] (array congruence)
3. Ya,v,4,j.i=7j — a{i<dv)[jl=v (read-over-write 1)
4. Ya,v,i,j. i #j — a(i<v)[j] = alj] (read-over-write 2)

The first set of axioms defines = as an equivalence relation. The next ax-
iom asserts that accessing an array with two equal expressions produces the
same element. The final two axioms capture the basic characteristic of arrays:
reading at an index that has been written produces the most recently written
value.

The equality predicate = is only defined for array “elements”. For example,

F: alij]=e — afi<e)=a

is not Ta-valid, although our intuition suggests that it should be. The problem
is that the interaction between = and the read and write functions is not
captured in the axioms of Ta. In other words, equality between arrays, not
just between elements, is undefined.

Instead of F', we write

F':oalil=e — Vj. ali<e)[j] = alj] ,
which is Ta-valid.
Example 3.16. To prove that

F': afi] =e — Vi ali<e)j] = alj]

is Ta-valid, assume otherwise: there is a Ta-interpretation I such that I = F”:
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o assumption

alil = e 1, —

aljl 1, —

, V, for some j € Dy
(

3

4

5, (read-over-write 2)
ali] = alj] 6, (array congruence)

6, (read-over-write 1)
. 2, 7, 8, (transitivity)
0. L 4,9

)

= © 00 N1 O Ul s WD
=~
TTTmTTTRRNT®
[
<

We derive line 6 from line 5 by using the contrapositive of (read-over-write
2). The contrapositive of Fy — Fy is =Fy — —F}, and

F,—F & —F, —-F .

Lines 4 and 9 are contradictory, so that actually I = F’. Thus, F’ is Ta-valid.
|

Unfortunately, Ta-validity is undecidable. It is straightforward to encode
arbitrary formulae of FOL in T by viewing functions as multi-dimensional
arrays (arrays whose elements are arrays). Therefore, a theory Tx in which
the behavior of = on arrays is axiomatized has been studied. Its quantifier-
free fragment is decidable. The signature of Ty is the same as that of Ta. Its
axioms consists of those of Tx and the following axiom:

Va,b. (Vi. ali] = b[i]) < a=10 (extensionality)
Example 3.17. To prove that
F: afil=e — ali<e)=a

is T -valid, assume otherwise: there is a T, -interpretation I such that I =
F:

1. T ¥ F assumption
2. I E ali]=¢e 1, —
3. I [ ali<e)y=a 1, —
4. I E afi<e)#a 3, -
5. I |E (Y. a(i<e)[j] = alj]) 4, (extensionality)
6. I £ Vi ali<e)jl=alil 5 -
The rest of the proof then proceeds as in Example 3.16. |

We present a decision procedure for the quantifier-free fragment of Th in
Chapter 9. In Chapter 11, we present a decision procedure for satisfiability in a
fragment of T that is more expressive than even the quantifier-free fragment
of T .
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Table 3.1. Decidability of theories and quantifier-free fragments

Theory Description Full QFF
Te equality no yes
Tea Peano arithmetic no no
T Presburger arithmetic yes  yes
Tz linear integers yes yes
Tr reals (with -) yes  yes
To rationals (without -) yes  yes
Tros recursive data structures no yes
TR*E)S acyclic recursive data structures yes yes
Ta arrays no yes
Ta arrays with extensionality no yes

Table 3.2. Complexities for decidable theories

Theory Complexity
PL NP-complete

T, Ty Q2 (22"), 0 (222“)
Tr 1o (22’“")
To 22", 0 (22“)

TR+DS not elementary recursive

3.7 *Survey of Decidability and Complexity

We survey the known decidability and complexity results of the theories of
this chapter.

Table 3.1 summarizes the decidability results for the first-order theories.
The quantifier-free fragment of each theory that we study in Part II of this
book is decidable.

Table 3.2 summarizes the complexity results for satisfiability in PL and the
decidable first-order theories. For all complexities, n is the size of the input
formula, and k is some positive integer. A decision problem is not elementary
recursive if its running time cannot be bounded by a fixed-height stack of
exponentials. Only decision procedures for satisfiability in PL scale well to
large problems.

Table 3.3 summarizes the complexity results for the quantifier-free frag-
ments. As satisfiability in PL is already NP-complete, we consider only con-
junctive formulae, which are just conjunctions of literals. For example, sat-
isfiability of propositional conjunctive formulae is decidable in linear time: if
both P and —P appear in F', for some propositional variable P, then F' is un-
satisfiable; otherwise, F is satisfiable. For quantifier-free (but not conjunctive)
formulae, all complexities except that for Tg are NP-complete. Satisfiability in
the quantifier-free fragments of Tg, T, Trps, and TF'{DS is efficiently decidable.
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Table 3.3. Complexities for quantifier-free, conjunctive fragments of theories

Theory Complexity Theory Complexity

PL O(n) Te O(nlogn)
Tw, Tz NP-complete Tk o (2*")

To PTIME Tds  O(n)

Tros O(nlogn) Ta NP-complete

3.8 Combination Theories

In practice, the formulae that we want to check for satisfiability or validity
span multiple theories. For example, in program verification, one might want
to prove a property about an array of integers or a list of reals. We will see
many such examples in Chapter 5. Thus, decision procedures for fragments of
first-order theories are essentially useless unless they can be combined.

What does every signature of every theory presented so far have in com-
mon? They all have equality, =. Nelson and Oppen made equality the focal
predicate in their general method for combining quantifier-free fragments of
first-order theories (with some restrictions). Given two theories T and T3 such
that Xy N Yy = {=} — only = is shared — the combined theory 77 U T, has
signature X7 U Xy and axioms A; U As. Nelson and Oppen showed that if

e satisfiability in the quantifier-free fragment of T3 is decidable;
e satisfiability in the quantifier-free fragment of 75 is decidable;
e and certain technical requirements are met,

then satisfiability in the quantifier-free fragment of 77 U T is decidable. Fur-
thermore, if the decision procedures for T} and T5 are in P (in NP), then the
combined decision procedure for T3 U T3 is in P (in NP).

Chapter 10 studies the Nelson-Oppen combination of decision procedures.

Example 3.18. To prove that the (X5 U Xz)-formula
F:a=b — ali] >b[i

is (T UTy)-valid we assume otherwise: there is a (T U Tz)-interpretation I
such that I = F:

1. I E F assumption

2. I Ea=b 1, —

3. I = ali] > b[d] 1, —

4T (] >3-

5. I E ali] =b[i] 2, Tx (extensionality)
6. I = L 4,5 Ty UT,

Line 6 summarizes the argument that it is impossible for a Tz-interpretation
to satisfy both a[i] = b[¢] and —(a[i] > b[d]). |
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Example 3.19. The (X U Xz)-formula

1<z Ax<2 A flx)#f(1) A flz)# f(2)

is (Tg U T7)-unsatisfiable, for = cannot be either 1 or 2 without violating
(function congruence). Seen as a (X U Xg)-formula, it is (Tg U Tg)-satisfiable:
choose = = ;’

The (Xg U Xg)-formula

ff@) = f)#f) Aoy Ay+tz<z A0<z

is (TeUTp)-unsatisfiable. In particular, the final three literals imply that z = 0
and z = y, so that f(x) = f(y). But then from the first literal, f(0) # f(0)
since both f(z) — f(y) and z equal 0.

Finally, the (Xg U Xz)-formula

L<e Aw<3 A flx)# f(1) A fle)#FB) A F(1) #F(2)

is (TeUTy)-satisfiable since « can be 2 without violating (function congruence).
|

3.9 Summary

Important data types in software and hardware models include integers; ratio-
nals; recursive data structures like records, lists, stacks, and trees; and arrays.
This chapter introduces first-order theories that formalize these data types.
It covers:

e First-order theories. Formalizations of structures and operations into
first-order logic: signatures, axioms. Fragments of theories, in particular
quantifier-free fragments. Interpretations, satisfiability, validity.

e Specific theories:

— Fquality defines the binary predicate = as a congruence relation. Sat-
isfiability in the quantifier-free fragment is efficiently decidable, and
the decision procedure is the basis for decision procedures for data
structures (see Chapter 9).

— Integer arithmetic. Satisfiability in integer arithmetic without multipli-
cation is decidable.

— Rational and real arithmetic. Satisfiability in real arithmetic with mul-
tiplication is decidable with high complexity. Satisfiability in ratio-
nal arithmetic without multiplication is efficiently decidable. Rational
arithmetic without multiplication is indistinguishable from real arith-
metic without multiplication.

—  Recursive data structures include records, lists, stacks, and queues.
Satisfiability in the quantifier-free fragment is efficiently decidable.
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— Arrays can be read and written. Satisfiability in the quantifier-free
fragment is decidable. Chapter 11 studies a larger fragment in which
satisfiability is still decidable.

e Combination theories. How can decision procedures for multiple theories
be combined to decide satisfiability in combination theories?

Studying first-order theories is important for two reasons. First, theories
formalize into FOL interesting structures and operations on the structures.
Second, satisfiability in some theories or fragments of theories is decidable and
thus can be reasoned about algorithmically, whereas satisfiability in general
FOL is undecidable. Part IT of this book focuses on such theories and frag-
ments that are useful for program analysis. Chapters 5 and 6 provide many
examples of formulae from combinations of these theories in the context of
program verification.
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The undecidability of validity in FOL [13] motivated the subsequent study of
first-order theories and fragments. In 1929, Presburger proved that satisfiabil-
ity in arithmetic without multiplication is decidable [73]. Tarski showed in the
1930s that real arithmetic is decidable even with multiplication, although the
Second World War delayed the publication of this result [90]. The axiomati-
zation of recursive data structures that we study is from work by Nelson and
Oppen [66]. Oppen studied a variation in which structures are acyclic [69].
The axiomatization of arrays, in particular the read-over-write axioms, is due
to McCarthy [59]. The Nelson-Oppen combination method is based on work
by Nelson and Oppen in the late 1970s and early 1980s [65].

Exercises

3.1 (Semantic argument in Tg). Use the semantic method to argue the
validity of the following Xe-formulae, or identify a counterexample (a falsifying
Te-interpretation).

3.2 (Semantic argument in 77). Use the semantic method to argue the
validity of the following Xz-formulae, or identify a counterexample (a falsifying
Ty-interpretation).

() z <y N z=z+1 — z<y
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Brx<y ANz=z-1— z<y

(e)3x=2 — <0

1<z Aax<2 - zx=1V =2

(e)l<z ANz+y<3 Al1l<y - z=1Vazer=2

HO0<z AO<az+y Aazt+y<l A (y<-2v2<y) — 0<—1

3.3 (Semantic argument in Tp). Use the semantic method to argue the va-
lidity of the following Xp-formulae, or identify a counterexample (a falsifying
Tp-interpretation).

(@)3z=2 — <0
0<z+2y N 2x+y<1
()l<z ANz<2 - z=1Vzx=2

3.4 (Semantic argument in Tcns). Use the semantic method to argue the
validity of the following Ycons-formulae, or identify a counterexample (a falsi-
fying Teons-interpretation).

(a) car(z) =y A cdr(x) =2z — x = cons(y, z)
(b) matom(z) A car(z) =y A cdr(z) =z — x = cons(y,z)
3.5 (Semantic argument in 7Ta). Use the semantic method to argue the va-

lidity of the following X'a-formulae, or identify a counterexample (a falsifying
Ta-interpretation).

(a) a(i<e)[jl=e¢ — i=

(b) a(i<e)jl=e — a[j]=e

(c)ali<e)ljl=e — i=j V a[jl=c¢

(d) afi<e)(jaf)k ]—9 Nj#EkNi=j — alkl=g

3.6 (Semantic argument in combinations). For each of the following for-
mulae, identify the combination of theories in which it lies. To avoid ambiguity,
prefer Tz to T. Then argue its validity in that combination of theories using
the semantic method, or identify a counterexample.

() 1<z A x<2 A cons(l,y) # cons(z,y) — cons(2,y) = cons(z,y)

()ali] >1 ANafi]l+2<2 AN z>0 A z=i — alx<a2)i] =1

()1 <z A x<2 A cons(l,y) # cons(x,y) — cons(2,y) = cons(z,y)
(zt+y=2z A f(z)=2 — flzt+y) =2

(e) glx+y,z) = flglz,y) Nxz+z=y A z>20 AN x>y A glx,z)==2

— f(z) = 9(22,0)

3.7 (Semantic argument in combinations). Redo Exercise 3.6, preferring
Tp to Tz.
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Induction

Even though this proposition may have an infinite number of cases,

I shall give a very short proof of it assuming two lemmas. The first,

which is self evident, is that the proposition is valid for the second row.

The second is that if the proposition is valid for any row then it must
necessarily be valid for the following row.

— Blaise Pascal

Traité du Triangle Arithmetique, c. 1654

This chapter discusses induction, a classic proof technique for proving
first-order theorems with universal quantifiers. Section 4.1 begins with step-
wise induction, which may be familiar to the reader from earlier education.
Section 4.2 then introduces complete induction in the context of arithmetic.
Complete induction is theoretically equivalent in power to stepwise induction
but sometimes produces more concise proofs. Section 4.3 generalizes com-
plete induction to well-founded induction in the context of arithmetic and
recursive data structures. Finally, Section 4.4 covers a form of well-founded
induction over logical formulae called structural induction. It is useful for
reasoning about correctness of decision procedures and properties of logical
theories and their interpretations.

We apply induction in various ways throughout the book. Structural induc-
tion is applied in proofs. Additionally, induction is the basis for the program
verification methods of Chapter 5.

4.1 Stepwise Induction

We review stepwise induction for arithmetic and then show that it extends
naturally to other theories, such as the theory of lists Tions.
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Arithmetic

Recall from Chapter 3 that the theory of Peano arithmetic Tpa formalizes
arithmetic over the natural numbers. Its axioms include an instance of the
(induction) axiom schema

F[0] A (Vn. F|n] = Fn+1]) — Va. Flx]

for each Xpa-formula F[x] with only one free variable z. This axiom schema
says that to prove Vz. F|x] — that is, F[z] is Tpa-valid for all natural numbers
x — it is sufficient to do the following;:

For the base case, prove that F[0] is Tpa-valid.

For the inductive step, assume as the inductive hypothesis that for
some arbitrary natural number n, F[n] is Tpa-valid. Then prove that F[n+
1] is Tpa-valid under this assumption.

These two steps comprise the stepwise induction principle for Peano (and
Presburger) arithmetic.

Example 4.1. Consider the theory T;A obtained from augmenting Tpa with
the following axioms:

o Vr.2'=1 (exp. zero)
o Vr,y. z¥tl=2g¥.2 (exp. successor)
o Vz,z. exps(x,0,2) =z (exps zero)
o Va,y,z. exps(z,y+1,2) = exps(x,y,x - 2) (exps successor)

The first two axioms define exponentiation z¥, while the latter two axioms
define a ternary function exps(z,y, z).
Let us prove that the following formula is TF',*'A—Valid:

Va,y. exps(z,y,1) = z¥ . (4.1)

We need to choose either x or y as the induction variable. Considering the
exps axioms, it appears that y is the smarter choice: (exps successor) defines
exps recursively by considering the predecessor of y + 1.

Therefore, we prove by stepwise induction on y that

Fly]: Vz. exps(x,y,1) = 2¥ .
For the base case, we prove
F[0] : Va. exps(z,0,1) = 2° .

But 2° = 1 by (exp. zero), and ezp;(x,0,1) = 1 by (exp; zero).
Assume as the inductive hypothesis that for arbitrary natural number n,

Fln): Vz. exps(z,n,1) = 2™ . (4.2)
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We want to prove that

Fln+1]: Va. expg(x,n +1,1) = 2"t | (4.3)
By (exps successor), we have

exps(z,n+1,1) = ezps(z,n,z- 1) .

Unfortunately, the inductive hypothesis (4.2) does not apply to the left side
of the equation since n # n + 1, and it does not apply to the right side of
the equation because the third argument is x - 1 rather than 1. Continuing to
apply axioms is unlikely to bring us closer to the proof. Thus, we have failed
to prove the property.

What went wrong in the proof? Did we choose the wrong induction vari-
able? Would = have worked better? In fact, it is often the case that the prop-
erty must be strengthened to allow the induction to go through. A stronger
theorem provides a stronger inductive hypothesis.

Let us strengthen the property to be proved to

Va,y,z. exps(x,y,z) =a¥ -z . (4.4)

It clearly implies the desired property (4.1): just choose z = 1.
Again, we must choose the induction variable. Based on (exp5 successor),
we use y again. Thus, we prove by stepwise induction on y that

Fly]: Vz,z. ezps(x,y,2) =a¥ - 2z .
For the base case, we prove
F[0] : Va,z. expy(x,0,2) =2 - 2.

From (exps zero), we have exps(x,0,z) = z, while from (exp. zero), we have

aV-z=1-2=z.

Assume as the inductive hypothesis that

Fln]: Vx,z. exps(z,n,z) =z - 2 (4.5)
for arbitrary natural number n. We want to prove that

Fln+1]: Va,2. expy(z,n+1,2') = 2" . 2" (4.6)

where we have renamed z to 2’ for convenience. We have

exps(z,n+1,2") = exps(x,n,z - 2") (exps successor)
=z" (z-2) IH (4.5), 2+~ x -2
="t (exp. successor)

finishing the proof. The annotation z — z -2’ indicates that x- 2z’ is substituted
for z when applying the inductive hypothesis (4.5). This substitution is jus-
tified because z is universally quantified. Renaming z to 2z’ avoids confusion
during the application of the inductive hypothesis in the second line. |
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Lists

We can define stepwise induction over recursive data structures such as lists
(see Chapters 3 and 9). Consider the theory of lists Teons. Stepwise induction
in Tions is defined according to the following schema

(V atom u. Flu]) A (Vu,v. F[v] — F[cons(u,v)]) — V. F[z]

for Xeons-formulae F[z] with only one free variable . The notation V atom u. F[u]
abbreviates Yu. atom(u) — F[u]. In other words, to prove Vz. F[z] — that is,
F[z] is Teons-valid for all lists 2 — it is sufficient to do the following;:

For the base case, prove that Flu] is Teons-valid for an arbitrary atom u.
For the inductive step, assume as the inductive hypothesis that for
some arbitrary list v, F[v] is valid. Then prove that for arbitrary list u,
F[cons(u,v)] is Teons-valid under this assumption.

These steps comprise the stepwise induction principle for lists.

Example 4.2. Consider the theory T/ . obtained from augmenting T¢ons with
the following axioms:

e Vatom u. Yu. concat(u,v) = cons(u,v) (concat. atom)
o Yu,v,x. concat(cons(u,v),x) = cons(u, concat(v, z)) (concat. list)
o Vatom u. rvs(u) =u (reverse atom)
o Vz,y. rvs(concat(x,y)) = concat(rvs(y), rvs(z)) (reverse list)
o Vatom u. flat(u) (flat atom)
o Vu,v. flat(cons(u,v)) < atom(u) A flat(v) (flat list)

The first two axioms define the concat function, which concatenates two lists
together. For example,

concat(cons(a, b), cons(b, cons(c, d)))
= cons(a, cons(b, cons(b, cons(c, cons(d))))) .

The next two axioms define the rvs function, which reverses a list. For exam-
ple,

rvs(cons(a, cons(b, ¢))) = cons(c, cons(b,a)) .

Note, however, that rvs is undefined on lists like cons(cons(a,b),c), for

cons(cons(a, b), ¢) cannot result from concatenating two lists together. There-

fore, the final two axioms define the flat predicate, which evaluates to T on

a list iff every element is an atom. For example, cons(a, cons(b, ¢)) is flat, but

cons(cons(a, b), ¢) is not because the first element of the list is itself a list.
Let us prove that the following formula is Tt _-valid:

cons

V. flat(z) — rvs(rvs(z)) =x . (4.7)

For example,
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rus(rvs(cons(a, cons(b, ¢)))) = rvs(cons(c, cons(b, a)))
= cons(a, cons(b, ¢))

We prove by stepwise induction on x that
Flz]: flat(z) — rvs(rvs(z)) =z .

For the base case, we consider arbitrary atom u and prove
Flu]: flat(u) — rvs(rvs(u)) =u .

But rvs(rvs(u)) = u follows from two applications of (reverse atom).
Assume as the inductive hypothesis that for arbitrary list v,

Flv] : flat(v) — rus(rvs(v)) =v . (4.8)
We want to prove that for arbitrary list u,
Flcons(u,v)] : flat(cons(u,v)) — rvs(rvs(cons(u,v))) = cons(u,v) . (4.9)

Consider two cases: either atom(u) or —atom(u).
If —atom(u), then

flat(cons(u,v)) < atom(u) A flat(v) & L,

by (flat list) and assumption. Therefore, (4.9) holds since its antecedent is L.
If atom(u), then we have that

flat(cons(u,v)) < atom(u) A flat(v) < flat(v)
by (flat list). Furthermore,

rvs (rvs(cons(u, v)))

= rvs(rvs(concat(u,v))) (concat. atom)
= rvs(concat(rvs(v), rvs(u))) (reverse list)
= concat(rvs(rvs(u)), rvs(rvs(v))) (reverse list)
= concat(u, rvs(rvs(v))) (reverse atom)
= concat(u,v) TH (4.8), since flat(v)
= cons(u, v) (concat. atom)
which finishes the proof. |

4.2 Complete Induction

Complete induction is a form of induction that sometimes yields more
concise proofs. For the theory of arithmetic Tpa it is defined according to the
following schema
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(Vn. (Vn'. n' <n — F[n']) - Fln]) — Va. F[z]

for Xpa-formulae F[z] with only one free variable x. In other words, to prove
V. Flz] — that is, F[z] is Tpa-valid for all natural numbers 2 — it is sufficient
to follow the complete induction principle:

e Assume as the inductive hypothesis that for arbitrary natural number
n and for every natural number n’ such that n’ < n, F[n'] is Tpa-valid.
Then prove that F[n] is Tpa-valid.

It appears that we are missing a base case. In practice, a case analysis usually
requires at least one base case. In other words, the base case is implicit in
the structure of complete induction. For example, for n = 0, the inductive
hypothesis does not provide any information — there does not exist a natural
number n’ < 0. Hence, F'[0] must be shown separately without assistance from
the inductive hypothesis.

Example 4.3. Consider another augmented version of Peano arithmetic, 755,
that defines integer division. It has the usual axioms of Tpa plus the following:

o Vry.x<y — quot(x,y) =0 (quotient less)
o Vr,y.y>0 — quot(x+y,y) = quot(z,y) +1 (quotient successor)
o Vry.xz<y — rem(x,y)==x (remainder less)
e Vz,y.y>0 — rem(z+y,y) = rem(z,y) (remainder successor)

These axioms define functions for computing integer quotients quot(z,y) and
remainders rem(z,y). For example, quot(5,3) = 1 and rem(5,3) = 2. We
prove two properties, which the reader may recall from grade school, about
these functions. First, we prove that the remainder is always less than the
divisor:

Ve,y.y >0 — rem(z,y) <y . (4.10)
Then we prove that
Ve,y.y >0 — x=1y- quot(z,y) + rem(z,y) . (4.11)

For property (4.10), (remainder successor) suggests that we apply complete
induction on x to prove

Flz]: Yy.y>0 — rem(x,y) <y . (4.12)

Thus, for the inductive hypothesis, assume that for arbitrary natural number
1‘7

Vo' o' <z — Vy.y>0 — rem(z’,y) <y . (4.13)
- ~ 4
Flz']
Let y be an arbitrary positive natural number. Consider two cases: either
x <y or(x<y).
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If z < y, then
rem(z,y) = x (remainder less)
<y by assumption z < y
as desired.

If =(z < y), then there is a natural number n, n < z, such that = n+y.
Compute

rem(z,y) = rem(n +y,y) r=n+y
= rem(n,y) (remainder successor)
<y IH (4.13), 2’ — n, since n < x

finishing the proof of this property.

For property (4.11), (remainder successor) again suggests that we apply
complete induction on x to prove

Glz]: Yy.y>0 — x=y- quot(z,y) + rem(x,y) . (4.14)

Thus, for the inductive hypothesis, assume that for arbitrary natural number
x’

Vo' ' <z — Vy.y>0 — 2’ =y quot(z',y) + rem(z’,y) . (4.15)
N~ ~ -
Glz']

Let y be an arbitrary positive natural number. Consider two cases: either
x <yor-(r<y).

If x < y, then
y-quot(z,y) + rem(z, y)
=y -0+ rem(z,y) (quotient less)
=z (remainder less)
as desired.

If =(z < y), then there is a natural number n < z such that z = n + y.
Compute

y-quot(z,y) + rem(x,y)

=y quot(n +y,y) + rem(n +y,y) T=n+y

=y - (quot(n,y) + 1) + rem(n +y,y) (quotient successor)

=y (quot(n,y) + 1) + rem(n,y) (remainder successor)

= (y - quot(n,y) + rem(n,y)) +y

=n-+y IH (4.15), 2’ — n, since n < x

= r=n-+y
finishing the proof of this property. |

In the next section, we generalize complete induction so that we can apply
it in other theories.
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4.3 Well-Founded Induction

A binary predicate < over a set S is a well-founded relation iff there does
not exist an infinite sequence si, so, s3,... of elements of S such that each
successive element is less than its predecessor:

S1 >822 >83 =",

where s < t iff £ > s. In other words, each sequence of elements of S that
decreases according to < is finite.

Example 4.4. The relation < is well-founded over the natural numbers. Any
sequence of natural numbers decreasing according to < is finite:

1023 >39>30>29>8>3>0.

However, the relation < is not well-founded over the rationals. Consider the
infinite decreasing sequence
1

1>1>1> >
2 3 4 ’

that is, the sequence s; = 1 for 7 > 0. | |

Example 4.5. Consider the theory TciAns, which includes the axioms of Teons
and Tpa and the following axioms:

o Vatomu,v.u =<0 < u=0v (= (1)
e Vatom u. Vu. matom(v) — —(v =S¢ u) (=2 (2)
o Vatom u. Vo,w. u <. cons(v,w) < u=v V u = w (= (3))
(] V’U,l, V1, U2, V2. COI’IS(Ul,’Ul) jc cons(ug,vg)
— (u1 =us N v jc Ug) V cons(ul,vl) jc (%) (jc (4))
e Vryz<cy © 3y ANTFY (=)
o Vatomu. |ul=1 (length atom)
Yu,v. |cons(u, v)| =1+ |v] (length list)

The first four axioms define the sublist relation <.. x <. y holds iff z is a
(not necessarily strict) sublist of y. The next axiom defines the strict sublist
relation: <. y iff = is a strict sublist of y. The final two axioms define the
length function, which returns the number of elements in a list.

The strict sublist relation <. is well-founded on the set of all lists. One can
prove that the number of sublists of a list is finite; and that its set of strict
sublists is a superset of the set of strict sublists of any of its sublists. Hence,
there cannot be an infinite sequence of lists descending according to <.. W

Well-founded induction generalizes complete induction to arbitrary
theory T by allowing the use of any binary predicate < that is well-founded
in the domain of every T-interpretation. It is defined in the theory T with
well-founded relation < by the following schema
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(Vn. (Vn'. n' <n — F[n']) - Fln]) — Vz. F[z]

for X-formulae F[x] with only one free variable . In other words, to prove the
T-validity of Vx. F[z], it is sufficient to follow the well-founded induction
principle:

e Assume as the inductive hypothesis that for arbitrary element n and
for every element n’ such that n’ < n, F[n'] is T-valid. Then prove that
F[n] is T-valid.

Complete induction in Tpa of Section 4.2 is a specific instance of well-founded
induction that uses the well-founded relation <.

A theory of lists augmented with the first five axioms of Example 4.5 has
well-founded induction in which the well-founded relation is <.

Example 4.6. Consider proving the trivial property
V. |z] > 1 (4.16)

in TPA . which was defined in Example 4.5. We apply well-founded induction
on z using the well-founded relation <. to prove

Flz]: |z|>1. (4.17)
For the inductive hypothesis, assume that

Vo' o' <cx — |2 >1 . (4.18)
N~ -
Fle

Consider two cases: either atom(z) or —atom(x).

In the first case || =1 > 1 by (length atom).

In the second case x is not an atom, so 2 = cons(u, v) for some u, v by the
(construction) axiom. Then

|| = |cons(u, v)]
=14 v (length list)
>1+1 IH (4.18), 2’ — v, since v <. cons(u, v)
>1

as desired. Exercise 4.2 asks the reader to prove formally that Yu,v. v <.
cons(u, v).
This property is also easily proved using stepwise induction. |

In applying well-founded induction, we need not restrict ourselves to the
intended domain D of a theory T'. A useful class of well-founded relations are
lexicographic relations. From a finite set of pairs of sets and well-founded
relations (51, <1), ..., (Sm, <m), construct the set
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S=51 XX S,,

and define the relation <:

m i—1
(81,...,8m)<(t1,...,tm) = \/ s; <;ti N /\Sj:tj
1=1 j=1

for s;,t; € S;. That is, for elements s : (s1,...,8m), t: (t1,...,tm) of S, s <t
iff at some position i, s; <; t;, and for all preceding positions j, s; = t;.
For convenience, we abbreviate (s1,. .., $m,) by s and thus write, for example,
s <t.

Lexicographic well-founded induction has the form

(Vn. (Vn'. n' <n — F[n']) - Fln]) — Va. Flz]

for X-formula F[z] with only free variables z = {z1,. ..,z }. Notice that the
form of this induction principle is the same as well-founded induction. The
only difference is that we are considering tuples n = (ni,...,n,,) rather than

single elements n.

Example 4.7. Consider the following puzzle. You have a bag of red, yellow,
and blue chips. If only one chip remains in the bag, you take it out. Otherwise,
you remove two chips at random:

1. If one of the two removed chips is red, you do not put any chips in the
bag.

2. If both of the removed chips are yellow, you put one yellow chip and five
blue chips in the bag.

3. If one of the chips is blue and the other is not red, you put ten red chips
in the bag.

These cases cover all possibilities for the two chips. Does this process always
halt?

We prove the following property: for all bags of chips, you can execute
the choose-and-replace process only a finite number of times before the bag is
empty. Let the triple

(Fyellow, #blue, #red)

represent the current state of the bag. Such a tuple is in the set of triples of
natural numbers S : N3, Let <3 be the natural lexicographic extension of <
to such triples. For example,

(11,13,3) £5 (11,9,104) but (11,9,104) <3 (11,13,3) .

We prove that for arbitrary bag state (y,b,r) represented by the triple of
natural numbers y, b, and r, only a finite number of steps remain.
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For the base cases, consider when the bag has no chips (state (0,0,0)) or
only one chip (one of states (1,0,0), (0,1,0), or (0,0, 1)). In the first case, you
are done; in the second set of cases, only one step remains.

Assume for the inductive hypothesis that for any bag state (y’,b’,r’) such
that

(', b',r") <3 (y,b,7)

only a finite number of steps remain. Now remove two chips from the current
bag, represented by state (y,b,r). Consider the three possible cases:

1. If one of the two removed chips is red, you do not put any chips in the bag.
Then the new bag state is (y — 1,b,r — 1), (y,b—1,r—1), or (y,b,r — 2).
Each is less than (y,b,7) by <s.

2. If both of the removed chips are yellow, you put one yellow chip and five
blue chips in the bag. Then the new bag state is (y — 1,0+ 5, r), which is
less than (y,b,r) by <s.

3. If one of the chips is blue and the other is not red, you put ten red chips in
the bag. Then the new bag state is (y —1,b—1,7+10) or (y,b—2,r+ 10).
Each is less than (y,b,7) by <3.

In all cases, we can apply the inductive hypothesis to deduce that only a finite
number of steps remain from the next state. Since only one step of the process
is required to get to the next state, there are only a finite number of steps
remaining from the current state (y, b, r). Hence, the process always halts. B

Example 4.8. Consider proving the property
Vr,y.x Zcy — [z <yl (4.19)

in T/A.. Let <2 be the natural lexicographic extension of <. to pairs of lists.

That is, (z1,v1) <2 (z2,92) iff 21 <c 22V (1 =22 A Y1 <c Y2)-
We apply lexicographic well-founded induction to pairs (z,y) to prove

Flo,y]: z 2y — |zl <y[ . (4.20)
For the inductive hypothesis, assume that

v,y (@ y') <2 (y) — 2 2y — <Y (4.21)
~ ~ -
Flz’y']
Now consider arbitrary lists « and y. Consider two cases: either atom(x)
or —atom(z).
If atom(z), then

|z] =1 (length atom)
<yl Example 4.6
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Hence, regardless of whether z <. y, we have that |z| < |y| so that (4.20)
holds.

If —atom(x), then consider two cases: either atom(y) or —atom(y). If
atom(y), then

=y & 1

by (=Zc (2)); therefore, (4.20) holds trivially.
For the final case, we have that —atom(z) and —atom(y). Then z =
cons(uy,v1) and y = cons(uz,ve) for some lists uq, v1, u2, va. We have

x <.y < cons(ug,vr) = cons(ug, va) assumption
= (U1 =us N v =X¢ ’U2) \Y cons(ul,vl) =c V9 (jc (4))

The disjunction suggests two possibilities. Consider the first disjunct. Because
v1 <c cons(uy,v1) = x, we have that

(v1,v2) <3 (z,y) ,

allowing us to appeal to the inductive hypothesis (4.21): from v; <. va, deduce

that |v1| < |vz|. Then with two applications of (length list), we have
2] <fyl & 14| <1+ o] < for] < Joof -

Therefore, |z| < |y| and (4.20) holds for this case.
Suppose the second disjunct (cons(uy,v1) =c v2) holds. We again look to
the inductive hypothesis (4.21). We have

(cons(ul, U1)7 UQ) _<§ ($, y)

because cons(u1,v1) = x and vy < cons(ug, v2) = y. Therefore, the inductive
hypothesis tells us that |z| < |vz|, while (length list) implies that |va| < |y|. In
short,

|z < Joa] <yl
which implies |z| < |y| as desired, completing the proof. |

Example 4.9. Augment the theory of Presburger arithmetic Ty (see Chap-
ters 3 and 7) with the following axioms to define the Ackermann function:

o Vy.ack(0,y)=y+1 (ack left zero)
e Vz. ack(x +1,0) = ack(z,1) (ack right zero)
o Va,y. ack(zx+1,y+1) = ack(x, ack(z + 1,y)) (ack successor)

The Ackermann function grows quickly for increasing arguments:

e ack(0,0)=1
o ack(l,1)=3
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o ack(2,2)="7
e ack(3,3) =61
6

1
o ack(4,4)=22" _3

One might expect that proving properties about the Ackermann function
would be difficult.

However, lexicographic well-founded induction allows us to reason about
certain properties of the function. Define <5 as the natural lexicographic ex-
tension of < to pairs of natural numbers. Now consider input arguments to
ack and the resulting arguments in recursive calls:

e (ack left zero) does not involve a recursive call.
e In (ack right zero), (z +1,0) >3 (z,1).
e In (ack successor),

- (m+1,y+1)>2(x+1,y),and

- (z+1,y+1) >3 (z,ack(z + 1,y)).

As the arguments decrease according to <s with each level of recursion, we
conclude that the computation of ack(z,y) halts for every x and y. In Chap-
ter 5, we show that finding well-founded relations is a general technique for
showing that functions always halt.

Additionally, we can induct over the execution of ack to prove properties
of the ack function itself. Let us prove that

Va,y. ack(xz,y) >y (4.22)

is T3°*-valid. We apply lexicographic well-founded induction to the arguments
of ack to prove

Flz,y]: ack(z,y) >y (4.23)

for arbitrary natural numbers x and y. For the inductive hypothesis, assume
that

vy (') <o (x,y) — gck(fﬂ’,y’) > y/’ : (4.24)
~
Fla’,y']

Consider three cases: t =0,z >0 A y=0,and x>0 A y > 0.
If x =0, then ack(0,y) =y + 1 > y by (ack left zero), as desired.
Ifz>0 A y=0, then

ack(z,0) = ack(z —1,1)
by (ack right zero). Since
(1[,'/ ZCL’—]., y/ : 1) <2 ((E,y) )

the inductive hypothesis (4.24) tells us that
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ack(z —1,1) > 1.
Therefore, we have
ack(xz,0) = ack(x —1,1) > 1,

so ack(z,0) > 0 as desired.
For the final case, z > 0 A y > 0, we have

ack(x,y) = ack(x — 1, ack(x,y — 1))
by (ack successor). Since
(@ :x—1, 9y :ack(z,y — 1)) <2 (z,v) ,
the inductive hypothesis (4.24) implies that
ack(z — 1, ack(x,y — 1)) > ack(z,y — 1) .
Furthermore, since
(2 rx, y iy —1) <2 (,9) ,
the inductive hypothesis (4.24) implies that
ack(z,y—1)>y—1.
All together, then, we have
ack(z,y) = ack(x — 1, ack(z,y — 1)) > ack(z,y —1) >y —1;

hence, ack(z,y) > (y — 1) + 1 = y, completing the proof. |

4.4 Structural Induction

Induction has many other applications outside of reasoning about the valid-
ity of first-order formulae. In this section, we introduce the proof technique
of structural induction for proving properties about formulae themselves.
Structural induction is applied in Section 2.7, in analyzing the quantifier elim-
ination procedures of Chapter 7, and in other applications throughout the
book.

Define the strict subformula relation over FOL formulae as follows:
two formulae F} and F5 are related by the strict subformula relation iff Fj is
a strict subformula of F5. The strict subformula relation is well founded over
the set of FOL formulae since every formula, having only a finite number of
symbols, has only a finite number of strict subformulae; and each of its strict
subformulae has fewer strict subformulae that it does. To prove a desired
property of FOL formulae, instantiate the well-founded induction principle
with the strict subformula relation:
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e Assume as the inductive hypothesis that for arbitrary FOL formula F’
and for every strict subformula G of F', G has the desired property. Then
prove that F' has the property.

Since atoms do not have strict subformulae, they are treated as base cases.
This induction principle is the structural induction principle.

Example 4.10. Exercise 1.3 asks the reader to prove that certain logical
connectives are redundant in the presence of others. Formally, the exercise
is asking the reader to prove the following claim: Every propositional formula
F is equivalent to a propositional formula F’ constructed with only the logical
connectives T, A, and —.

There are three base cases to consider:

e The formula T can be represented directly as T.
e The formula 1 is equivalent to = T.
e Any propositional variable P can be represented directly as P.

For the inductive step, consider formulae G, G1, and G3, and assume as
the inductive hypothesis that each is equivalent to formulae G', G}, and G5,
respectively, which are constructed only from the connectives T, V, and —
(and propositional variables, of course). We show that each possible formulae
that can be constructed from G, G1, and G2 with only one logical connective
is equivalent to another constructed with only T, V, and —:

e G is equivalent to =G’ from the inductive hypothesis.
By considering the truth table in which the four possible valuations of
G1 and G are considered, one can establish that Gy V G is equivalent
to =(=~G} A =G%). By the inductive hypothesis, the latter formula is con-
structed only from propositional variables, T, A, and —.

e By similar reasoning, G; — G2 is equivalent to —(G} A—GY ), which satisfies
the claim.

e Similar reasoning handles G; < G2 as well.

Hence, the claim is proved.

Note that the main argument is essentially similar to the answer that the
reader might have provided in answering Exercise 1.3. Structural induction
merely provides the basis for lifting the truth-table argument to a general
statement about propositional formulae. |

Structural induction is also useful for reasoning about interpretations of
formulae, as the following example shows.

Example 4.11. This example relies on several basic concepts of set theory;
however, even the reader unfamiliar with set theory can understand the ap-
plication of structural induction without understanding the actual claim.
Consider Yg-formulae F[z1,...,x,] in which the only predicate is <,
the only logical connectives are V and A, and the only quantifier is V. We
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prove that the set of satisfying Tp-interpretations of F' (intuitively, those Tg-
interpretations that assign to x1,...,x, values from Q" that satisfy F') de-
scribes a closed subset of Q.

For the base case, consider any inequality o < [ with free variables
z1,...,Ty. From basic set theory, the set of satisfying points is closed.

For the inductive step, consider formulae G, Gy, and G2 constructed
as specified. Assume as the inductive hypothesis that the satisfying Tg-
interpretations for each comprise closed sets. Consider applying the allowed
logical connectives and quantifier:

e (1 AGa: The set described by this formula is the set-theoretic intersection
of the sets described by G; and G2, and is thus closed by the inductive
hypothesis and set theory.

e (1 V G3: Similarly, the set described by this formula is the set-theoretic
union of the sets described by GG; and G4, and is thus closed by the induc-
tive hypothesis and set theory.

e Vz. G: Consider subformula G with free variable z (if z is not free in G,
then the formula is equivalent to just G, which describes a closed set by
the inductive hypothesis). For each value { € Q, consider the formula

Gg: GANbrx<a AN a<br.

The set described by each G is closed according to the inductive hy-
pothesis and reasoning similar to the previous cases. From set theory,
the conjunction of all such sets is still closed, so the set of satisfying Tg-
interpretations of Vx. G describes a closed set.

The induction is complete, so the claim is proved.
Results from Chapter 7 prove that 3 also preserves closed sets in Tp. W

Remark 4.12. Example 4.11 considers a subset of FOL formulae. However,
this subset is by definition closed under conjunction, disjunction, and universal
quantification: if F', F}, and F3 are in the subset, then so are Fy A Fy, F1V Fy,
and Vz. F'; and conversely. In other words, all strict subformulae of a formula
in the subset are also in the subset, so that structural induction is applicable.

The proof of Lemma 2.31 provides another example of the application of
structural induction.

4.5 Summary

This chapter covers several induction principles in several first-order theories:

o Stepwise induction is presented in the context of integer arithmetic and
lists. The induction principle requires defining a step such as adding one
or constructing a list with one more element.
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o Complete induction is presented in the context of integer arithmetic. The
induction principle relies on the well-foundedness of the < predicate.
Rather than assuming that the desired property holds for one element
n and proving the property for the case n+ 1 as in stepwise reduction, one
assumes that the property holds for all elements n’ < n and proves that
it holds for n. This stronger assumption sometime yields easier or more
concise proofs.

o Well-founded induction generalizes complete induction to other theories; it
is presented in the context of lists and lexicographic tuples. The induction
principle requires a well-founded relation over the domain.

e Structural induction is an instance of well-founded induction in which the
domain is formulae and the well-founded relation is the strict subformula
relation.

Besides being an important tool for proving first-order validities, induc-
tion is the basis for both verification methodologies studied in Chapter 5.
Structural induction also serves as the basis for the quantifier elimination
procedures studied in Chapter 7.

Bibliographic Remarks

The induction proofs in Examples 4.1, 4.3, and 4.9 are taken from the text of
Manna and Waldinger [55].

Blaise Pascal (1623-1662) and Jacob Bernoulli (1654-1705) are recognized
as having formalized stepwise and complete induction, respectively. Less for-
mal versions of induction appear in texts by Francesco Maurolico (1494-1575);
Rabbi Levi Ben Gershon (1288-1344), who recognized induction as a distinct
form of mathematical proof; Abu Bekr ibn Muhammad ibn al-Husayn Al-
Karaji (953-1029); and Abu Kamil Shuja Ibn Aslam Ibn Mohammad Ibn
Shaji (850-930) [97]. Some historians claim that Euclid may have applied
induction informally.

Exercises

4.1 (T,.). Prove the following in T.F

(a) Yu,v. flat(u) A flat(v) — flat(concat(u,v))
(b) Yu. flat(u) — flat(rvs(u))

4.2 (TFA.). Prove or disprove the following in T7A.:

cons cons*
(a) Yu. u Zcu
(b) Yu,v,w. cons(u,v) <cw — v S w
(c) Yu,v. v < cons(u,v)
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4.3 (T1, UTER). Prove the following in 7.5, U TRA:

cons

(a) Yu,v. |concat(u,v)| = |u| + |v|
(b) Vu. flat(u) — |rvs(u)| = |u|

4.4 (Chips). Does the process of Example 4.7 still halt if

(a) in Step 1, you return one red chip to the bag?

(b) in Step 1, you add one blue chip?

(c) in Step 1, you add one blue chip; and in Step 3, you return the blue chip
to the bag but do not add any other chips?

4.5 (Strict sublist). Modify Example 4.8 to prove
Vo, y. x <cy — |z| < |y| .

4.6 (Structural induction). Prove that every first-order formula F is equiv-
alent to a first-order formula F’ constructed with only the logical connectives
T, A, and — and the quantifier V.

4.7 (Finite number of sublists). Prove that the number of sublists of a
list (defined in T°A.) is finite.

cons

4.8 (* <. is well-founded). Prove that <, defined in T4, is well-founded
over lists. To avoid circularity, do not apply well-founded induction in this
proof. Hint: Prove that <. is transitive and irreflexive (Vu. =(u <. u)); then

apply Exercise 4.7.
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Program Correctness: Mechanics

When examining the detail of the algorithm, it seems probable that the
proof will be helpful in explaining not only what is happening but why.
— Tony Hoare

An Aziomatic Basis for Computer Programming, 1969

We are finally ready to apply FOL and induction to a real problem: spec-
ifying and proving properties of programs. In this chapter, we develop the
three foundational methods that underly all verification and program analy-
sis techniques. In the next chapter, we discuss strategies for applying them.

First, specification is the precise statement of properties that a program
should exhibit. The language of FOL offers precision. The remaining task
is to develop a scheme for embedding FOL statements into program text
as program annotations. We focus on two forms of properties. Partial
correctness properties, or safety properties, assert that certain states —
typically, error states — cannot ever occur during the execution of a program.
An important subset of this form of property is the partial correctness of
programs: if a program halts, then its output satisfies some relation with
its input. Total correctness properties, or progress properties, assert that
certain states are eventually reached during program execution. Section 5.1
presents specification in the context of a simple programming language, pi.

The next foundational method is the inductive assertion method for
proving partial correctness properties. The inductive assertion method is
based on the mathematical induction of Chapter 4. To prove that every state
during the execution of a program satisfies FOL formula F', prove as the base
case that F' holds at the beginning of execution; assume as the inductive hy-
pothesis that F' currently holds (at some point during the execution); and
prove as the inductive step that I’ holds after one more step of the program.
Section 5.2 discusses the mechanics for reducing a program with a partial cor-
rectness specification to this inductive argument. The challenge in applying
this method is to discover additional annotations to make the induction go
through. Chapter 6 discusses strategies for finding the extra information.
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The third foundational method is the ranking function method for
proving total correctness properties. Proving total correctness breaks down
into two arguments. First, one proves that some partial correctness property
holds using the inductive assertion method; second, one argues that some set
of loops and recursive functions always halt. The ranking function method
applies to the latter argument: one associates with each loop and recursive
function a ranking function that maps the program variables to a well-
founded domain (see Chapter 4); then one proves that whenever program
control moves from one ranking function to the next, the value decreases ac-
cording to the well-founded relation. Since the relation is well-founded, the
looping and recursion must eventually halt. A typical total correctness prop-
erty asserts that the program halts and its output satisfies some relation with
its input. The ranking function method applies to the first conjunct (the pro-
gram halts); the inductive assertion method applies to the second (its output
satisfies some relation with its input). Section 5.3 presents the ranking func-
tion method.

We explain all concepts in this and the next chapter with a set of example
programs that manipulate arrays. We chose these programs for several rea-
sons. First, they should be familiar to most readers; the reader can thus focus
on the verification methodology rather than on understanding new complex
programs. Second, our correctness proofs rely heavily on the decision proce-
dures that are discussed in Part II of this book. Finally, they are small but
dense, allowing us to exhibit common techniques for proving interesting facts
about programs. The reader should keep in mind, however, that the methods
of this chapter underlie software and hardware analyses that are applied in
practice.

The reader may find the contents of this chapter to be rather technical.
Indeed, the transformation of an annotated program into a set of verification
conditions is a purely mechanical task. Fortunately, a verifying compiler
does this work in practice: it parses an annotated program, checking the syn-
tax and semantics as usual, and generates a set of verification conditions. But
just as learning how compilers work is important for understanding program-
ming languages, learning how verifying compilers work is important for un-
derstanding verification and programming languages with annotations. More-
over, applying the steps of generating verification conditions provides practice
in manipulating and understanding FOL formulae, a useful skill. Chapter 6
discusses strategies for writing annotations, a task that cannot be fully auto-
mated.

5.1 pi: A Simple Imperative Language
This section introduces the programming language pi, an imperative language

with facilities for annotations. To allow us to focus on the fundamentals of
program verification, pi lacks complicating features of typical imperative lan-
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@pre T
@post T
bool LinearSearch(int[] a, int ¢, int u, int e) {
for @ T
(inté:=¢ i <w; i :=i+1) {
if (a[i] = e) return true;
}

return false;

}

Fig. 5.1. LinearSearch

guages: its data types do not include pointer or reference types; and it does
not allow global variables, although it does have global constants (see Exercise
6.5). After reading this chapter and Chapter 12, the interested reader should
consult the wide literature on program analysis to learn how the techniques of
these chapters extend to reasoning about standard programming languages.

5.1.1 The Language

Because pi is superficially a C-like language with restrictions, we present the
essential features of pi through examples.

Example 5.1. Figure 5.1 lists the function LinearSearch, which searches the
range [¢,u] of an array a of integers for a value e. It returns true iff the given
array contains the value between the lower bound ¢ and upper bound u. It
behaves correctly only if 0 < ¢ and u < |a|; otherwise, the array a is accessed
outside of its domain [0, |a| — 1]. |a| denotes the length of array a.

Observe that most of the syntax is similar to C. For example, the for loop
sets 7 to be £ initially and then executes the body of the loop and increments i
by 1 as long as ¢ < u. Also, an integer array has type int[], which is constructed
from base type int. One syntactic difference occurs in assignment, which is
written := to distinguish it from the equality predicate =. We use = as the
equality predicate, rather than ==, to correspond to the standard equality
predicate of FOL. Finally, unlike C, pi has type bool and constants true and
false.

Notice the lines beginning with @. They are program annotations, which
we discuss in detail in the next section.

In LinearSearch, a, ¢, u, and e are the formal parameters (also, param-
eters) of the function. If LinearSearch is called as LinearSearch(b, 0, |b| — 1,v),
then b, 0, |b| — 1, and v are the arguments. |

Example 5.2. Figure 5.2 lists the recursive function BinarySearch, which
searches a range [¢,u] of a sorted (weakly increasing: a[i] < a[j] if i < j)
array a of integers for a value e. Like LinearSearch, it returns true iff the
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@pre T
@post T
bool BinarySearch(int[] a, int ¢, int w, int e) {
if (£ > u) return false;
else {
int m:= (£ + u) div 2;
if (a[m] = e) return true;
else if (a[m] < e) return BinarySearch(a,m + 1, u, €);
else return BinarySearch(a,l,m — 1,¢);

}
}

Fig. 5.2. BinarySearch

given array contains the value in the range [, u]. It behaves correctly only if
0</andu<|al

One level of recursion operates as follows. If the lower bound ¢ of the range
is greater than the upper bound u, then the (empty) subarray cannot contain
e, so it returns false. Otherwise, it examines the middle element a[m] of the
subarray: if it is e, then the subarray clearly contains e; otherwise, it recurses
on the left half if a[m] < e and on the right half if a[m] > e.

pi syntactically distinguishes between integer division and real division: for
int variables a and b, write a div b instead of a/b. Integer division is defined
as follows:

. def | @
adivb = { bJ

That is, @ div b is equal to the greatest integer less than or equal to § (the
floor of ). |

Example 5.3. Figure 5.3 lists the function BubbleSort, which sorts an integer
array. It works by “bubbling” the largest element of the left unsorted region of
the array toward the sorted region on the right; this element then becomes the
left element of the sorted region, enlarging the region by one cell. In Figure
5.4, for example, the first line shows an array in which the rightmost boxed
cells comprise the sorted region and the other cells comprise the unsorted
region. In the final line, the sorted region has been expanded by one cell.
Figure 5.4 lists a portion of a sample execution trace. The right two cells
(5, 6) of the array have already been sorted. In the trace, the inner loop
moves the largest element 4 of the unsorted region to the right to join the
sorted region, which is indicated by the dotted rectangle. In the first two
steps, a[j] < a[j +1] (2 < 3 and 3 < 4), so the values of cell j and j + 1
are not swapped in either case. In the subsequent two steps, a[j] > a[j + 1]
(4 > 1 and 4 > 2), causing a swap at each step. In the fifth step, the inner
loop’s guard ¢ < j no longer holds, so the inner loop exits and the outer
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@pre T
@post T
int[] BubbleSort(int[] ao) {
int{] a := ao;
for @ T
(int i :=la|—1;>0; i :==i—1) {
for @ T
(int j:=0; j <4 j:=4+1){
it (alj] > alj + 1) {

int t := alj);
alj] = alj +1J;
alj + 1] =t
}
}
}
return a;

}

Fig. 5.3. BubbleSort
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Fig. 5.4. Sample execution of BubbleSort

117

loop decrements ¢ by 1. The sorted region has been expanded by one cell, as
indicated by the final dotted rectangle. The last step shows the beginning of

the next round of the inner loop.

Because pi does not have pointer or reference types, all data are passed by
value, including arrays and structures. If BubbleSort were missing the return
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typedef struct qs {
int pivot;
int[] array;

} as;

Fig. 5.5. Structure gs

statement, then calling it would not have any discernible effect on the calling
context. Additionally, pi does not allow updates to parameters, so BubbleSort
assigns ag to a fresh variable a in the first line. This artificial requirement
makes reasoning about functions easier: in annotations (see Section 5.1.2)
throughout the function, one can always reference the input. |

In this book, our example programs manipulate arrays rather than re-
cursive data structures. The reason is that we can express more interesting
properties about arrays in the fragment of the theory of arrays studied in
Chapter 11 than we can about lists in the fragment of the theory of recursive
data structures studied in Chapter 9. This bias is a reflection of the structure
and content of this book, not of what is theoretically possible.

However, we sometimes use records, a basic recursive data type, to allow
a function to return multiple values. The following example illustrates such a
record type, which is used in the program QuickSort (see Section 6.2).

Example 5.4. The structure gs of Figure 5.5 is a record with two fields: the
pivot field of type int and the array field of type array. If x is a variable of
type gs, then x.pivot returns the value in its pivot field; also, z.arrayli] := v
assigns v to position ¢ of x’s array field. |

5.1.2 Program Annotations

The most important feature of pi is the capacity for complex function an-
notations. An annotation is a FOL formula F' whose free variables include
only the program variables of the function in which the annotation occurs. An
annotation F' at location L asserts that F' is true whenever program control
reaches L. We discuss several forms of annotations in this section.

Function Specifications

The function specification of a function is a pair of annotations. The func-
tion precondition is a formula F whose free variables include only the for-
mal parameters. It specifies what should be true upon entering the function
— or, in other words, under what inputs the function is expected to work. The
function postcondition is a formula G whose free variables include only the
formal parameters and the special variable rv representing the return value
of the function. The postcondition relates the function’s output (the return
value rv) to its input (the parameters).
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@pre 0 < ¢ A u < |a
@post rv «— Fi. £<i<u A afi]=e
bool LinearSearch(int[] a, int ¢, int u, int e) {
for @ T
(inté:=¢; i<w; i :=i+1) {
if (a[i] = e) return true;
}

return false;

}

Fig. 5.6. LinearSearch with function specification

@pre T
@post rv — F.0</l<i<u<|a| A afi] =€
bool LinearSearch(int([] @, int ¢, int u, int e) {
if ({ <0 V u > |a|) return false;
for @ T
(inti:=¢ i<wu; i:=i+1){
if (a[f] = e) return true;

return false;

}

Fig. 5.7. Robust LinearSearch with function specification

Example 5.5. In Example 5.1, we informally specified the behavior of Lin-
earSearch as follows: LinearSearch returns true iff the array a contains the
value e in the range [¢, u|. It behaves correctly only when ¢ > 0 and u < |al.
Function specifications formalize such statements. Figure 5.6 presents Lin-
earSearch with its specification. The precondition asserts that the lower bound
£ should be at least 0 and that the upper bound u should be less than the
length |a| of the array a. The postcondition asserts that the return value rv
is true iff a[i] = e for some index i € [¢,u] of a. [ |

Example 5.6. A nontrivial precondition (a formula other than T) is not al-
ways acceptable, especially if a function is public to a module. Figure 5.7 lists
a more robust version of linear search. The formula

0</(<i<u<]a
abbreviates
0<tANL<iANi<uAu<lal.

A nontrivial precondition is sometimes acceptable for a function that is private
to a module. The verification method of this chapter checks that every instance
of a call to such a function obeys the precondition. |
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@pre 0 < £ A u< |a| A sorted(a,?,u)
@post rv «— Fi. £<i<u A afi]=e
bool BinarySearch(int[] a, int ¢, int w, int e) {
if (£ > u) return false;
else {
int m:= (£ + u) div 2;
if (a[m] = e) return true;
else if (a[m] < e) return BinarySearch(a,m + 1, u, €);
else return BinarySearch(a,?,m — 1,¢);

}
}

Fig. 5.8. BinarySearch with function specification

Q@pre T
@post sorted(rv, 0, |rv| — 1)
int[] BubbleSort(int[] ao) {
int[] a := ao;
for @ T
(inti:=la|—1; 1>0; i :=i—1) {
for@Q T
(int j:=0; 5<4; j:=75+1){
it (alj] > alj + 1)) {

int ¢t := alj;
alj] == alj +1};
alj +1] =t
}
}
}
return a;

}

Fig. 5.9. BubbleSort with function specification

Example 5.7. Figure 5.8 lists BinarySearch with its specification. As ex-
pected, its postcondition is identical to the postcondition of LinearSearch.
However, its precondition also states that the array a is sorted.

The sorted predicate is defined in the combined theory of integers and
arrays, 1z U Th:

sorted(a, f,u) < Vi,j. £ <i<j<u — afi] <alj].

Example 5.8. Figure 5.9 lists BubbleSort with its specification. Given any
array, the returned array is sorted. Of course, other properties are desirable
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and could be specified as well. For example, the returned array rv should be
a permutation of the original array ag (see Exercise 6.5). |

Section 5.2 presents a method for proving that a function satisfies its
partial correctness specification: if the function precondition is satisfied and
the function halts, then the function postcondition holds upon return. Section
5.3 discusses a method for proving that, additionally, the function always halts.

Loop Invariants

Each for loop and while loop has an attendant annotation called the loop
invariant. A while loop

while
QF
({condition)) {
(body)

}

says to apply the (body) as long as (condition) holds. The assertion F' must
hold at the beginning of every iteration. It is evaluated before the (condition)
is evaluated, so it must hold even on the final iteration when (condition) is
false. Therefore, on entering the (body) of the loop,

F A (condition)
must hold, and on exiting the loop,
F A —{condition)

must hold.
To consider a for loop, translate the loop

for
QF
((initialize); (condition); (increment)) {
(body)

}

into the equivalent loop
(initialize);
while
QF
({condition)) {
(body)
(increment)

}

F must hold after the (initialize) statement has been evaluated and, on each
iteration, before the (condition) is evaluated.
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@pre 0 < ¢ A u < |a
@post rv «— Fi. £<i<u A afi]=e
bool LinearSearch(int[] a, int ¢, int u, int e) {
for
QL: £<i AN (Vj.L<j<i — a[j]#e)
(inti:=¢; i<wu; i:=1+1){
if (a[i] = e) return true;
}

return false;

}

Fig. 5.10. LinearSearch with loop invariant

Example 5.9. Figure 5.10 lists LinearSearch with a nontrivial loop invariant
at L. It asserts that whenever control reaches L, the loop index is at least /¢
and that a[j] # e for previously examined indices j. [ |

Section 5.2 shows that loop invariants are crucial for constructing an in-
ductive argument that a function obeys its specification.

Assertions

In pi, one can add an annotation anywhere. When an annotation is not a
function precondition, function postcondition, or loop invariant, we call it an
assertion. Assertions allow programmers to provide a formal comment. For
example, if at the statement

i:=1i+k;

the programmer thinks that &k is positive, then the programmer can add an
assertion stating that supposition:

@k >0;
i:=1+k;

Later, the programmer’s hyothesis about & is verified with formal verification
at compile time or with dynamic assertion tests at runtime.

Runtime assertions are a special class of assertions. In most program-
ming languages, runtime errors include division by 0, modulo by 0, and
dereference of null. In particular, division by 0 and modulo by 0 cause hard-
ware exceptions, while only some languages, such as Java, catch a dereference
of null. In pi, runtime errors include division by 0, modulo by 0, and accessing
an array out of bounds. The pi compiler generates runtime assertions to catch
runtime errors.

Example 5.10. Figure 5.11 lists LinearSearch with runtime assertions. The
array read ali] is protected by the assertion that 7 is a legal index of a. |
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@pre T
@post T
bool LinearSearch(int[] a, int ¢, int u, int e) {
for @ T
(inté:=¢ i <w; i :=i+1) {
@QO0<i<|al;
if (a[f] = e) return true;

return false;

}

Fig. 5.11. LinearSearch with runtime assertions

Q@pre T

@post T

bool BinarySearch(int[] a, int ¢, int u, int e) {
if (£ > u) return false;

else {
@ 2 # 0;
int m:= (£ + u) div 2;
@Q@0<m<|al;
if (a[m] = e) return true;
else {
@0<m<lal;

if (a[m] < e) return BinarySearch(a,m + 1,u, e);
else return BinarySearch(a,f,m — 1,¢);

}
}
}

Fig. 5.12. BinarySearch with runtime assertions

Example 5.11. Figure 5.12 lists BinarySearch with runtime assertions. The
first assertion protects the division: it asserts that 2 # 0, which clearly holds.
The next two assertions protect the array reads. |

Example 5.12. Figure 5.13 lists BubbleSort with compiler-generated runtime
assertions. All assertions protect array accesses. The first two runtime asser-
tions are sufficient to protect all array accesses. Figure 5.14 lists a concise
version. |

5.2 Partial Correctness

Having specified and implemented each function of a program, we would like
to prove that the functions obey their specifications (from another perspective,
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@pre T
@post T
int[] BubbleSort(int[] ao) {
int{] a := ao;
for @ T
(int i :=la|—1;>0; i :==i—1) {
for @ T
(int j:=0; j <4 j:=7+1){
@0<j<al;
@0<j+1<]al;
i£ (alf] > alj + 1)) {
@0<j<lal;
int ¢ = a[j];
@0<j<lal;
Q@0<j+1<|al;
alj] = alj + 1]
QO<j+1<|al;
alj +1] =1t
}
}
}

return a;

}

Fig. 5.13. BubbleSort with runtime assertions

that their specifications reflect their actual behavior). A function is partially
correct if when the function’s precondition is satisfied on entry, its post-
condition is satisfied when the function returns (if it ever does). In general,
functions may not halt: a loop’s guard could be incorrect, or a recursive func-
tion could fail to handle a particular base case. Section 5.3 discusses how to
prove that a function always halts.

We present the inductive assertion method for proving that a program
is partially correct. The method reduces each function and its annotations to
a finite set of verification conditions (VCs), which are FOL formulae. If
all of a function’s VCs are valid, then the function obeys its specification. The
reduction occurs in two stages: first, each function of the annotated program is
broken down into a finite set of basic paths (Sections 5.2.1 and 5.2.2); second,
each basic path generates a verification condition (Section 5.2.4). Sections
5.2.3 and 5.2.5 provide a more abstract view of the inductive assertion method.

Loops complicate proofs of partial correctness because they create an un-
bounded number of paths from function entry to exit. Recursive functions
similarly complicate proofs. A path is a sequence of program statements. For
loops, loop invariants cut the paths into a finite set of basic paths, while for
recursive functions, the function specification of the recursive function cuts
the paths. In this section, we assume that we are given function specifications
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@pre T
@post T
int[] BubbleSort(int[] ao) {
int{] a := ao;
for @ T
(int i :=la|—1;>0; i :==i—1) {
for @ T
(int j:=0; j <4 j:=4+1){
@0<j<lal AN 0<j+1<]a|;
i£ (alf] > alj + 1)) {

int ¢ = alj];
alj] == alj +1J;
alj +1] =t
}
}
return a;

}

Fig. 5.14. BubbleSort with compressed runtime assertions

@Qpre 0 < ¢ A u< |a
@post rv «— Fi. £<i<u A afi]=e
bool LinearSearch(int[] @, int ¢, int u, int e) {
for
QL: £<i N (Vj.L<j<i — a[j]#e)
(inti:=¢ i<wu; i:=1+1)
if (a[i] = e) return true;
}

return false;

}

Fig. 5.15. LinearSearch with loop invariants

and loop invariants and concentrate on the task of generating the correspond-
ing verification conditions. In practice, this task is performed by a verifying
compiler. Chapter 6 discusses strategies for constructing specifications and
loop invariants.

5.2.1 Basic Paths: Loops

A basic path is a sequence of instructions that begins at the function pre-
condition or a loop invariant and ends at a loop invariant, an assertion, or
the function postcondition. Moreover, a loop invariant can only occur at the
beginning or the ending of a basic path. Thus, basic paths do not cross loops.
The following examples illustrate the characteristics of basic paths.
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Example 5.13. Figure 5.15 lists an annotated version of LinearSearch. Its
basic paths are the following. The first basic path starts at the function pre-
condition, enters the for loop via the initialization statement, and ends at
the loop invariant L:

(1)

@Qpre 0 < ¢ A u < |al
1=/
QL: (<i A (Vj.L<j<i — a[j]#e)

The second basic path begins at the loop invariant at L, passes the loop
guard i < u, passes the guard a[i] = e of the if statement, executes the
return (of true), and ends at the postcondition:

(2)
QL: 0<i AN (Vj.L<j<i — alj]#e)
assume ¢ < u;
assume afi| = e;
T = true;
@post rv — Fj.L<ji<u A a[j]j=e

This path exhibits two new aspects of basic paths. First, return statements
become assignments to the special variable rv representing the return value.

Second, guards arising in program statements (in for loop guards, while
loop guards, or if statements) become assume statements in basic paths.
An assume statement assume c in a basic path means that the remainder of
the basic path is executed only if the condition ¢ holds at assume c. Each
guard with condition c¢ results in two assumptions: the guard holds (¢) or
it does not hold (—¢). Therefore, each guard produces two paths with the
same prefix up to the guard. They diverge on the assumption: one basic path
has the statement assume ¢, and the other has the statement assume —ec.
These assumptions and the control structure of the program determine the
construction of the remainder of the basic paths.

For example, the third path has the same prefix as (2) but makes the
opposite assumption at the if statement guard: it assumes ali] # e rather
than a[i] = e. Therefore, this path loops back around to the loop invariant:

(3)
QL: t<i N (Vj.€<j<i — alj]#e)
assume ¢ < u;
assume ali] # e;
1i=1+1;
QL: ¢<i AN (Vj.£<j<i — alj]#e)

The final basic path has the same prefix as (2) and (3) but makes the
opposite assumption at the for loop guard: it assumes ¢ > wu rather than
1 < u. Therefore, this path exits the loop and returns false:
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(3)

Fig. 5.16. Visualization of basic paths of LinearSearch

(4)
QL: £<i AN (VjL<j<i — alj]#e)
assume ¢ > u;
rv = false;
@post rv «— Fj.L<ji<u A a[j]=¢e

To avoid forgetting a basic path, we list paths in a depth-first order. When
a guard is encountered, assume that it holds and generate the resulting paths;
then assume that it does not hold and generate the resulting paths. In this
example, the loop guard ¢ < u in (2) is first encountered; (2) and (3) follow
from the assumption that the loop guard holds, while (4) follows from the
assumption that it does not hold. The if statement guard a[i] = e is next
encountered in (2); (2) follows from the assumption that it holds, while (3)
follows from the assumption that it does not hold. Figure 5.16 visualizes these
basic paths. [ |

Example 5.14. Figure 5.17 lists BubbleSort with loop invariants. The outer
loop invariant at L; asserts that

e i isin the range [—1, |a] — 1] (if |a] = 0, then ¢ is initially —1);

e ais sorted in the range [4, |a| — 1];
and a is partitioned such that each element in the range [0, ¢] is at most
(less than or equal to) each element in the range [i + 1, |a| — 1].

Its inner loop invariant at Lo asserts that

i is in the range [1, |a| — 1], and j is in the range [0, i];

a is sorted in the range [i, |a| — 1] as in the outer loop;

a is partitioned as in the outer loop;

and a is also partitioned such that each element in the range [0,j — 1] is
at most a[j].

The partitioned predicate is defined in the theory Ty U Th:

partitioned(a, £1, u1, 2, u2)
& Vi,j. b <i<up <l <j<wuy — ali] <alj].
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@pre T
@post sorted(rv, 0, |rv| — 1)
int[] BubbleSort(int[] ao) {
int{] a = ao;
for
—1<i<|al
@L;y : | A partitioned(a,0,7,7 4+ 1, |a| — 1)
A sorted(a, i, |a| — 1)
(int i :=la|—1;i>0; i :==i—1) {
for
1<i<l|a| AO<j<i
A partitioned(a,0,4,7 + 1, |a| — 1)
A partitioned(a, 0,5 — 1, 7, j)
A sorted(a, 1, |a] — 1)
(int j:=0; <4 j:=75+1){
it (aljl > alj+ 1) {

QLo :

int ¢t := alj);
alj] == alj +1J;
alj +1] =t
}
}
}
return a;

}

Fig. 5.17. BubbleSort with loop invariants

Performing a depth-first exploration, the first basic path starts at the pre-
condition and ends at the outer loop invariant at L:

(1)

Q@pre T;
a = aop;
i:=|a| —1;

Q@QLy: —1<i<|a| A partitioned(a,0,i,7+1,|a] —1) A sorted(a,i,|a] — 1)

The second basic path starts at L and ends at the inner loop invariant at Lo
(recall that the annotation is checked after the loop initialization j := 0):
(2)

QLy: —1<i<|a| A partitioned(a,0,i,7+ 1,|a] —1) A sorted(a,i,|a] — 1)
assume ¢ > 0;
J =0
QL : 1<i<lal] AN 0<j<i A partitioned(a,0,i,i+ 1,]a] — 1)

"| A partitioned(a,0,5 — 1,4,5) A sorted(a,i,|a| — 1)

The third and fourth basic paths follow the inner loop, each handling one
assumption on the guard a[j] > a[j + 1] of the if statement:
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(3)
QL : [1 <i<lal] AN 0<j<i A partitioned(a,0,i,i+ 1, |a|] — 1)}
"| A partitioned(a,0,j —1,7,4) A sorted(a,i,|a] — 1)
assume j < i;
assume a[j] > alj + 1];

t = aljl;

alj] = alj +1];

alj +1] :== ¢

J=J+1L

QL - [1 <i<l|a] A 0<j<i A partitioned(a,0,i,i+1,|a| — 1)}
2 | A partitioned(a, 0,5 — 1,7,5) A sorted(a,1, la] — 1)

(4)
QLy - [1 <i<l|a] A 0<j<i A partitioned(a,0,i,i+ 1,|a| — 1)}
"| A partitioned(a,0,j —1,5,4) A sorted(a,i,|a] — 1)
assume j < i;
assume a[j] < alj + 1J;

j= i+
AL, - 1<i<lal] AN 0<j<i A partitioned(a, 0,4, + 1,]a] — 1)
271 A partitioned(a,0,5 — 1,7,j) A sorted(a,i,|a] — 1)

The fifth basic path starts at Lo, exits the inner loop, and decrements ¢ on its
way to Lq:

(5)
AL, - 1<i<lal AN 0<j<i A partitioned(a,0,4,7+ 1,]a] — 1)
27| A partitioned(a,0,j — 1,7,5) A sorted(a,i,|a| — 1)
assume j > i;

1:=1—1;
QLy: —1<i<|a| A partitioned(a,0,i,7+ 1,|a] —1) A sorted(a,i,|a| — 1)

The final basic path starts at L, exits the outer loop, and then exits the
function, returning the (presumably sorted) array a:

(6)
QLy: —1<i<|a| A partitioned(a,0,i,i+ 1,|a] —1) A sorted(a,i,|a| — 1)
assume ¢ < 0;
TV = q;
@post sorted(rv, 0, |rv| — 1)

Figure 5.18 visualizes these basic paths. ]

Example 5.15. Figure 5.19 lists BubbleSort with runtime assertions at Lg
and a different set of loop invariants at Li and Lo relevant for proving the
runtime assertions. Six basic paths correspond in structure to those of Figure
5.18, although their content varies based on the new precondition, postcondi-
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(1)
(6) (5) (2)
(3), (4)
Fig. 5.18. Visualization of basic paths of BubbleSort
Q@pre T
@post T

int[] BubbleSort(int[] ao) {
int[] a := ao;
for
QLy: —1<i<|af
(inti:=la|—1; > 0; i :=i—1) {
for
@Ly: O0<i<la| A 0<j<i
(int j:=0; j<i4; j:=7+1){
QLz: 0<j<|a] AN 0<j+1<]al;
it (alj] > alj+1)) {

int ¢ := alj);
alj] := alj +1J;
alj + 1] =t
}
}
}
return a;
}

Fig. 5.19. BubbleSort with runtime assertions

tion, and loop invariants. These basic paths ignore the runtime assertion at
Ls. Then one additional basic path ends at the runtime assertion:
(7)
QLy: O<i<lal AN 0<j<i
assume j < i;
QLs: 0<j<|a] AN O<j+1<]qg
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@Qpre 0 < £ A u< |a| A sorted(a,?,u)
@post rv «— Fi. £<i<u A afi]=e
bool BinarySearch(int[] a, int ¢, int w, int e) {
if (£ > u) return false;
else {
int m:= (£ + u) div 2;
if (a[m] = e) return true;
else if (a[m]<e) {
QR1: 0<m+1 A u<lal A sorted(a,m+ 1, u);
return BinarySearch(a,m + 1, u, e);
} else {
QRz2: 0<¢ AN m—1<]a| A sorted(a,?,m —1);
return BinarySearch(a,{,m — 1,¢);
}
}
}

Fig. 5.20. BinarySearch with function call assertions

5.2.2 Basic Paths: Function Calls

Like loops, recursive functions create an unbounded number of paths within
programs. But just as loop invariants cut loops to produce a finite number of
basic paths, function specifications cut function calls.

Recall that the function postcondition is a relation between the return
value rv and the formal parameters. A function’s postcondition summarizes
the effects of calling it. We use these summaries to replace function calls in
basic paths.

Remark 5.16. The postconditions of the functions of a program need only
include information that is relevant for proving the given specification, so the
summaries may be incomplete. Ignoring irrelevant aspects of functions reduces
the size of annotations. Chapter 6 discusses techniques for developing function
specifications.

The replacement of function calls by function summaries makes the listing
of basic paths (and the resulting analysis described in Section 5.2.4) local to
functions. Basic paths do not span multiple functions. However, recall that the
function postcondition is guaranteed to hold on return only when the function
precondition is satisfied on entry. To ensure that the precondition is satisfied,
each instance of a function call generates an extra basic path in which the
called function’s precondition is asserted. An example clarifies this discussion.

Example 5.17. Figure 5.8 lists BinarySearch with its function specification.
BinarySearch contains two (recursive) function calls. In Figure 5.20, each func-
tion call is protected by a function call assertion at R; and R,. Each asser-
tion is constructed by applying a substitution to BinarySearch’s precondition
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Fla,l,u,e]: 0< € A u<]a| A sorted(a,l,u) .

The first function call is BinarySearch(a, m + 1, u, e), so the function call as-
sertion at Ry is Foq, where

o1: {a—a, L—m+1, u—u, e—e}.

The notation of Section 1.5 allows us to write Fla,m + 1, u, €].

The second function call is BinarySearch(a, ¢, m — 1, ¢), so the function call
assertion at Ro is Fl[a, £, m—1, e]. These assertions are treated in the same way
as other assertions, such as runtime assertions. So far, we have the following
basic paths:

(1)

Q@Qpre 0 < ¢ A u<|a| A sorted(a,?,u)
assume £ > u;
rv := false;
@Qpost rv « Fi. L<i<u A afi]=e

2)
@pre 0 < ¢ A u <la| A sorted(a,¥,u)
assume £ < u;

m:= (£ +u) div 2;

assume a[m| = e;

T = true;

@post rv — Fi. L <i<u A afi]=e€

(3)

@Qpre 0 < ¢ A u<la| A sorted(a,?,u)

assume £ < u;

m = ({4 u) div 2;

assume a[m| # ¢;

assume a[m] < e;

QRy: 0<m+1 A u<|a| A sorted(a,m+ 1,u)

(5)
@pre 0 < ¢ A u <la| A sorted(a,¥,u)
assume / < u;
m = ({4 u) div 2;
assume a[m] # e;
assume a[m] > e;
QRy: 0<¢ A m—1<]|a|] A sorted(a,f,m—1)

Because BinarySearch lacks loops, each basic path starts at the function pre-
condition.
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It remains to consider paths (4) and (6), which pass through the recursive
function calls and end at the postcondition. Paths (3) and (5) end in the
function call assertions at Ry and Ry protecting these function calls. Since
they assert that the called BinarySearch’s precondition holds, we can assume
that the returned values obey the postcondition of BinarySearch in each of
the calling contexts. Therefore, we can use the function postcondition as a
summary of the function call:

(4)

@pre 0 < ¢ A u <|a| A sorted(a,¥,u)
assume £ < u;

m = (£ +u) div 2;

assume a[m] # e;

assume a[m] < e;

assume v; <« F.m+1<i<u A ali] =¢;
TV = V1]

@Qpost rv «— Fi.£<i<u A afi]=e

The lines

assume v; <« F.m—+1<i<u A ali] =¢;
TV = V]

arise as follows. First, translate the return statement
return BinarySearch(a, m + 1, u,e);

into an assignment to rv, as usual:
rv := BinarySearch(a,m + 1, u, e);

Next, given that the precondition holds (from path (3)), assume that the
postcondition holds. Therefore, summarize the function call with a relation
based on BinarySearch’s postcondition,

Gla,lu,e,rv]: v — Fi.£<i<u A afi]=e.

Specifically, the relation is Gla,m + 1, u, e, v1], where vy is a fresh variable
that captures the return value. In the basic path, assume this relation; then
use the return value vy in the assignment:

assume Gla,m + 1,u, e, v1];
™ = vy

These are the penultimate lines of (4). Hence, (4) replaces the function call
BinarySearch(a, m 4+ 1,u, e) with a summary based on the function postcon-
dition. Now reasoning about the basic path does not require reasoning about
all of BinarySearch at once.
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Q@pre
(3),(4) (5),(6)

@ ()

(6)

Fig. 5.21. Visualization of basic paths of BinarySearch

Construct the final basic path for the function call BinarySearch(a, £, m —

1, e) similarly:
(6)

@pre 0 < ¢ A u<la| A sorted(a,?,u)
assume ¢ < u;
m = ({4 u) div 2;
assume a[m] # e;
assume a[m] > ¢;
assume vy «— . L<i<m—1 A ali] =e¢;
TV 1= Ug;
@post rv « Fi.£<i<u A ali]=¢

Again, vy is a fresh variable.
Figure 5.21 visualizes these basic paths. Paths (4) and (6) are shown to
pass through locations R; and Rs, respectively. |

For the general case, consider function f with prototype

@Pre F[pla v 7pn]
@post G[p1, ..., pn, V]

type, f(type, p1, ..., type, pn)
Suppose that f is called in context
w:=f(e,...,en);

where eq, ..., e, are expressions. Then augment the calling context with the
function call assertion:

Q Fley,...,enl;

w = f(e1,...,en);

Treat this new assertion the same as any assertion: it results in at least one
basic path ending in

Q Fley,...,en]
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Finally, in basic paths that pass through the function call, replace the function
call by an assumption and assignment constructed from the postcondition,
where v is a fresh variable:

assume Gley, ..., en,v);
w = v;

Note that rv need not have type bool as in BinarySearch. For example, for
a function with prototype

Q@pre T
@post v >
int g(int z)

the statement
w = g(n +1);
is summarized in basic paths as follows:

assume v > n + 1;
w = v;

5.2.3 Program States

Before presenting the final step in proving partial correctness, we formalize
program state. A program state s is an assignment of values of the proper
type to all variables. The program variables include a distinguished variable
pc, the program counter. It holds the current location of control.

Example 5.18. The state
s: {pc— L1, a—[2;0;1], i—2, j—0, t—2, rv—[|}
is a state of BubbleSort in which control resides at L. |

A state can be extended to a logical interpretation. Suppose that 7" is the
theory that captures the functions (+, —, etc.) and predicates (=, <, etc.)
of the program. Extend a state s to a logical T-interpretation I : (Dy, ay):
let Dy be all values of the program types; and construct a; by using the as-
signments of s and adding assignments for all logical functions and predicates
so that I is a T-interpretation. Subsequently, when we say a state, we mean
either the assignment of program variables to values or the extension to a T-
interpretation for the appropriate theory 7', depending on the context. When
we write s = F, we mean that I = F for a T-interpretation I extending s.
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Fig. 5.22. Weakest precondition

Example 5.19. To extend
s: {pc— Ly, a—[2;0;1], i—2, j—0, t—2 rv—[|}

to a (T UTa)-interpretation I : (Dy, ar), let Dy be the set of all integers and
arrays of integers; and for ay, assign the standard functions to -[-], -(- <-), +,
—, etc. |

5.2.4 Verification Conditions

Our goal is to reduce an annotated function to a finite set of FOL formu-
lae, called verification conditions, such that their validity implies that the
function’s behavior agrees with its annotations. The reduction to basic paths
reduces reasoning about the function to reasoning about a finite set of ba-
sic paths. The final reduction from basic paths to VCs requires a mechanism
for incorporating the effects of program statements into FOL formulae. The
weakest precondition predicate transformer is the mechanism. A predi-
cate transformer p is a function

p: FOL x stmts — FOL

that maps a FOL formula F' € FOL and program statement S € stmts to a
FOL formula.

The weakest precondition wp(F, S) has the defining characteristic that if
state s is such that

s = wp(F, S)
and if statement S is executed on state s to produce state s’, then
s E F.

This situation is visualized in Figure 12.1(a). The region labeled F is the set
of states that satisfy F'; similarly, the region labeled wp(F, S) is the set of
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states that satisfy wp(F, S). Every state s on which executing statement S
leads to a state s’ in the F' region must be in the wp(F, S) region.

Define the weakest precondition for the two statement types of basic paths
introduced in Section 5.2.1:

o Assumption: What must hold before statement assume ¢ is executed to
ensure that F' holds afterward? If ¢ — F holds before, then satisfying ¢ in
assume c guarantees that F' holds afterward:

wp(F, assume ¢) & ¢— F

e Assignment: What must hold before statement v := e is executed to ensure
that F[v] holds afterward? If F'[e] holds before, then assigning e to v with
v := e makes F'[v] hold afterward:

wp(Fv], v:i=¢e) & Fle
For a sequence of statements Si;...;.5,, define
wp(F, S1;...;Sn) & wp(wp(F, S,), S1;...;50-1) .

The weakest precondition moves a formula backward over a sequence of state-
ments: for F' to hold after executing Si;...;Sn, wp(F, Si;...;S,) must hold
before executing the statements. Because basic paths have only assumption
and assignment statements, the definition of wp is complete.

Then the verification condition of basic path

QF
St

Snj
QG
is
F — wp(G, S1;...;5,) .
Its validity implies that when F' holds before the statements of the path are
executed, then G holds afterward. Traditionally, this verification condition is
denoted by the Hoare triple
{F}S15...5Sn{GY
Example 5.20. Consider the basic path

(1)
Qx>0
ri=z+1;
Qx>1

The VC is
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{z>0lz:=c+1{z>1}: 2>0 — wp(z>1, z:=x+1)
so compute

wp(z > 1, z:=x+1)
S (z>D{z—2z+1}
S x+12>1

S x>0

Simplifying the VC based on this computation produces
>0 — x>0,
which is clearly T7z-valid. ]

Example 5.21. We generate the VC corresponding to basic path (2) in Ex-
ample 5.13 (LinearSearch):
(2)

QL: F: 4<i N (Vj.L<j<i — a[j]#e)
S1: assume i < u;

Sy : assume afi] = e;

S3: v := true;

@Qpost G: v « Fj.L<j<u A a[j]=¢

The VC is
F — wp(G, S1;59;53) ,
so compute

wp(G, Si;S2;S3)

< wp(wp(rv <« 5. £<j<u A alj]=e, mv:=true), S1;52)
< wp(true < Jj. £<j<u A a[j] =e, S1;52)

< wp(F. L <j<u A a[j]=e, S1;52)

< wp(wp(3j. £<j<u A alj] =e, assume afi] =€), S})

< wp(afil]=e — Fj. £<j<u A a[j] =e, S1)

< wp(afil]=e — Fj. £<j<u A a[j] =e, assume i < u)
<:>z'§u—>(a[i]ze—>§|j.£§j§u/\a[j]:e)

Replacing F' and wp(G, Si; S2;S3) according to the computed formula results
in the VC

0<i N (Vjl<j<i — al[j]#e)
— (i<u — (alij=e — Fj.L<j<u A alj]=e))

or, equivalently,

0<i N (Vjl<j<i — aljl#e) Ni<u A afi]=e
— FL<ji<u A alj]=e
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according to the equivalence
FANE — (Fs— (Fy— Fs) & (WMANFa; NFsANFy) — Fy.
This formula is (T7z U Ta)-valid. |

Example 5.22. For basic path (3) of Example 5.13 (LinearSearch),
(3)

QL: F: (<i AN (VjL<j<i — a[j]#e)

S1: assume i < u;

Sy : assume afi] # e;

Ss: i:=1i+1;

QL: G: L<i N (Vj.L<j<i — alj]#e)

we use a different strategy to compute the corresponding VC
F — wp(G, 51;852;53) .

We collect all modifications to G during applications of wp and then apply
them all at once. Compute

wp(G, S1;S2;S3)
Wp(Wp(G ) —i+1) 51752)
wp(G{i — i+ 1}, S1;52)
wp(wp(G{i — i+ 1}, assume a[i] # €), S1)
wplali] £ ¢ — Gli—i+1}, S1)
wp(ali] #e — G{i— i+ 1}, assume i < u)
S — alil #e — Gli—it+1}

Then the VC is

ﬁ@@@ﬁﬁ

F — i<u — ali]#e — G{i—i+1},

or
0<i N (Vjl<j<i — aljl#e) Ni<u A afi] #e
- U<i+1 ANVjL<j<i+]l — a[jl#e,
which is (T7 U Ta)-valid. |

Example 5.23. Consider basic path (2) of Example 5.17 (BinarySearch):
(2)

@pre F': 0<{¢ A u<|a| A sorted(a,?,u)

S1: assume ¢ < u;

Sy : m = ({ +u) div 2;

S3 : assume a[m] = e;

Syt v = true;

@Qpost G: v « Fi.l<i<u A afi] =€

The VC is
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F — wp(G, S1;52;53;54) ,
so compute

wp(G, Si;82;S3;54)

< wp(wp(G, rv := true), Si;S52;53)

< wp(G{rv — true}, Si;S52;53)

< wp(wp(G{rv — true}, assume a[m] =e), S1;52)

< wplajm] =e — G{rv+— true}, S1;52)

< wp(wp(a[m] =e — G{rve— true}, m:= ({ +u) div 2), S1)
< wp((a[m] =e — G{rvw true}){m— ({+u) div 2}, S1)
< wp((a[m] =e — G{rvw true}){m— ({+u) div 2}

assume ¢ < u)
S L<u — (afm]=e — G{rv— true}){m— ({+u) div 2}

Applying the substitutions produces
(<u — a[({+u)div2]=e — G{rv— true, m— ({+u) div 2} .
Simplifying the VC accordingly

0<?¢ A u<la|l A sorted(a,l,u) AN €<u A a[({+wu)div2]=¢e
— Ji.l<i<u A afij=¢

reveals that it is (T%z U Ta)-valid: £ < wu from the antecedent implies that
< (0+u) div 2 < u, so that a[({ + u) div 2] = e implies that Fi. £ < i <
u A ali] =e. |

Example 5.24. Consider basic path (3) of Example 5.14 (BubbleSort):
(3)
1<i<la| AO<j<i
Q@QLy: F:| A partitioned(a,0,4,9+ 1,]a] — 1)
A partitioned(a, 0,5 — 1,7,7) A sorted(a,i,|a] — 1)
S1: assume j < i;
Sy : assume alj] > alj + 1];

Ss: t = aljl;

Si: alj] = alj+ 11
S5t oalj+1] =

Se: j=Jj+1

1<i<la] AO<j<i
@Ls: G:| A partitioned(a,0,4,i+ 1, |a] — 1)
A partitioned(a,0,j — 1,4,7) A sorted(a,i,|a] — 1)
The VC is
F — wp(G, Si;S2;S3;54; S5 S6)

so compute
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wp(G, S1;82;S3; S4; Ss; S6)

< wp(wp(G, j:=j+1), Si;59;53;54;S5)

& wp(G{j — j+ 1}, S1;52;53;54; S55)

& wp(wp(G{j = j+ 1}, a[j + 1] :=t), S1;S2; 93;54)
& WP(G{] —J+ 1}{(1 — a(g +1 <1t>}, S1;59; 53;54)

Array assignment a[j 4+ 1] := ¢ translates to the functional substitution {a —
a{j + 1<t)} according to the theory of arrays, Ta. That is, the assignment
is modeled by substituting a(j + 1 <t) for every instance a affected by the
assignment. Continuing,

& wp(G{j—j+1, ara(j+1<t)}, Si;52;53;51)
& wp(wp(G{j —j+1, ara(j+1at)}, alj] := alj +1])
, S1;82;53)
& wp(G{j—j+1, ara(j+1at){ar a(j<alj+1])}
, S1;52;S3)
& wp(G{j—j+1, a—a(j<alj+1]){j+1at)}, S1;52;53)

The array assignment S, similarly translates to a substitution. Composing
the two substitutions produces the substitution in which the doubly-modified
array a(j <alj + 1]){j + 1 <t) replaces a. Then

@ WBWB(GL 1 0 alj <ol + 1)+ e €= )
o wp(Glj — j+1, arm aljaali+ 1) +1a8 e o alil}

, S1;52)
& wp(Glj = j+1, ama(j<ali+ 1) + 1<), t— aljl}

, S1;52)

Here, the composition of substitutions results in applying {¢ — a[j]} to the
term a(j <alj + 1])(j + 1 < t), which contains ¢. To finish,

& wp(wp(G{j — j+1, aral(jgalj +1]){j +12alj]), t — aljl}
, assume a[j] > a[j + 1])
) Sl)
< wp(alj] > alj + 1]
g )G{j = J+1, ara(j<ali+ 1)) (G +1<alj]), t— alj]}
< wp(alj] > alj +1]
= G{ij—j+1, aa(j<alj+1)){j+1<alj]), t — a[jl}
, assume j < 1)
& j<i — alj] >alj+1]
= G{j—j+1, a—a{jaalj+1]){j+1<alj]), t — alj]}
S j<i A alj]>alj+1]
= G{ij—j+1, a—a(j<alj+1)){j+1<alj]), t— aljl}

Finally, applying the substitution



142 5 Program Correctness: Mechanics
o: {j—Jj+1L a—a(j<aj+1){j+1qalj]), t — alj]}
to G produces Go:

I1<i<l|a(jaalj+1]){(j+1<a[j)] AN 0<j+1<i
A partitioned(a(j <alj + 1]){(j + 1 <alj]),0,4,7 + 1,
la(j <alj +1])(j +1<alj))| —1)
A partitioned(a(j <alj +1])(j + 1« a[ i,0,5,7+1,5+1)
A sorted(a{j <alj + 1)){j + 1 <alj]), 4, |a(f <alj + 1]){ + 1 <alj])| — 1)

The length function |- | obeys the following axiom:
Va,i,e. la(i<e)| = |al (array length)

In other words, modifying an array’s elements does not change its size. Under
this axiom, Go is equivalent to

I1<i<la] N0<j+1<i
A partitioned(a(j <alj + 1])(j + 1 <a[j]), 0,4, 4+ 1,]a] — 1)
A partitioned(a(j <alj +1]){(j + 1 <a[j]),0,5,j +1,j + 1)
A sorted(a(j <alj + 1)){j + 1 <a[j]), 4, |a] — 1)

Thus, the VC is

1<i<la| AO<j<i

A partitioned(a,0,4,%+ 1, |a] — 1)

A partitioned(a, 0,5 — 1,7, 7)

A sorted(a,i,|a] — 1)

A j<i A alj] >alj+1]

1<i<la| AO<j+1<i

A partitioned(a(j <alj + 1])(j + 1 <alj]),0,¢,i+ 1, |a| — 1)
A partitioned(a(j <alj +1])(j + 1 <a[j]),0,4,7 + 1,5+ 1)
A sorted(a(j <alj + 1]){j + 1 <alj]), 4, |a] — 1)

which is (T7 U Ta)-valid. [ |

5.2.5 P-Invariant and P-Inductive

Let us consider the inductive assertion method abstractly.

A program is a set of functions with some distinguished entry function.
Let P be a program with distinguished entry function f such that f has func-
tion precondition Fy. and initial location L. A computation of program P,
or a P-computation, is a sequence of states

50,51, 52, -

such that
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1. so[pc] = Lo and so = Fpre;
2. and for each index i, s;41 is a result of executing the instruction at s;[pc]
on state s;.

The notation s;[pc] indicates the value of pc given by state s;. A computation
may be finite or infinite. Infinite computations arise when a program contains
a function that does not always halt (either through recursion or looping).

A formula F' annotating location L of program P is P-invariant (also, is
an invariant of P, or is a P-invariant) iff for all P-computations sg, s1, S2, . - .
and for each index i, if s;[pc] = L then s; = F. The annotations of P are
P-invariant iff each annotation is P-invariant. This definition is not imple-
mentable: checking if F' is P-invariant requires checking an infinite number of
P-computations in general, even if all computations are finite.

Instead, we use the inductive assertion method introduced in this chapter.
If all verification conditions generated from program P are T-valid (in the
proper theory T'), then the annotations are P-inductive (also, are inductive
P-invariants) and therefore P-invariant. In summary, we have the following
theorem.

Theorem 5.25 (Verification Conditions). If for every basic path

S1;
Sn;
@le G

of program P, the verification condition
{F}S15...5 S {G}

is valid (in the appropriate theory), then the annotations are P-invariant. In
particular, the annotations are P-inductive.

In other words, when P’s annotations are P-inductive, each function of P
obeys its specification.

Henceforth, when P is obvious from the context, we say invariant instead
of P-invariant and inductive instead of P-inductive.

5.3 Total Correctness

Partial correctness is just one step in proving the total correctness of a
function or program. Total correctness of a function asserts that if the input
satisfies the function precondition, then the function eventually halts and pro-
duces output that satisfies its function postcondition. In other words, total
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correctness requires proving partial correctness and that the function always
halts on input satisfying its precondition. We focus now on the latter task.

Proving function termination is based on well-founded relations (see Chap-
ter 4). Define a set S with a well-founded relation <. Then find a function ¢
mapping program states to S such that ¢ decreases according to < along every
basic path. Since < is well-founded, there cannot exist an infinite sequence of
program states; otherwise, they would map to an infinite decreasing sequence
in S. The function § is called a ranking function.

Choosing Well-Founded Relations and Ranking Functions

The concept of well-founded relations is the fundamental principle of this
method. The ranking function itself is really just a convenience. One could
directly construct a well-founded relation over the program states and show
that the output state of each basic path is less than the input state according
to this relation. However, it is often conceptually easier to find a function
that maps states to a known set S with a known well-founded relation <. For
example, we usually choose as S the set of n-tuples of natural numbers and as
=< the lexicographic extension <, of < to n-tuples of natural numbers, where
n varies according to the application.

As with partial correctness, we consider total correctness in the context
of loops first and then in the context of recursion. Section 6.2 examines a
program with both loops and recursion.

Example 5.26. Figure 5.23 lists BubbleSort with ranking annotations. It con-
tains one new type of annotation: | (i+1,i4+1) and | (i+1,i—j) assert that
the functions (i+1,7+1) and (i+ 1,4 — j), respectively, are ranking functions.
These functions map states of BubbleSort onto pairs of natural numbers S : N2
with well-founded relation <s. Intuitively, we have captured two separate ar-
guments. The outer loop eventually finishes because i decreases to 0; hence
i+ 1 decreases as well. Why do we use ¢ + 1 rather than i? When |a| = 0, the
initial assignment to ¢ is —1. While ¢ 4 1 is always nonnegative, ¢ is not; and
recall that we want to map into the natural numbers. The inner loop halts
because j increases to i; hence i — j decreases to 0. Therefore, our intuition
tells us that ¢ + 1 is important for the outer loop, and i — j is important for
the inner loop.

Placing these two functions i + 1 and ¢ — j together as a pair (i + 1,7 — j)
provides the annotation for the inner loop. We expect i+ 1 to remain constant
while the inner loop is executing and decreasing ¢ — j. For the annotation of
the outer loop, we note that i +1 > i — j =i — 0 = 4 on entry to the inner
loop, so that (i + 1,0+ 1) >o (¢ + 1,7 — j).

The loop annotations assert that the ranking functions (i + 1,7 + 1) and
(14 1,7 — j) map program states to pairs of natural numbers. Hence, we need
to prove that the loop annotations are inductive using the inductive assertion
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@pre T
@post T
int[] BubbleSort(int[] ao) {
int{] a := ao;
for
QL;: i4+12>0
L G+1,i4+1)
(inti:=la|—1;>0; i :=i—1) {
for
QLy: i+1>0 AN i—352>0
L(E+1,i—j)
(int j:=0; 7<4; j:=75+1){
i£ (alj] > alj + 1)) {

int ¢t := alj);
alj] := alj +1J;
alj +1] == ¢;
}
}
}
return a;
}

Fig. 5.23. BubbleSort with annotations to prove termination

method. We leave this step to the reader. It only remains to prove that the
functions decrease along each basic path.
The relevant basic paths are the following:

(1)
QLy: i+1>0
VLy: (t+1,i+1)
assume ¢ > 0;
J =0
Lo (i+1,i—9)
(2)

QLy: i+1>0 AN i—35>0
1Lo: (i+1,i—j)
assume j < i;

assume a[j] > alj + 1];

t = aljl;

alj] == alj +1];

alj + 1] :== t;

J=J+1

1Lo: (i+1,i—j)
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(3)
QLy: i+1>0 A i—j>0
I Lo: (i+1,i—j)
assume j < 4;
assume a[j] < alj + 1];
J=J+L
1Ly (i41,i—7)

(4)
QLy: i+1>0 A i—352>0
1Ly (i41,i—7)
assume j > i;
1:=1—1;
Ly (i+1,i4+1)

The paths entering and exiting the outer loop at L; are not relevant for the
termination argument. The entering path does not begin with a ranking func-
tion annotation, so there is nothing to prove. The exiting path leads to the
return statement.

For termination purposes, paths (2) and (3) can be treated the same:

@QLy: i4+1>0 A i—j>0

[ Ly (i4+1,i—j)
assume j < 4;

ji=3+1
Lo (i+1,0—7)

The excluded statements do not impact the value of the ranking functions.
|

Verification Conditions

A basic path beginning and ending with a ranking function

QF
| o]
S1;
S
| Klz]

induces a verification condition
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F — wp(k < d[xo], S1;---;Sk){xo — x} .

In words, we must prove that the value of x after executing statements
S1;+ - ; Sk is less than the value of § before executing the statements. There-
fore, we rename the variables of 0 to something new (z¢ in this case), compute
the weakest precondition of k < 8[zg] across the statements Sy;--- ; S, and
then rename the new variables back to their original names (z in this case).
This renaming process preserves the value of d[z] in its context. The anno-
tation F' can provide extra invariant information with which to prove this
relation.

Example 5.27. Let us return to the proof of Example 5.26 that BubbleSort
halts. Path (1) induces the following verification condition:

i+1>0ANi>0 — (1+1,i—-0) <2 (i+1,i+1),
which is valid. Paths (2) and (8) induce the verification condition:
i+1>0ANi—j>0Aj<i — (i+1i—(G+1))<z(i+1i—7),
which is valid. Finally, (4) induces the verification condition
iF1>0Ai—§20Aj2>i — (i—1)+1,(—1)+1) <z (i+1,i—j),

which is also valid. Hence, BubbleSort always halts. Combined with the proof
of the sortedness property, we can now say that BubbleSort is totally correct
with respect to its specification: it always halts and returns a sorted array.

Let us work through the construction of the final verification condition
for basic path (4). First, replace i and j with iy and jo, respectively, in the
function annotating La: (ip 4+ 1,49 — jo). Then compute

wp((i +1,i4+ 1) <2 (ip + 1,40 — jo), assume j >4; i := ¢ — 1)
< wp((E—1)+1,(i—1)+1) <2 (ip + 1,i0 — jo), assume j > i)
& j=i — (i,1) <2 (io + 1,90 — jo)

Now, having preserved the original value of (i + 1,7 — j) at Lo, replace iy and
jo with ¢ and j, respectively:

j>i = (i) <a (i+1,i—7) .
Noting that (4) begins by asserting i +1 > 0 A i —j > 0, we have our
verification condition:

PH1>0ANi—3>0A j>i — (ii) <o (i+1,i—j).

In this proof, the loop annotations (other than the ranking functions) do
not have any bearing on the termination argument. Their purpose is only to
prove that the given functions map to the natural numbers. |



148 5 Program Correctness: Mechanics

@Qpreu—£+1>0
@post T
lu—€+4+1
bool BinarySearch(int[] a, int ¢, int u, int e) {
if (£ > u) return false;
else {
int m:= ({ +u) div 2;
if (a[m] = e) return true;
else if (a[m] < e) return BinarySearch(a,m + 1,u, e);
else return BinarySearch(a,{,m — 1,¢);

}
}

Fig. 5.24. BinarySearch always halts

Besides loops, recursion is another source of nontermination and hence re-
quires ranking annotations as well. Again, we break the termination argument
down to the level of basic paths.

Example 5.28. Figure 5.24 lists the BinarySearch function. u — ¢ + 1 maps
the formal parameters of BinarySearch to S : N with well-founded relation <.
Why do we use u — £ + 1 as the ranking function? Intuitively, the interval
[¢,u] shortens at each level of recursion, so u — £ is a good guess at a ranking
function. However, it may be that £ > u so that v — ¢ does not map into N;
but in this case f = u+ 1, so u — £ + 1 does map into N.

We now need to prove two properties of u — £ + 1:

1. Because u — ¢+ 1 has type int, we must prove that © — ¢+ 1 in fact maps
to N: whenever u — £ + 1 is evaluated at function entry, it must be the
case that u —¢+1>0.

2. We must prove that u—¢+1 decreases from function entry to each recursive
call.

The function precondition asserts the first property, so we need only prove that
the function specification is inductive as usual. To prove the second property,
we reduce the argument to basic paths: u — £ + 1 should decrease across each
basic path.

Convince yourself that the annotations other than the ranking argument
are inductive.

We now consider the ranking argument. The relevant basic paths of the
function are the following;:
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(1)
@Qpreu—£¢+1>0
lu—2+1
assume £ < u;
m:= (£ +u) div 2;
assume a[m] # e;
assume a[m] < e;
lu—(m+1)+1

(2)
@Qpreu—£¢+1>0
lu—2+1
assume £ < u;
m:= (£ +u) div 2;
assume a[m] # e;
assume a[m] > e;
L (m=1)—¢+1

Two other basic paths exist from function entry to the first two return state-
ments; however, as the recursion ends at each, they are irrelevant to the ter-
mination argument.

The basic paths induce two verification conditions. Before examining them,
notice that the assume statements about a[m] are irrelevant to the termination
argument. Now, the first VC is

u—C+1>0ANL0<u A ---
- u—((l+u)div2)+1)+1<u—~L+1,

where - - - elides the literals involving a[m]. It is Tz-valid. The VC

u—LC+1>0ANL0<u A ---
- (+wuw)div2)—1)—4l+1<u—L+1

for the second basic path is also Tz-valid, so BinarySearch halts on all input
in which ¢ is initially at most u + 1.

Section 6.2 provides an alternative to using the awkward ranking function
u — £+ 1. Additionally, the argument proves termination on all input. |

5.4 Summary

This chapter introduces the specification and verification of sequential pro-
grams. It covers:

e The programming language pi.
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e Program specification. Specifying a program involves writing function pre-
conditions and function postconditions as first-order assertions. A func-
tion precondition asserts on which inputs the function is defined, while a
function postcondition asserts the form of the returned data. Other anno-
tations: loop invariants, assertions, runtime assertions.

e Partial correctness, which guarantees that if a function halts and the in-
put satisfied the function precondition, then its returned value satisfies the
function postcondition. Partial correctness is proved via an inductive argu-
ment. Additional annotations strengthen the inductive hypothesis. Basic
paths, program state, verification conditions, inductive invariants.

e Total correctness, which guarantees additionally that the program or func-
tion always halts. Total correctness requires mapping, via a ranking func-
tion, program states to a domain with a well-founded relation and proving
that the mapped values in the domain decrease as computation progresses.
Typically, proving termination requires additional partial correctness an-
notations.

Chapter 6 discusses strategies for applying the techniques of this chapter.

The methods introduced in this chapter are fundamental to verification
of software and hardware. However, we present them in a simple context.
Decades of research have made much more possible.

The validity of verification conditions listed in examples or produced by
programs in the chapter are all decided using the decision procedures dis-
cussed in Part IT. We have focused on specifications that can be expressed in
the fragments of theories introduced in Chapter 3. More complex specifica-
tions may require general mechanical theorem proving. However, mechanical
theorem provers often rely on the decision procedures of Part IT when possible
for speed and to minimize human interaction.

Chapter 12 introduces algorithms for deducing annotations.
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King describes in his thesis [50] the idea of a werifying compiler, which
generates and proves during compilation the verification conditions that arise
from program annotations. See [27] for a discussion of the Extended Static
Checker, a verifying compiler for Java.
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@pre p(ao)
@post sorted(rv, 0, |rv| — 1)
int|] InsertionSort(int[] ao) {
int[] a = ao;
for
Q@ ri(a,ao0,1,7)
(inti:=1;i<]al; t:=4+1) {
int ¢ := ali];
for
Q@ ro(a, ao,,7)
(int ji=i—1;j>0; j:=37—1){
if (a[j] < t) break;
alj +1] i= alj};

alj +1] =t
}

return a;

}

Fig. 5.25. InsertionSort for Exercise 5.1(a)

Exercises

5.1 (Basic paths). For each of the following functions, replace each @Qpre T
with a fresh predicate p over the function parameters, each @Qpost T with a
fresh predicate g over rv and the function parameters, and each @ T with a
fresh predicate r over the function variables. As an example, see Figure 5.25
for the replacements for part (a). Then list the basic paths.

(a) InsertionSort of Figure 6.8.
(b) merge of Figure 6.9.
(c) ms of Figure 6.9.

5.2 (Weakest precondition). Compute the following formulae:

(a) wp(z >0, z := = — k; assume k < 1)
(b) wp(z >0, assume k< z; x :=x — k)
(c) wp(x >0, z:=x —k; assume k < x)
(d)wp(z+2y>3, z:=2+1; assume 2 > 0; y :=y+2x)

5.3 (Verification condition generation). Generate the VCs for the follow-
ing basic paths:
(1)

Q@ x > 0;
r:=x—Fk
assume k < 1;
Qx> 0;
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(2)

@T,
assume k < x;
x:=z—k;
@z > 0;
(3)
Q@T,
x:=z—k;
assume k < z;
@z > 0;
(4)
@k >0;
r:=x—k;
assume k < z;
@z > 0;
(5)
Qy=>0;
z:=z+1;
assume z > 0;
y=y+a
Q z + 2y > 3;

Which are T7-valid? Which are Tp-valid?

5.4 (Verification conditions). For each basic path generated in Exercise
5.1, list the corresponding VCs.

5.5 (Public functions). Example 5.6 asserts that a function that is acces-
sible outside a module should have a reasonable function precondition, such
as T. Implement verified public wrapper functions to LinearSearch and Bina-
rySearch for searching an entire array. The function preconditions should be
reasonable.

5.6 (The div function). Integer division, even by a constant, is not a func-
tion of T%; however, it is useful for reasoning about programs like BinarySearch.
Show how basic paths that include the div function can be altered to use only
standard linear arithmetic. Hint: Use an additional assume statement. How
does this change affect the resulting VCs?

5.7 (Ackermann function). Implement the ack function of Example 4.9 as
a pi program and prove that it always halts.
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The basis of our approach is the notion of an interpretation of a pro-

gram: that is, an association of a proposition with each connection in
the flow of control through a program.

— Robert W. Floyd

Assigning Meanings to Programs, 1967

As in other applications of mathematical induction (see Example 4.1),
the main challenge in applying the inductive assertion method is discovering
extra information to make the inductive argument succeed. Consider a typical
partial correctness property that asserts that a function’s output satisfies some
relation with its input. Assuming this property as the inductive hypothesis
does not provide any information about how the function behaves between
entry and exit. It is a weak hypothesis. Therefore, one must provide more
information about the function in the form of additional program annotations.
Section 6.1 discusses strategies for discovering this additional information.
Section 6.2 applies the strategies to prove that QuickSort always returns a
sorted array.

6.1 Developing Inductive Annotations

The machinery presented in Section 5.2 automatically reduces an annotated
function to a finite set of verification conditions. Furthermore, the decision
procedures discussed in Part IT of this text make deciding the validity of
many verification conditions an automatable task. For example, all verification
conditions in this text fall within decidable fragments of FOL, unless otherwise
noted. Thus, determining if a program’s annotations are inductive can be
automated in many cases. Ongoing research in decision procedures continually
expands the set of annotations that produce decidable verification conditions.

Developing annotations is a different matter. As expected, writing a func-
tion specification requires human ingenuity, just as implementing the function
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requires it. Of course, simple assertions, such as that a program is free of run-
time errors, can be generated automatically.

Writing the loop invariants also requires human ingenuity. A certain level
of human intervention is acceptable: the programmer ought to know certain
facts about her/his code. Loop invariants often capture insights into how the
code works and what it accomplishes. Developing the implementation and an-
notations simultaneously results in more robust systems. Finally, annotations
formally document code, facilitating better development in team projects.

However, Section 5.2.5 points out a fundamental limitation of the inductive
assertion method of program verification: loop invariants must be inductive
for the corresponding verification conditions to be valid, not just invariant.
Consequently, the programmer can assert many facts that are indeed invariant;
yet if the annotations are not inductive, the facts cannot be proved.

Much research addresses automatic (inductive) invariant discovery. For ex-
ample, algorithms exist for discovering linear and polynomial relations among
integer and real variables. Such invariants can, for example, provide loop in-
dex bounds, prove the lack of division by 0, or prove that an index into an
array is within bounds. Other methods exist for discovering the “shape” of
memory in programming languages with pointers, allowing, for example, the
partially automated analysis of linked lists. One of the most important roles
of automatic invariant discovery is strengthening the programmer’s annota-
tions into inductive annotations. Chapter 12 introduces invariant generation
procedures. However, no set of algorithms will ever fully replace humans in
writing verified software.

In this section, we suggest structured techniques for developing inductive
annotations to prove partial correctness. We emphasize that the methods are
just heuristics: human ingenuity is still the most important ingredient in form-
ing proofs.

6.1.1 Basic Facts

To begin a proof, include basic facts in loop invariants. Basic facts include loop
index ranges and other “obvious” facts. To be inductive, complex assertions
usually require these basic facts. We illustrate the development of basic facts
through several examples.

Example 6.1. Consider the loop of LinearSearch(see also Figure 5.1):

for
QL: T
(inti:=/¢ i<wu; i:=i+1){
if (a[i] = e) return true;

}

Based on the initialization of i, the loop guard, and that ¢ is only modified by
being incremented in the loop update, we know that at L,
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(<i<u+1.

Notice the upper bound. It is a common mistake to forget that on the final
iteration, the loop guard is not true. Our basic annotation of the loop is the
following:

for
QL: /<i<u+1
(inti:=/¢ i<w i:=i+1){
if (a[i] = e) return true;

}

Example 6.2. Consider the loops of BubbleSort (see also Figure 5.3):

for
@Lll T
(inti:=la|—1;i>0; i:=i—1) {
for
@LQZ T

(int j:=0; j <4 j:=7+1){
if (alj] > alj+1]) {

int ¢ := a[j];
alj] = alj +1J;
alj +1] :=t;

}
}
}

The outer loop index ¢ ranges according to

—1<i < |a
Why —1? If |a| = 0, then |a|] — 1 = —1 so that ¢ is initially —1. Keep in mind
that “corner cases” like this one are just as important as normal cases (and

perhaps even more important when considering correctness: corner cases are
often the source of bugs). In the inner loop, the range of i is more restricted:

0<i<|al

because of the outer loop guard.
In the inner loop, j ranges according to

0<j<t.

Therefore, our basic annotation of the two loops is the following:
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for
QL;: —1<i<]d
(inti:=la|]—1;¢>0; i:=i—1) {
for
QLy: 0<i<l|al ANO<j<i
(int j:=0; j <i; j:=j+1){
if (alj] > alj +1)) {

int ¢ := a[j];
alj] == alj +1J;
alj + 1] := ¢

}
}
}

Note that the loops modify just the elements of a, not a itself. Therefore,
we could add the annotation

la| = lao|

to both loops. Such an annotation would be useful if the postcondition as-
serted, for example, that

|rof = |ao| .

For the property that we address (sorted(rv,0,|rv| — 1)), this annotation is
not useful. ]

6.1.2 The Precondition Method

Basic facts provide a foundation for more interesting information. The pre-
condition method (also called the “backward substitution” or “backward
propagation” method) is a strategy for developing more interesting informa-
tion in a structured way. Again, we emphasize that the method is a heuristic,
not an algorithm: it provides some guidance for the human rather than re-
placing the human’s intuition and ingenuity.

The precondition method consists of the following steps:

1. Identify a fact F that is known at one location L in the function (QL : F')
but that is not supported by annotations earlier in the function.
2. Repeat:
a) Compute the weakest preconditions of F' backward through the func-
tion, ending at loop invariants or at the beginning of the function.

b) At each new annotation location L', generalize the new facts to new
formula F’ (QL': F).

We illustrate the technique through examples.
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Example 6.3. Consider the loop of LinearSearch (see also Figure 5.1), anno-
tated with basic facts:

for
QL: /<i<u+1
(inti:=/¢ i<w i:=i+1){
if (a[i] = e) return true;

}

return false;
The postcondition of LinearSearch is
oo Ji.l<i<u A ali]=e.

Consider basic path (4) of Example 5.13 but with the current loop invariant
substituted for the first assertion:
(4)

QL: F1: f<i<u+1

S1: assume i > u;

So 1 rv := false;

Qpost Fp : 1m0 <> Jj.£<j<u A a[j]=e

Note that we continue to number basic paths as they were numbered in Ex-
ample 5.13. The VC

{F1}S1;82{F2}: (<i<u+1 ANi>u — =(FjL<j<u A a[j]=¢€)

is not (Tz U Tp)-valid. Essentially, the antecedent does not assert anything
useful about the content of a. Write the consequent as

F:Vjit<j<u — aljl#e

by pushing in the negation. F' says that if LinearSearch exits via Sy, then no
element of a in the range [¢,u] is e. But F' is not supported by the current
loop invariant at L. In short, F5 is a fact that is not supported by earlier
annotations.

Having identified an unsupported fact, we compute preconditions. To prop-
agate Fy back to the loop invariant, compute

Wp(FQ, 51;32)

< wp(wp(Fsz, v := false), S1)

< wp(Fy{rv+— false}, S1)

< wp(Fa{rv — false}, assume i > u)
& i>u — Fy{rv— false}

S i>u > Vi L<ji<u — a[jl#e

The final formula
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G:i>u — Vjl<ji<u — a[j]#e,

in particular the antecedent ¢ > u, and some intuition suggests the general-
ization

G':Vjl<j<i — a[j]#e.

We compute one backward iteration through the loop to increase our confi-
dence:
(3)

QL: H:7?

S1: assume i < u;

Sy : assume afi] # e;

Ss: i:=1i+1;

QL: G: i>u — Vjl<j<u — afj]#e

Then
p(G 51752753)
< wp(wp(G, i :=1+1), S1;52)
= (G{Z :—Z+1} Sl,Sz)
< wp(wp(G{i := i+ 1}, assume ali] #¢e), S1)
< wp(ali] #e — G{i:=i+1}, S1)
< wp(afi] #e — G{i: =i+ 1}, assume i < u)
@zgu%a[i];ﬁeHG{i::i—l—l}
S i<u Aalil]Ze Ni+l>u — Vjl<j<u — a[j]#e
S i=u A alul#e — VjL<j<u — a[j] #e
S i=u Aalul#e —- Vjl<j<u—1 — afj]#e
S i=u A alu#e - VjL<j<i—1 — afj] #e

To obtain the second-to-last line from the third-to-last, note that the an-
tecedent already asserts that a[u] # e; hence, its occurrence as the case j = u
of Vj. £ < j < w--- is redundant. The final line is realized by applying the
equality ¢ = u to the upper bound on j. As we suspected, it seems that the
right bound on j should be related to the progress of 7, rather than being fixed
to u. This observation from computing the weakest precondition matches our
intuition. One trick to generalize assertions is to replace fized terms (bounds,
indices, etc.) with terms that evolve according to the loop counter.
Thus, we settle on the formula

G :Vjl<j<i — aljl#e.

That is, all previously checked entries of a do not equal e. We add this assertion
to the loop invariant:

for
QL: (<i<u+1 A (Vj.L<j<i — alj]#e)
(inti:=/¢ i<wu; i:=i+1){
if (a[i] = e) return true;

}
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The result is similar to the annotation in Figure 5.15. Generating and checking
the corresponding VCs reveals that the annotations are inductive. |

Example 6.4. Consider the version of BinarySearch of Figure 5.12 that con-
tains runtime assertions but has only a trivial function specification T. Using
the precondition method, we infer a function precondition that makes the an-
notations inductive. Contexts that call BinarySearch are then forced to obey
this function precondition, guaranteeing a lack of runtime errors.

Consider the path from function entry to the assertion protecting the array
access:

)

Qpre H : 7

S1: assume ¢ < u;

So: m = ({4 u)div 2;
@QF: 0<m<|al

Compute
Wp(F, 51;52)
< wp(wp(F, m:= ({+u) div 2), S1)
< wp(F{m — ({4 u) div 2}, S;)
< wp(F{m — ({ +u) div 2}, assume ¢ < u)
e (<u — F{mw— ({+u)div 2}
S 0<u — 0< ({+wu)div2 < |a
= 0</{ A u<la

The final line implies the penultimate line, for if 0 < £ A u < |a|] and £ < u,
then both 0 < ¢ < |a| and 0 < u < |a|; hence, their mean is also in the range
[0, |a] — 1]. Therefore, it is guaranteed that

0<?¢ A u<lal — wp(F, Si;52)

is Ty-valid.

The formula 0 < ¢ A w < |a| appears as the function precondition in
Figure 6.1. The annotations are inductive, proving that the runtime assertion
0 < m < |a] holds in every execution of BinarySearch in which the precondition
0</{ A u<|alis satisfied. [ |

Example 6.5. Consider the following code fragment of BubbleSort (see also
Figure 5.3)
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@pre 0 < ¢ A u < |a

@post T

bool BinarySearch(int[] a, int ¢, int w, int e) {
if (£ > u) return false;

else {
Q@ 2 #£0;
int m:= ({ +u) div 2;
@O0<m<lal;

if (a[m] = e) return true;
else if (a[m] < e) return BinarySearch(a,m + 1, u, €);
else return BinarySearch(a,f,m — 1,¢);
}
}

Fig. 6.1. BinarySearch with runtime assertions

for
QLy: —1<i< |l
(inti:=la|—1;i>0; i:=i—1) {
for
@QLy: O0<i<l|a] ANO<j<i
(int j:=0; j <i; j:=j+1){
it (alj] > alj +1]) {

int t := alj];
alj] == alj +1];
alj + 1] :=t¢;
}
¥
}
return a,

and its postcondition
F: sorted(rv,0,|rv] — 1) .

Consider the path
(6)
QLy: G:7
S1: assume i < 0;
So 1 rv = q;
@post F': sorted(rv,0,|rv| — 1)

Computing wp(F, Si;S2) produces the formula
F': i<0 — sorted(a,0,a| — 1),

which tells us (not surprisingly) that a should be sorted upon exiting the
outer loop. Observe the index variable of the outer loop: it starts at |a| — 1
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and decrements down to 0. Therefore, recalling the trick to replace fized terms
(bounds, indices, etc.) with terms that evolve according to the loop counter
suggests the following generalization of F’:

G : sorted(a,i,|a] — 1) .

G trivially holds upon entering the outer loop; moreover, it follows from the
behavior of ¢ that progress is made by working down the array. The outer loop
invariant L; should include G. Thus, we have

QLy: —1<i<|a| A sorted(a,i,|a] — 1)

so far.
Propagate G via wp to the inner loop along the path from the exit of the
inner loop Lo to the top of the outer loop L;:

(5)

QLy: H:7
S1: assume j > i;
So: i:=1i—1;

QLy: G: sorted(a,i,|a] — 1)
The result at Ly is the formula
H': j>i — sorted(a,i —1,]a| — 1),

which states that when the inner loop has finished, the range [i — 1, |a| — 1] is
sorted. Immediately generalizing H' to

H" : sorted(a,i—1,|a] — 1)

is too strong. For suppose H” were to annotate the inner loop at Lo, and
consider the path
(2)

QLy: G: sorted(a,i,|a] — 1)
S1: assume i > 0;
So: j = 0;
QLo : H”: sorted(a,i—1,]a] — 1)
Computing

G — wp(H", assume i > 0; j := 0)
produces

sorted(a, i,|a| —1) A ¢ >0 — sorted(a,i—1,]|a] — 1),

which is not (T UTa)-valid. All we know at Ly (with respect to sortedness of
a)is G : sorted(a, i, |a|—1). Essentially, sorted(a,i—1, |a|—1) at Lo is a special
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case that definitely holds only when the inner loop has finished. Therefore,
we generalize H' to the weaker assertion H : sorted(a, i, |a| — 1), which claims
that a smaller subrange of a is sorted.

At this point, we have annotated the loops of BubbleSort as follows:

for
QLy: —1<i<|a| A sorted(a,i,|a| —1)
(inti:=la|—-1; ¢>0; i:=i—1) {
for
QLy: 0<i<|al AN 0<j<i A sorted(a,i,|a] —1)
(int j:=0; j <i; j:=j+1){
i£ (alj] > alj + 1)) {

int t := alj];
alj] := alj +1J;
alj +1] :=t;

}
}
}

The resulting VCs are not valid. Further annotations require some insight on
our part, which leads us to the next section. |

6.1.3 A Strategy

In general, proofs require insights beyond generalizing formulae obtained
through the precondition method. We adopt the following strategy when prov-
ing partial correctness.

First, decompose the function specification into atomic properties. Then
analyze each atomic property. For example, to prove that BubbleSort returns a
sorted array that is a permutation of the input, study the sortedness property
and permutation property separately. In some cases, several atomic properties
may have to be examined together to complete the proof. For each basic
property, apply the following steps:

1. Assert basic facts (Section 6.1.1).

2. Repeat:
a) Use the precondition method to propagate annotations (Section 6.1.2).
b) Formalize an insight.

The second step suggests applying the precondition method until nothing
more can be learned. Then pause, understand another essential fact about
the program, and resume applying the precondition method.

While Chapter 12 discusses the foundations of algorithms for automati-
cally generating inductive annotations, the reader should be aware that even
the best of these algorithms cannot approach the abilities of a human. Take
heart! Experience has shown that students quickly become adept at annotat-
ing programs.
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Example 6.6. We resume our analysis of BubbleSort from Example 6.5. Some
cogitation (and observation of sample traces; see Figure 5.4) suggests that
BubbleSort exhibits the following behavior: the inner loop propagates the
largest value of the unsorted region to the right side of the unsorted region,
thus expanding the sorted region. At every iteration, j is the index of the
largest value found so far. In other words, all values in the range [0, j — 1] are
at most a[j]:

F': partitioned(a, 0,5 — 1,4,7) .
This observations should be added as an annotation at Ls. Having gained new

insight into BubbleSort, we return to the precondition method and propagate
F back to the outer loop at L, along the path

(2)

QL,: H:?
S1: assume i > 0;
So: j:=0;

@QLs : F: partitioned(a,0,j — 1, 7,7)
resulting in the new annotation
wp(F, S1;S2): i >0 — partitioned(a,0,—1,0,0)

at L. The result is trivially valid according to the definition of partitioned,
so it does not contribute any new information. Thus, we finish this round of
Step 2 with the annotations

for
QLy: —1<i<|a| A sorted(a,i,|a| —1)
(inti:=la|—1; ¢>0; i:=i—1) {
for
QL : O<i<l|al N O0<j<i
"| A partitioned(a, 0,5 — 1,4,j) A sorted(a,i,|a] — 1)
(int j:=0; j<i; j:=7+1){
i£ (alj] > alj+ 1) {

int ¢ := alj];
alj] = alj + 1J;
alj + 1] := ¢

}
}
}

The annotations are not yet inductive.

Some further meditation enlightens us with the following: the sorted region
must contain the largest elements of a, for the inner loop has assiduously
moved the largest element of the unsorted region to the sorted region. In
other words, the sorted range [i + 1, |a| — 1] contains the largest elements of a:
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G : partitioned(a,0,4,i+ 1,]a| — 1) .

This observation should be added as an annotation at L. Now we prop-
agate G from L; to Lo. Recall from Example 6.5 that our propagation of
sorted(a, %, |a] — 1) to the inner loop was unsuccessful. Similarly,

wp(G, assume j >4; i :=1—1)
& j >4 — partitioned(a,0,i — 1,4, |a| — 1)

for the path

(5)

QLy: H:7?
assume j > i;
1:=1—1;

QLy: G: partitioned(a,0,4,i+ 1, ]a] — 1)
cannot be generalized to
partitioned(a, 0,7 — 1,4, |a] — 1) .

Instead, consider the path from L to Ls:
2)

QLy: G: partitioned(a,0,4,i+ 1, ]a] — 1)

S1: assume i > 0;

So: j = 0;

QLy: H:7

Find the strongest formula H that can annotate the inner loop such that the
VC

partitioned(a,0,4,i + 1, |a| — 1) — wp(H, S1;52)

for the path is valid. In other words, seek a formula H annotating the inner
loop that is supported by the annotation G of the outer loop. The strongest
such formula is G itself.

These new annotations result in Figure 5.17. |

6.2 Extended Example: QuickSort

In this section, we bring together the concepts studied in this and the last
chapters through a single example. We prove that QuickSort always halts and
returns a sorted array. We argue at the level of annotations, leaving a computer
or the reader to check the VCs.

Figure 6.2 lists the high-level functions of QuickSort. QuickSort is a wrapper
function (or public interface) for the recursive function gsort, which sorts array
ag in the range [¢,u]. As in BubbleSort, the first line of gsort assigns ag to an
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typedef struct gs {
int pivot;
int[] array;

} as;

Q@pre T

@post sorted(rv, 0, |rv| — 1)

int[] QuickSort(int[] a) {
return gsort(a, 0, |a| — 1);

}

@pre T
@post T
int[] gsort(int[] ao, int ¢, int w) {
int[] a := ao;
if (¢ > u) return q;
else {
gs p := partition(a, £, u);
a = p.array;
a = qsort(a, £, p.pivot — 1);
a = gsort(a, p.pivot + 1, u);
return a;

}
}

Fig. 6.2. Main functions of QuickSort

array a because gsort modifies a (recall that pi does not allow parameters
to be modified). The gs data structure holds the two data that the partition
function, listed in Figure 6.3, returns: the pivot index pivot and the partitioned
array array.

One level of recursion of gsort works as follows. If ¢ > w, then the trivial
range [¢,u] of ag is already sorted. Otherwise, partition chooses a pivot index
pi € [¢,u], remembering the pivot value a[pi] as pv. It then swaps cells pi and
u of a so that the randomly chosen pivot now appears on the right side of the
[¢,u] subarray. random has the following prototype:

Qpre / < u
Qpost £ < v < u
int random(int ¢, int w);

The for loop of partition partitions a such that all elements at most pv
are on the left and all elements greater than pv are on the right. Within the
loop, j < u, so that the pivot value pv, stored in afu], remains untouched.
When the loop finishes, if i < u — 1, then the value a[i + 1] is the first value
greater than pv; otherwise, all elements of a are at most pv. Finally, partition
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@pre T

@post T

gs partition(int[] ao, int ¢, int u) {
int[] a := ao;

int pi := random({, u);
int pv = a[pi];

a[pt] := alul;

afu] = pv;

inti:=40—-1;
for @ T
(int j =4 j<u; j:=7+1){
it (alj] < pv) {
i =14 1;
t := afi];
afi] == aljl;
alj] = t;
}
}

t:=ali+1];
afi + 1] := alul;
afu] :=t;
return
{ pivot = i+1;
a = q
};
}

Fig. 6.3. QuickSort’s partition function

swaps the pivot value a[u] with a[i + 1] so that a is partitioned as follows in
the range [¢, u]: cells to the left of i + 1 have value at most pv; a[i + 1] = pv;
and cells to the right of i + 1 have value greater than pv. It returns the pivot
index i + 1 and the partitioned array a via an instance of the qs data type.

Finally, gsort recursively sorts the subarrays to the left and to the right of
the pivot index.

Figure 6.4 presents a sample trace. In the first line, partition chooses the
second cell as the pivot and swaps it with cell u. The subsequent six lines follow
the partition’s loop as it partitions elements according to pv. The penultimate
line shows the swap that brings the pivot element into the pivot position. The
final line shows the state of the array when it is returned to gsort. gsort calls
itself recursively on the two indicated subarrays. We encourage the reader to
understand QuickSort and the sample trace before reading further.
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0 @/2%

14 pi U
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0 2 3 6 5

Fig. 6.4. Sample execution of QuickSort

6.2.1 Partial Correctness

We prove that if QuickSort halts, then it returns a sorted array. First, we
develop the function specifications for gsort and partition so that QuickSort
and gsort have inductive annotations. We then leave the annotation of the
loop of partition as Exercise 6.3.

First, annotate gsort and partition with their function specifications. To
avoid runtime errors, the function preconditions should include

0<?l A u<lagl -

Next, while the returned array is not the same as the input array ag in either
function, we know that their lengths are the same:

[rv] = lao| .

We also observe that neither gsort nor partition modify the array outside of
the range [¢, u]. Thus, we note in the function postcondition that
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beq(rv, ag,0,£ — 1) A beq(rv,ap,u+ 1,lag| — 1) .
The bounded equality predicate beq is defined
beq(a,b, k1,k2) < Vi. k1 <i<ko — ali] =b[i]

in the theory T7 U Ta. It asserts that two arrays are equal in the index range
[k1, ka].
The annotations for partition vary slightly because of its return type:

|rv.array| = |ag] A beq(rv.array,ap,0,{ —1)
A beq(rv.array, ag,u + 1, |ag] — 1)

Since partition returns an integer (pivot) and an array (array) in a gs struc-
ture, the postcondition asserts facts about rv.array.

To finish with gsort, formalize that gsort sorts the range [¢, u] of the given
array:

sorted(rv, £, u) .
So far, then, we have specified gsort as follows:

@pre 0 <4 A u < |ag|

|rv| = |ag| A beq(rv,ap,0,£ —1) A beq(rv,ag,u+1,|ag] — 1)
A sorted(rv, £, u)

int[] gsort(int]] ag, int ¢, int u)

@post

To finish the specification of partition, recall that partition is intended to
return an array that is partitioned around the pivot element. Therefore, let us
formalize the description that we gave above. Observe that the specification
of random guarantees that

£ < rv.pivot < u ,
as desired. Now, for the left subarray,

Vi. £ <i < rv.pivot — rv.arrayli] < rv.array(rv.pivot] |
or, as a partition,

partitioned(rv.array, £, rv.pivot — 1, rv.pivot, rv.pivot) ,
while for the right subarray,

Vi. rv.pivot < i <u — rv.array[rv.pivot] < rv.arrayli] .
We weaken this assertion slightly to

partitioned(rv.array, rv.pivot, rv.pivot, rv.pivot + 1,u) |
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which does not capture the strict inequality but is more convenient for rea-
soning. For partition, we have thus specified the following:

@pre 0 < ¢ A u < |ao|
|rv.array| = |ag| N beq(rv.array,ap,0,f— 1)
A beq(rv.array, ag,u + 1, |ag] — 1)
Q@post | A £ < rv.pivot < u
A partitioned(rv.array, ¢, rv.pivot — 1, rv.pivot, rv.pivot)
A partitioned(rv.array, rv.pivot, rv.pivot, rv.pivot + 1, u)
gs partition(int[] ap, int ¢, int u)

Let us step back a moment. Essentially, we have specified that gsort does
not modify the array outside of the range [¢, u]. Regarding the subarray given
by [¢,u], all we have asserted is that it is sorted in the returned array. Focus
on the recursive calls to gsort: is knowing that the ranges [¢, p.pivot — 1] and
[p.pivot+1,u] of a are sorted enough to conclude that the range [¢, u] is sorted
when a is returned? In other words, is the VC corresponding to the following
basic path valid? The basic path follows the path from the precondition to
the second return statement, using the function call abstraction introduced
in Section 5.2.1 to abstract away functions calls:

¢)
@Qpre 0 < ¢ A u < |ag|
a = ag;
assume f < u;
[|v1.array| = |a| A beq(vi.array,a,0,f —1)

A beq(vi.array,a,u+1,]a| — 1)
assume | A £ < wvi.pivot <u ;
A partitioned(vy.array, £, vy .pivot — 1, vy .pivot, v1.pivot)
| A partitioned(vy.array, vi .pivot, vi.pivot, vy .pivot + 1, u)
b = v1;

a := p.array;
|’l}2| = |a| A beq(v%avo?g - 1) A beq(vg,a,p.pivot, |a| - 1):|

assume) - sorted(ve, ¢, p.pivot — 1) ;
a = vy

vz| = |la] A beq(vs,a,0,p.pivot) A beq(vs,a,u+1,|a| —1
assume | /\| stheld(vg,p.p(ivot +1,u) ) ( . )} ;
a = 1)3;-
= a;

a |rv| = |ag| A beq(rv,ap,0,f —1) A beq(rv,ag,u+1,|ag| — 1)
A sorted(rv, £, u)

The corresponding VC is not valid. The assumptions about vy, v2, and vs are
not strong enough to imply that the range [¢, u] of rv is sorted.

The standard approach to addressing this problem is to reason simulta-
neously that gsort returns an array that is a permutation of its input array
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(a permuted array contains the same elements as the original array but pos-
sibly in a different order). However, reasoning about permutations presents
a problem. A straightforward formalization of permutation is not possible in
FOL, instead requiring second-order logic. We could assert that the output
is a weak permutation of the input: all values occurring in the input array
occur in the output array but possibly with a varying number of occurrences.
Formally,

Ve. (Fi. agli] =€) < (F4. rv[j] =e) .

In Exercise 6.5, we ask the reader to explore an approximation to weak per-
mutation.

However, that the elements are permuted is a stronger statement than
necessary to prove sortedness. Instead, notice that QuickSort imposes a larger
partitioning of the intermediate arrays than we have previously observed in
our analysis. At every level of recursion of gsort, the elements of ag in the
range [¢,u] are at least the elements to their left and at most the elements to
their right. Formally, we strengthen the specification of gsort as follows:

0<?¢ A u<|agl
@pre| A partitioned(ag,0,¢ — 1,4, u)
A partitioned(ag, £, u,u + 1, |ag| — 1)
|rv| = |ag] A beq(rv,ap,0,f —1) A beq(rv,ag,u+ 1,|ag] — 1)
A partitioned(rv,0,¢ — 1,4, u)
A partitioned(rv, £, u,u + 1, |rv| — 1)
A sorted(rv, £, u)
int[] gsort(int[] ap, int ¢, int u)

@post

Of course, now the specification of partition must be strengthened to carry
this reasoning through the main basic path of gsort:

0</{¢ A u<|agl

@pre| A partitioned(ag,0,¢ —1,¢,u)
A partitioned(ag, £, u,u + 1, |ag| — 1)
[|rv.array| = |ag| A beq(rv.array,ag,0,¢— 1)

A beq(rv.array, ag,u+ 1,|ag| — 1)

A partitioned(rv.array,0,£ — 1,4, u)

A partitioned(rv.array, £, u,u + 1, |rv.array| — 1)

A £ < rv.pivot < u

A partitioned(rv.array, ¢, rv.pivot — 1, rv.pivot, rv.pivot)
| A partitioned(rv.array, rv.pivot, rv.pivot, rv.pivot + 1,u)
gs partition(int[] ag, int ¢, int w)

@post

>

That is, partition preserves this partitioning even as it manipulates the ele-
ments in the range [, u]. Indeed, partition itself imposes the necessary parti-
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tioning for the next level of recursion, which we already observed earlier as
the final partitioned assertions of the function postcondition.

The annotations of QuickSort and gsort are inductive. Exercise 6.3 asks
the reader to finish the proof by annotating the for loop of partition so that
the annotations of partition are also inductive.

6.2.2 Total Correctness

To prove total correctness — that QuickSort actually returns a sorted arrays —
we need to prove that QuickSort always halts. Our implementation of QuickSort
has both recursive behavior in function gsort and looping behavior in function
partition. We must analyze both possible sources of nontermination.

To prove that the loop in partition always halts, let us use the obvious
ranking function of §; : u — j suggested by the structure of the loop. é; clearly
maps the program state to Z, but we prove the stronger fact that ; actually
maps the program state to N with well-founded relation <. In particular, we
prove that

e u—j >0is aloop invariant;
e and u — j decreases on each iteration.

Annotating the loop with the bounds on j suggested by the loop structure
proves that the loop always halts:

for
QLy: £<j N j<u
ldi:u—j

(int j =4 j<u; j:=j4+1)

Proving that the recursion of gsort always halts is superficially more dif-
ficult. The argument that we would like to make is that u — ¢ decreases on
each recursive call, which requires proving that the pivot value returned by
partition lies within the range [¢, u].

Observe, however, that © — ¢ may be negative when gsort is called with
£ > u. But in this case, { = u + 1, for either |ag| = 0, and gsort was called
from QuickSort; or p.pivot = £ or p.pivot = u, and gsort was called recursively.
More generally, we can establish that © — ¢4 1 > 0 is an invariant of gsort.
Hence, d5 : u — £+ 1 is our proposed ranking function that maps the program
states to N with well-founded relation <.

Figure 6.5 formalizes the arguments that §; and d5 are ranking functions.
Notice that bounds on i are proved as loop invariants at L;. These bounds
imply that rv.pivot lies within the range [¢, u] as required.

One trick that would avoid reasoning about the case in which ¢ > w is to
cut the recursion at a point within gsort rather than at function entry. Figure
6.6 provides an alternate argument in which the ranking function labels the
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@Qpreu—£+1>0

@post T

l 0 u—Vf+1

int[] gsort(int[] ao, int ¢, int w) {

int{] a := ao;
if (¢ > u) return q;
else {

gs p := partition(a, £, u);
a = p.array;
a = qsort(a, £, p.pivot — 1);
a = gsort(a, p.pivot + 1, u);
return a;
}
}

Q@pre £ < u
@post ¢ < rv.pivot A rv.pivot < u
gs partition(int[] ao, int ¢, int u) {

inti:=4—-1;

for
QL1 : <jANj<uANL—1<iANi<]
lé1:u—j

(int j:= 4 j<u; j:=j+1){

return
{ pivot = i+1;
a = a;
h

}

Fig. 6.5. QuickSort always halts

else branch in gsort. The first branch terminates the recursion. partition is
annotated as in Figure 6.5.

6.3 Summary
This chapter presents strategies for specifying and proving the correctness of
sequential programs. It covers:

e Strategies for proving partial correctness. The need for strengthening an-
notations. Basic facts; the precondition method.
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@pre T
@post T
int|[] gsort(int[] ao, int ¢, int u) {
int[] a := ao;
if (¢ > u) return q;
else {
l ds: u—+¢
gs p := partition(a, £, u);
a = p.array;
a = qsort(a, £, p.pivot — 1);
a = gsort(a, p.pivot + 1, u);
return a;
}
}

Fig. 6.6. Alternate argument that QuickSort always halts

Q@pre T
@post Vi. 0 <@ < |[rv| — rv[i] >0
int[] abs(int[] ao) {
int[] a := ao;
for @ T
(int 4 :=0; i <la|; i :=1+1) {
if (afi] < 0) {
alt] == — alil;
}
}
return a;

}

Fig. 6.7. Computing the absolute value of elements of ag

e A full proof that QuickSort returns a sorted array.

Bibliographic Remarks
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QuickSort was discovered by Tony Hoare, who also proposed specifying and

verifying programs using FOL [39].

Exercises

6.1 (Absolute value). Prove the partial correctness of abs in Figure 6.7.
That is, annotate the function; list basic paths and verification conditions;

and argue that the VCs are valid.
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@pre T
@post sorted(rv, 0, |rv| — 1)
int|] InsertionSort(int[] ao) {
int{] a := ao;
for @ T
(inti:=1; i< lal; 1 :=i4+1) {
int ¢ := afi];
for @ T
(int ji=i—1; j>0; j=7—1){
if (afj] < t) break;
alj +1] i= alj};

alj +1]:= ¢

}

return a;

}

Fig. 6.8. InsertionSort

6.2 (InsertionSort). Prove the partial correctness of InsertionSort. That is,
annotate the function; list basic paths and verification conditions; and argue
that the VCs are valid. See Figure 6.8.

As in other languages, the break statement moves control to the loop exit.

6.3 (QuickSort). Finish the proof of the sortedness property of QuickSort. That
is, annotate partition of Figure 6.3 so that its precondition and postcondition
annotations given at the end of Section 6.2 are inductive.

6.4 (MergeSort). Prove the partial correctness of MergeSort. See Figure 6.9.
The function merge uses the pi keyword new, which allocates an array of the
specified size. Therefore, it is known after the allocation to buf that |buf| =
u—{+1.

First, deduce the function specifications for ms and merge by focusing
on MergeSort and ms. Prove MergeSort and ms correct with respect to these
annotations. Then analyze merge.

Since MergeSort is fairly long, you need not list basic paths and VCs. Just
present MergeSort with its inductive annotations.

6.5 (Weak permutation). Define weak permutation as follows:
Ve. (Fi. a[i] =€) < (3j. blj]=e) . (6.1)

Unfortunately, the decision procedures for arrays discussed in Chapter 11 can-
not decide the validity of VCs arising from wperm annotations, as such VCs
fall outside of the studied fragments of Ta. Instead, we describe an approxi-
mation.
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Consider annotating BubbleSort as in Figure 6.10. The define keyword
defines a global constant. In this case, e is defined to have some nondetermin-
istic value; that is, e stands for an arbitrary integer. The annotations then use
this e in wperm literals, where wperm is defined as follows:

wperm(a, ag,e) < (Fi. ali] =€) < (Jj. aolj] =e) .

Compared to the full definition (6.1) of weak permutation, wperm does not
have a universally quantified variable e; instead, it uses a given expression e,
in this case the global constant e.

(a) Argue that the annotations of Figure 6.10 are inductive. That is, list the
VCs and argue their validity.

(b) Argue that the annotations imply that BubbleSort actually satisfies the
weakest permutation property. That is, prove that the validity of the VC

wperm(a, ag,e) A @’ =... — wperm(a,ag,e)
implies the validity of the VC

(Ve. (Fi. a[i] =€) < (Fj. aglj] =¢€)) A d =...
— (Ve. (3i. d'[i] =€) < (3j. ao[j] =¢)) -

(c) Can this approximation be used to prove the weakest permutation prop-
erty of
(1) InsertionSort (Figure 6.8)7
(ii) MergeSort (Figure 6.9)?
(iii) QuickSort (Section 6.2)?
If so, prove it. If not, explain why not.

6.6 (Sets with arrays). Implement an API (application programming
interface) for manipulating sets. The underlying data structure of the imple-
mentation is arrays.

(a) Prove the correctness of the union function of Figure 6.11 by adding in-
ductive annotations.

(b) Implement and specify and prove the correctness of an intersection func-
tion, which takes two arrays ag and by and returns the intersection of the
sets they represent.

(c) Implement and specify and prove the correctness of a subset function,
which takes two arrays ag and by and returns true iff the first set, repre-
sented by ag, is a subset of the second set, represented by bg.

6.7 (Sets with sorted arrays). Implement an API for manipulating sets.
The underlying data structure of the implementation is sorted arrays.

(a) Prove the correctness of the union function of Figure 6.12 by adding in-
ductive annotations.
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(b) Implement and specify and prove the correctness of an intersection func-
tion, which takes two sorted arrays ag and by and returns the intersection
of the sets they represent as a sorted set.

(c) Implement and specify and prove the correctness of a subset function,
which takes two sorted arrays ag and by and returns true iff the first set,
represented by ag, is a subset of the second set, represented by bg.

6.8 (QuickSort halts). Provide the basic paths and verification conditions for
the proof of Section 6.2.2 that QuickSort always halts.

6.9 (Intuitive ranking functions). Following the proof that the recursion
of gsort halts, move the location of the ranking function annotations in the
following functions to produce more intuitive arguments:

(a) BinarySearch, Figure 5.2
(b) BubbleSort, Figure 5.3
(c) InsertionSort, Figure 6.8

6.10 (Fewer annotations). Notice in the annotated BubbleSort of Figure
5.17 that there are only a finite number of basic paths from function entry to
Lo, from Ly to function exit, and from Lo back to itself.

(a) List these basic paths.

(b) Annotate only the inner loop of BubbleSort so that the VCs corresponding
to the basic paths of (a) are valid.

(c) Treat InsertionSort of Figure 5.25 similarly.

(d) Similarly, annotate only the inner loop of BubbleSort with a ranking an-
notation.

(e) Treat InsertionSort similarly.
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@pre T

@post sorted(rv, 0, |rv| — 1)

int[] MergeSort(int[] a) {
return ms(a,0, |a| — 1);

}

@pre T
@post T
int[] ms(int|[] ao, int ¢, int wu) {
int[] a := ao;
if (¢ > u) return q;
else {
int m:= (£ + u) div 2;
a = ms(a, {,m);
a = ms(a,m+ 1,u);
a = merge(a, £, m,u);
return a;
}
}

Q@pre T
@post T
int[] merge(int[] ao, int ¢, int m, int ) {
int[] a := ao, buf := new intfu — ¢+ 1J;
inti: =4, j:=m+1;
for @ T
(int k£ :=0; k< |buf]; k:=k+1) {
if (i >m) {
buf [k] := aljl;
ji=73+1
} else if (j > u) {
buf[k] := alil;
i =14 1;
} else if (afi] < alj]) {
buf[k] := alil;
i =141
} else {
buf[k] := aljl;
J=3+L
}

}
for @ T

(k:=0; k<|buf|; k:=k+1){
all + k] := buf[k];

return a;

}

Fig. 6.9. MergeSort

177
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define int e = 7;

@pre T
@post wperm(a, ao, €)
int[] BubbleSort(int[] ao) {
int[] a := ao;
for
QL,: —1<i<la] A wperm(a,ao,e)
(int i :=la|—1; i>0; i :==i—1) {
for
@QLy: 0<j<i A i<|a] A wperm(a,ao,e)
(int j:=0; 7<4; j:=75+1){
it (aljl > alj+ 1) {

int ¢ := alj);
alj] == alj +1J;
alj +1] =t
}
}
}
return a;

}

Fig. 6.10. BubbleSort with annotations for weak permutation

define int e = 7;

Q@pre T
(Fi. 0<i<|rv] A ro[i] =e)
— (Fi.0<i<]ao| A aolil =€) V (Fi. 0<i<|bo] A boli] =e)
int|] union(int[] ao, int][] bo) {
int[] uw := new int[|ao| + |bo];
int j := 0;
for @ T
(int 4 =0; i < |aol; 1 :=i+1) {
ulj] := aoldl;
J=7+1
}
for @ T
(int i =0; i < |bo|; i:=1+1) {
ulj] := bolil;
J=J+L
}

return u;

}

Fig. 6.11. Function union of the linear set implementation

@post {
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define int e = 7;

@pre sorted(ao, 0, |ao| — 1) A sorted(bo, 0, |bo| — 1)
sorted(rv, 0, |[rv| — 1)
@post A (Fi. 0<i<lao| N aolt] =€) V (Fi. 0 <4 < |bo| A bofi] = e)ﬂ
— (. 0<i<|rv] A Tofi] =€)
int[] union(int[] ao, int[] bo) {
int[] w := new int[|ag| + |bol];
int ¢ :=0, j := 0;
for @ T
(int k=0; kE<|ul; k:=k+1){
if (i > ao]) {
ulk] := boljl;
Jj=7+1L
}
else if (j > |bo|) {
ulk] := aoli];
i =14 1;

else if (aofi] < bo[j]) {

ulk] := aolil;
i =14 1;
}
else {
ulk] := bo[j];
ji=73+1
}
}
return u;

}

Fig. 6.12. Function union of the sorted set implementation



Part 11

Algorithmic Reasoning

It is reasonable to hope that the relationship between computation and

mathematical logic will be as fruitful in the next century as that be-

tween analysis and physics in the last. The development of this rela-

tionship demands a concern for both applications and mathematical
elegance.

— John McCarthy

A Basis for a Mathematical Theory of Computation, 1963

Having established in Part I the mathematical foundations for precision in
designing and implementing software and hardware systems, we turn in Part
IT to the task of automating some of the required logical reasoning.

Chapters 7-10 discuss decision procedures for many of the theories and
fragments of theories introduced in Chapter 3. These decision procedures au-
tomate the task of proving the verification conditions of Chapters 5 and 6.
Chapter 7 applies the method of quantifier elimination to decide validity in
Ty, and Ty. Chapters 8 and 9 focus on decision procedures for the quantifier-
free fragments of the theories T, Tg, Ttons, and Ta. In Chapter 10, these
procedures are combined in the Nelson-Oppen framework to address formulae
with symbols of multiple signatures. The treatment of arrays in Chapter 11
looks beyond the quantifier-free fragment, but we show how the combination
method of Chapter 10 still applies.

Chapter 12 turns to automating the inductive assertion method of Chapter
5. It presents a methodology for constructing algorithms that learn inductive
facts about software. These algorithms reduce the burden on the engineer to
provide annotations.
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Whilst in [Presburger arithmetic] one can only state rather simple
theorems, yet an efficient algorithm. .. is useful in that it can quickly

dispose of a host of the simpler formulas. .., leaving only the more
complex to be dealt with by some more general theorem prover or by
the human.

— David C. Cooper
Theorem Proving in Arithmetic Without Multiplication, 1972

Recall from Chapter 3 that satisfiability in the theories of linear integer
arithmetic Tz and linear rational (or real) arithmetic Ty is decidable. This
chapter explores a common method of deciding satisfiability of arbitrarily
quantified formulae in decidable theories in the context of 17 and Tg.

A quantifier elimination procedure is an algorithm that constructs
from a given formula an equivalent quantifier-free formula. When the given
formula does not have any free variables, the atoms of the resulting formula are
applications of predicates to constant terms such as 3 < 5. If the truth value of
these constant terms is decidable, a quantifier elimination procedure provides a
basis for a satisfiability decidable procedure. When the given formula contains
free variables, the resulting quantifier-free formula contains a subset of these
free variables.

Section 7.1 presents the method of quantifier elimination in an abstract
context. Sections 7.2 and 7.3 then present quantifier elimination methods for
the theory of integers 77 and the theory of rationals Tg, respectively. The com-
plexity results of Section 7.4 suggest that these algorithms are near-optimal
in time complexity, although quantifier-elimination methods are, in general,
computationally expensive.

Sections 7.2.4 and 7.2.5 discuss optimizations for the integer case that are
particularly effective when the given formula has only existential quantifiers or
only universal quantifiers. With these optimizations, the quantifier elimination
method for Ty is our main decision procedure for the quantifier-free fragment
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of T7. However, the case for Ty is different: Chapter 8 presents a special
decision procedure for the quantifier-free fragment of Tg.

7.1 Quantifier Elimination

7.1.1 Quantifier Elimination

Quantifier elimination (QE) is the main technique that underlies the al-
gorithms of this chapter. As the name suggests, the idea is to eliminate quan-
tifiers of a formula F' until only a quantifier-free formula G that is equivalent
to F' remains.

Formally, a theory T admits quantifier elimination if there is an algo-
rithm that, given YX-formula F', returns a quantifier-free X-formula G that is
T-equivalent to F'. Then T is decidable if satisfiability in the quantifier-free
fragment of T is decidable.

Example 7.1. Consider the Yg-formula
F: 3z.2z=y,

which expresses the set of rationals y that can be halved. Intuitively, all ra-
tionals can be halved, so a quantifier-free Tp-equivalent formula is

G: T,
which expresses the set of all rationals. Also, G states that F' is valid. |
Example 7.2. Consider the Xz-formula

F: 3z.2zx=y,

which expresses the set of integers y that can be halved (to produce another
integer). Intuitively, only even integers can be halved. Can you think of a
quantifier-free Ty-equivalent formula to F'? In fact, no such formula exists.
Later, we introduce an augmented theory of integers that contains a countably
infinite number of divisibility predicates. For example, in this extended theory,
an equivalent formula to F' is

G: 2|y,

which expresses the set of even integers: integers that are divisible by 2. W
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7.1.2 A Simplification

In developing a QE algorithm for theory T, we need only consider formulae of
the form Jz. F' for quantifier-free formula F. For given arbitrary formula G,
choose the innermost quantified formula 3x. H or Vz. H. In the latter case,
rewrite Vz. H as =(3z. —H) and focus on the subformula Jz. =H inside the
negation.

In both the existential and universal cases, we now have a formula of the
form Jx. F to which we apply the QE algorithm to find T-equivalent and
quantifier-free formula H'. In the existential case, replace Jz. H in G with
H’. In the universal case, replace Vx. H in G with =H’.

Example 7.3. Consider the X-formula
Gi1: . Vy. 3z. Fi[z,y,7],

and assume that 7" admits quantifier elimination. The innermost quantified
formula is 3z. Fi[z,y, z]. Applying the QE algorithm for T" to this subformula
returns Fy |z, y):

Go: Jx. Vy. Falz,y] .
The innermost quantified formula is now Vy. Fs[z,yl; rewriting, we have
Gs: Jx. 2(3y. ~Falz,y)) .

Applying the QE algorithm to the existential subformula Jy. —Fs[z,y] pro-
duces F3[z]. We now have

Gy : Jx. -F3lz] .

Finally, applying the QE algorithm one more time to G4 produces a quantifier-
free formula G5. G5 is T-equivalent to G1. |

7.2 Quantifier Elimination over Integers

We now turn to the theory of integers 77. Presburger showed this theory to
be decidable in 1929. We discuss the QE procedure of Cooper, first described
in 1971.

7.2.1 Augmented Theory of Integers
Recall that Tz has the following signature:
Sy {..,=2,-1,0, 1,2, ..., =322, 3, ..., +, —, =, <},

where
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e ..., —2 -1,0,1,2, ...areconstants, intended to be assigned the obvious
corresponding values in the intended domain Z;
e ..., =3, —2- 2, 3-, ... are unary functions, intended to represent con-

stant coefficients (e.g., 2 - z, abbreviated 2z);

e + and — are binary functions, intended to represent the obvious corre-
sponding functions over Z;

e = and > are binary predicates, intended to represent the obvious corre-
sponding predicates over Z.

Example 7.2 claims that the YXz-formula Jz. 22 = y does not have a Ty-
equivalent quantifier-free formula. The following lemma proves a more general
claim.

Lemma 7.4. Consider quantifier-free Xz-formula F such that free(F) = {y}.
F represents the set of integers

S: {ne€Z : F{y—n} is Tz-valid} .
Either SNZ*Y or ZT \ S is finite.

Z* is the set of positive integers; N and \ are set intersection and com-
plement, respectively. The lemma says that every quantifier-free X-formula
with only one free variable represents a set of integers S such that either the
subset of positive integers in S has finite cardinality or the set of positive
integers not in S has finite cardinality. Exercise 7.1 asks the reader to prove
this lemma.

Consider again the case of Jz. 2z = y, and let S be the set of integers
satisfying the formula, namely the even integers. Since both the set of positive
even integers SNZ™ and the set of positive odd integers Z*\ S are infinite, the
set of even integers cannot be represented in Tz by a quantifier-free formula
according to the lemma. Therefore, there is no quantifier-free X -formula that
is Tz-equivalent to Jz. 2z = y, and thus Ty does not admit QE.

To circumvent this problem, we augment the theory Ty with an infinite
but countable number of unary divisibility predicates

k|- forkeZt;

that is, a predicate exists for each positive integer k. The intended interpre-
tation of k | x is that it holds iff k£ divides & without any remainder. For
example,

x>1 Ay>1A2|xz+y
is satisfiable (choose z = 2 and y = 2), but
-(2]z) Nz

is not satisfiable.
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The augmented theory I/“\Z extends the signature of Ty with these divisi-
bility predicates. Additionally, the predicates are defined by the countable set
of axioms

Ve k |z — Jy. o=ky (divides)

for k € Z*. The next section shows that @ admits QE.

7.2.2 Cooper’s Method

In this section, we present the basic form of Cooper’s quantifier elimination
method. In the subsequent sections, we examine a set of optimizations.

The algorithm is given a Xz-formula 3x. F[z] as input, where F is
quantifier-free but may contain free variables in addition to x. It then proceeds
to construct a quantifier-free Xz-formula that is Tz-equivalent to Jz. F[z] ac-
cording to the following steps.

Step 1
Put F[z] in NNF. The output 3z. Fi[z] is Ty-equivalent to 3z. F[z] and is
such that F} is a positive Boolean combination (only A and V) of literals.

Step 2

Replace literals according to the following @-equivalences, applied from left
to right:

s=t & s<t+1 At<s+1
) & s<tVi<s
t) & t<s+1

The output Jz. Fhlz] is Ty-equivalent to Jz. F[z] and contains only literals
of the form

s<t, k|t, or =(k]|t),

where s, t are E\'Z—terms and k € Z+.

Example 7.5. Applying the @—equivalences to
(z<y) A ~(z=y+3)

produces the @—equivalent formula

y<z+1 A (z<y+3V y+3<a).
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Step 3
Collect terms containing z so that literals have the form
hr<t, t<hx, k|lhz+t, or —(k|hzx+t),

where ¢ is a term that does not contain z and h,k € 7F. The output is the
formula 3z. F3[x], which is Tz-equivalent to 3x. F[z].

Example 7.6. Collecting terms in
r+r+y<z+3z+42y—4x
produces the @—equivalent formula

6r <4dz+y .

Step 4
Let
8 =lem{h : his a coefficient of z in F3[z]} ,

where lcm returns the least common multiple of the set. Multiply atoms in
F5[x] by constants so that ¢’ is the coefficient of  everywhere:

hr<t & dz<h't where h'h =4’
t<hr & ht<dz where h'h =4
k|hez+t < hk|dz+h't where h'h =4’

(k| hx+t) & -(Wk|dz+h't) where h'h = ¢’

Notice the abuse of notation: 'k | - is a different (unary) predicate than k | -.
This rewriting results in formula F% in which all occurrences of x occur in
terms ¢’z. Replace §’x terms with a fresh variable 2’ to form Fy':

Fi: Fi{d'z — 2’} .
Finally, construct

' Fi2') A& |2 .
N~ ~ -
Fyla']

The divisibility literal constrains the fresh variable z’ to be divisible by &,
which exactly captures the values of ¢'x.

Jz’. Fylz'] is Tz-equivalent to Jz. F[z]. Moreover, each literal of Fy[z']
that contains 2’ has one of the following forms:
(A) 2/ <a
B) b<a
(C) h|ad'+c
(D) ~(k [ '+ d)

where a, b, ¢, d are terms that do not contain =, and h,k € Z*.
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Step 5
Construct the left infinite projection F_[2'] from Fy[z'] by replacing
(A) literals ' < a by T
and
(B) literals b < «’ by L .

The idea is that very small numbers (the left side of the “number line”) satisfy
(A) literals but not (B) literals.
Let

P h of (C) literals h | 2’ + ¢
=M k of (D) literals =(k | ' + d)

and B be the set of b terms appearing in (B) literals. Construct

1 )
Fs: \/F_oo[j] v\ Elb+4).

j=1beB
Fs is quantifier-free and T-equivalent to 3z. F [x].

Step 5 is the trickiest part of the procedure, so let us focus on this step.
The first major disjunct of F5 contains only divisibility literals. It asserts that
an infinite number of small numbers n satisfy Fy[n]. For if there exists one
number n that satisfies the Boolean combination of divisibility literals in F_ o,
then every n — Ad, for A\ € Z*, also satisfies F_ .

The second major disjunct asserts that there is a least n € Z that satisfies
Fy[n]. This least n is determined by the b terms of the (B) literals.

More formerly, consider the following periodicity property of the divis-
ibility predicates:

If m | 6, then m | n iff m | n+ A\ for all A € Z.

In other words, m | - cannot distinguish between the cases m | n and m | n+Ad.
Since § is chosen in Step 5 to be the least common multiple of the integers h
and k of the divides predicates, no divides literal in F5 can distinguish between
two integers n and n + Ad, for any \ € Z.

With this property in mind, consider the first major disjunct of F5 again.
If n € Z satisfies F[n], then so does n — Ad for A € Z*. Then surely a small
enough number exists that satisfies all (A) literals and falsifies all (B) literals
of Fy, mirroring the construction of F_ .

For the second major disjunct, suppose that some number n satisfies Fy[n].
Decreasing this number continues to satisfy the same (A) literals. It cannot
decrease past some value b* without changing the truth of some (B) literal.
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a a
(a) 0 @ @ .—Ql— <.2'
(b) — - <
DSl . & 0. Pl 0.
Iz Iv ad ~ ~
o “ L
(©) 4o st

Fig. 7.1. (a) Left infinite projection (b) J-interval (c) false

However, according to the periodicity rule, there exists a satisfying integer n’
within the J-interval to the right of b*.

Figure 7.1 illustrates several situations when a, b, ¢, and d terms are con-
stant. Circles represent points that satisfy the divides constraints; solid circles
in particular represent satisfying points. Figure 7.1(a) illustrates a formula
x <ap Az <az AJ |z each left-pointing triangle represents a x < a; literal.
The left infinite projection is satisfied. Figure 7.1(b) illustrates an additional
x > b literal; now, the d-interval following the right-pointing triangle at b is
searched. It contains a satisfying point. Finally, b > a; in Figure 7.1(c), so
the d-interval does not contain a satisfying point.

Example 7.7. Consider ff\z—formula
Jr. 3z —2y+1>—-y AN 2x—6<z A4|bx+1.
- ~ -
Fla]
After Step 3, we have

Jzr. 20<2z4+6 A y—1<3xz A4|bx+1.
~ ~ rd
Collecting coefficients of = in Step 4, we find
§ =lem{2,3,5} =30 .

Multiplying when necessary, we rewrite the formula so that 30 is the coefficient
of every occurrence of x:

Jz. 302 < 152490 A 10y — 10 <30z A 24 | 30246 .
Replacing 30z with fresh z’ and conjoining a divides atom completes Step 4:
Jz'. 2’ <152+90 A 10y—10<2’ A 242" +6 A 30| 2 .
N~ -~ 4
F4[£E,]
For Step 5, construct the left infinite projection

F oozt T A LA24|246 A 302,
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which simplifies to L. Compute
d =lecm{24,30} = 120
and
B = {10y — 10} .

Then replacing ' by 10y — 10 + j in F4[2'] produces
. 1\2/0 10y —10+j < 152490 A 10y — 10 < 10y — 10+ j
5 LA 2410y —10+5+6 A 30[ 10y — 10+
j:

which simplifies to

. 1\2/0 10y +j < 152+100 A 0 < j
5 VoL A24]10y+5 -4 A 30[10y+j—10
i

Fy is quantifier-free and T;-equivalent to 3z. F [x]. [ |
Example 7.8. Consider again the formula defining the set of even integers:

Jx. 2z =1y .

< -
Flz]

Rewriting according to Steps 2 and 3 produces

Jr.y—1<2z AN 2z <y+1.
Then

8 =lem{2,2} =2,
so Step 4 completes with

Jy—1<a AN’ <y+1 A2]|2 .
S ~ 4
F4[£El]

Computing the left infinite projection F_ ., produces 1, as Fy[z'] contains a
(B) literal as a conjunct. However,

d=lem{2} =2
and

SO
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2
Fs: \/(y=1<y—-14+j Ay—1+j<y+1lA2[y—1+j) .
=1

<

Simplifying, we find
2
Fs: \J(0O<jAj<2A2|y+i—1),
j=1

and then

Fs: 2]y,
which is quantifier-free and T-equivalent to 3z. Flz].
Example 7.9. Consider the formula

Iz Br+1<10V 72—6>7) A 2|z .
~ ~ -

Rewriting to isolate = terms produces
Jz. Bz <9 VvV 13<Tx) AN 2|,

SO
§ =lem{3,7} =21.

After multiplying coefficients by proper constants,
Jz. 21z < 63 V 39 < 21z) A 42| 21z,

we replace 21z by z':

dz'. (2 <63 vV 39<a) A 422" A 212 .
~ ~ -
F4[£B’]

Then

F ooz]: (T v L) Ad2]2" A 212,
or, simplifying,

F_ol2]: 422" A 212"
Finally,

§ =lem{21,42} = 42
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and
B = {39},
SO
42
V@2 A215 v
F5:j:142
V(3947 <63 v 39 <394j) A42[39+;j A 21[39+7).
j=1

Since 42 | 42 and 21 | 42, the left main disjunct simplifies to T, so that Jz. F[z]
is TZ equivalent to T. Thus, F is TZ valid. | |

Theorem 7.10 (Correct). Given Xy -formula 3. F[x] in which F is quantifier-
free, Cooper’s method returns a Ty-equivalent quantifier-free formula.

Proof. The transformations of the first four steps produce formula Fy. By
inspection, we assert that in Ty

Jz. Flz] & Jx. Fylx] .

The focus of the proof is to prove that Jz. Fyz] < F5 in @:

)
Jz. Fylx \/F_ v \/ 'V Fib+].

j=1beB
We accomplish the proof in two steps.

1. F5 = Jx. Fy[z]: We assume the existence of an interpretation I such that
I | F5 and prove that I = Jz. Fylz].

2. Jdx. Fylz] = F5: We assume the existence of an interpretation I such that
I | 3z. Fy[z] and prove that I = F5.

Assume then that I = F5, so that one of the disjuncts of F5 is true under
I. If one of the second set of disjuncts is true, say Fy[b* + j*], then

Ta{z—=b"+j"} | Fula]
I = Jz. Fyz] .

Otherwise, one of the first set of disjuncts is true, so for some j* € [1,4],
I<{z — j*} E F_o[z]. By construction of F_,, there is some A > 0 such
that I<{z — j* — Ad} &= Fy[z]. That is, there is some j* — Ad that is so small
that the inequality literals of Fy evaluate under I < {z — j* — Ad} exactly as
in the construction of F_ .. Thus, I = Jx. Fy[x] in this case as well.

For the other direction, assume that I | Jx. Fylz]. Thus, some n € Z
exists such that I <{z — n} E Fy[z]. If for some b* € B and j* € [1,/],
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I En=>0"+j % then I E Fy[b* + j*]. As Fy[b* + j*] is a disjunct of F,
I|= Fs.

Otherwise, consider whether I < {x + n — ¢} = Fy[z]. If not, then one of
the (B) literals, say b* < x for some b* € B, of Fy becomes false under I in
the transition from n to n — 4. But then I = n = b* + j* for some j* € [1,4],
contradicting our assumption that n is not equal to some b* + j*. Hence, it
must be the case that I <{z — n — 0} | Fy[z].

By induction using this argument, we find that I <{z — n — Aé} | Fylz]
for all A > 0. For some A\, n — Ad becomes so small that

I<{zx—n—A} E Fiz] < F_[x], so
ITa{z—n—-X} E F_x].

That is, n — AJ is so small that the inequality literals of Fj evaluate under
I<{x — n — A} exactly as in the construction of F_,,. Now, since F_ o,
contains only divides literals, we can choose a p such that n—Ad+ pd € [1,4].
Let j* =n— A0 + pd. Then I = F_[j*], so that I = F5. |

7.2.3 A Symmetric Elimination

The construction in Step 5 was biased to the left. We can just as easily define
a right elimination. Construct the right infinite projection F[z'] from
Fy[2'] by replacing

(A) literals 2’ < a by L
and
(B) literals b< a2’ by T .

The idea is that very large numbers (the right side of the “number line”)
satisfy (B) literals but not (A) literals.

Then define § as before, but now define A as the set of a terms appearing
in (A) literals. Construct

)

o
Fy: \/F+oo[fj] v \/ 'V Fila—j].

j=1a€A

Now, instead of choosing the left or right elimination (corresponding
to the left or right infinite projections, respectively) arbitrarily, choose the
elimination according to the number of (A) and (B) literals. If there are
fewer (A) literals than (B) literals, choose the right elimination; otherwise,
choose the left elimination. This heuristic minimizes the number of disjuncts
in the resulting formula F3.
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Example 7.11. In the formula
F:3z. (xr<13V a>15) A z<y,
there are two (A) literals but only one (B) literal. Hence, choose the left
infinite projection to produce fewer disjuncts. |
7.2.4 Eliminating Blocks of Quantifiers

Consider a formula with a block of quantifiers: Jz1. ---3x,. Flzy,...,2,],
where F' is quantifier-free. Eliminating z,, produces a formula of the form

dzq. - dr_1.
§

)
Gl: \/ F—oo[xla--wxn—l;j] \Y \/ \/ F4[.131,...,J}n_1,b+j] .
j=1

j=1beB

Disjunction and existential quantification commute, so we can rewrite G as

\/j’:l dzy. -3z, F—Oo[xlv"'axn—lvj]
5
Gy : .
2 Vv \/ \/ Jzq. - 3xpo1. Fylzr, .o 201,04+ 7]
j=1beB

and continue the elimination on each disjunct.

This optimization can be taken one step further. Rather than expanding
the disjuncts over the iterator j, treat j as a free variable during the subsequent
eliminations. Then only 1 + |B| formulae need be examined during the next
phase: the formula 3x;. -+ 3xp_1. F_ool21,...,2n_1,]] and, for each b € B,
the formula 3zq. -+ Jx,—1. Fylz1, ..., Zn-1,b+ J].

Example 7.12. Consider the formula

Jy. dz. < -2 AN 1-by<zx AN 14+y<13x .
N~ ~ -

Flz,y]
At Step 3,
8 =lem{1,13} =13,
producing
Jy. Jz. 132 < =26 A 13 —-65y <13z A 14y < 13z
and then

Jy. I’ 2’ <—26 A 13—-65y <2’ A 1+y<az' A 13|2.
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With § = lem{13} =13, A = {-26}, and B = {13 — 65y,1 + y}, choose the
right elimination to form:

. {; “926—j < —26 A 13— 65y < —26—j
y'}l Aldy<—26—7 A 13| —26—
i

Fy o simplifies to L since F is a conjunction of both (A) and (B) liter-
als. Now, instead of applying elimination to the entire subformula within the
quantifier 3y, commute the quantifier and the disjunctions:

13
G: \/ 3. i>0 N394 <65y Ay<-27—j A 13| —j—26.
j=1

Treating j as a free variable, apply QE to the subformula
H: Jy. j>0A394+j<6by N y<—-27—3j A 13| —j—26

as usual. Then simplify to produce

65
H': \[(k<—66j—1794 A 13| —j—26 A 65|39+ +k),
k=1

and replace H with H’ in G to produce the final formula

13 65
\/ (k< —66j—1794 A 13| —j—26 A 65[39+j+F).
j=1k=1

This formula is @-equivalent to Jy,x. Flx,y]. |

7.2.5 *Solving Divides Constraints

Consider a formula of the form G : Jzy. ---Jz,. Flz1,...,2,] without free
variables. Applying Cooper’s method with the block elimination optimization
produces a quantifier-free Tz-equivalent formula of the form

81 On
G/Z \/ \/ Fl[j1,~-~ajn]a

Jj1=1 Jn=1

also without free variables. Expanding this formula by attempting every pos-
sible combination of values for j, ..., j, produces d; X d2 X - -- X §,, disjuncts.
This naive expansion is prohibitively expensive on even small problems.

Notice, however, that Step 4 introduces many divisibility literals as con-
juncts. F5 has the form
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5 5
Fy \1/ \ <F" A /\ki|ti[j1w~~7jn]> ,

J1=1 Jn=1

where the ¢; are terms containing only constants and the j; iterators. Cooper
realized that the conjuncts

can be solved to reduce significantly the number of disjuncts to consider.
There are two steps to solving divides constraints.

Step 1: Triangulate the Constraints

The following theorem provides a means for reducing the number of literals
that contain some j;. It applies Euclid’s algorithm for computing the greatest
common divisor (GCD) d of two integers m and n. Euclid’s algorithm also
returns two integers p and ¢ such that pm + gn = d.

Theorem 7.13. Consider two divisibility constraints
F:m|ax+b A n|lax+0,

where m,n € Z%, a,a € Z\ {0}, and b, B are terms not containing x. Let
d,p,q = ged(an, am) be such that d is the GCD of an and am, and p and q
obey pan + qam = d. Then F' is satisfiable iff

G: mn|dc+bpn+ Bgm A d| ab—af
1s satisfiable.

While both of the literals of F' contain x, only one of the literals of G
contains x. Therefore, we can apply this theorem to triangulate a set S of
divisibility constraints. Let < be a linear ordering of ji,..., j,. S is in trian-
gular form if for each j;, at most one constraint of S contains j; as the least
(according to <) free variable.

The triangularization algorithm proceeds iteratively. On one iteration, per-
form the following steps:

1. Choose from S two constraints
m|aj;+b and n|aj+p

such that there is no jx < j; that occurs in at least two divisibility con-
straints of S.
2. Apply Theorem 7.13 to produce the new constraints

mn | dj; + bpn + Bgm and d | ab—afl .

Replace the original constraints with these constraints in S.
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Example 7.14. Consider the divisibility constraints of Example 7.12:
13| —j—26 AN 65]39+j5+k.

Fix the variable order j < k. According to this order, only one constraint
should have an occurrence of j, so apply Theorem 7.13:

mlaj+ b nlaj+ B
13| —j+—-26 A 65| j+k+39
Compute
d, p, ¢ = ged(an, am) <o that pan + gam = d
13,0, 1 = ged(—65,13) 0(—65) + 1(13) = 13
and construct
mn | dj + bpn +  Bgm d| ab-— af3

845|135 + (—26)(0)(65) + (K +39)13 A 13| —26 — (—1)(k + 39)
or, simplifying,
845 | 135 + 13k +507 A 13 | k+13.

As desired, only one constraint has an occurrence of j. Additionally, the sim-
plest constraint contains only k. |

Step 2: Solve the Constraints

To solve the triangulated system of constraints S, consider the following the-
orem.

Theorem 7.15. Consider divisibility constraint
F: m|ar+b,

form € Z*, a € Z\{0}, and b a term not containing z. Let d,p,q = ged(a, m)
be such that d is the GCD of a and m, and p and q obey pa +qm = d. F is
satisfiable iff d | b. If it is satisfiable, its solutions are

_pbAm
T = d—l— d for\eZ .

With S in triangular form, we need only solve the system recursively:

1. If S is empty, generate a disjunct according to the current values of

j17 R 7jn'
2. Otherwise, choose from S a constraint

F:m|aj+b

such that b is an integer. Apply Theorem 7.15 to F.
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3. If F is unsatisfiable, return.
4. Otherwise, instantiate the remaining constraints of S with each solution
to j; within the range [1, d;], and recursively solve.

Example 7.16. Consider the divisibility constraints of Example 7.12:
13| —j—26 AN65]39+5+k.

The system is already in triangular form for the variable order k < j. To solve
the first constraint

m| aj + d, p,q=gcd(a,m)
13] —j + —26  OPUC 1 50— ged(—1,13) .
Does 1 | — 267 Yes, so the solutions are given by
-2 1
j=-(=1 16+)\ 13 =—-26+13X forA€Z.

Since j € [1,13], only A = 3 is relevant, providing the solution j = 13.
After substituting j = 13 into the second constraint, to solve

m|ak + b
65| k+ 52

compute

d, p, ¢ = ged(a, m)
1,1, 0 = ged(1,65) .

Does 1 | 527 Yes, so the solutions are given by

2
k= —(1)51 +)\615 =—-52465\ forA\eZ.
Since k € [1,65], only A = 1 is relevant, providing the solution k = 13. j = 13,
k = 13 is the only solution to the divisibility constraints 13 | — j — 26 A
65|39+ 7+ k.
However, the additional conjunct

(k < —665 — 1794){j — 13, k — 13}

is not true, so the formula of Example 7.12 is @—equivalent to L and is thus
Ty-unsatisfiable.

Alternatively, we could have enumerated all 13 x 65 = 845 possible dis-
juncts to discover that none of them simplifies to T. In 844 of these disjuncts,
at least one of the divisibility constraints is L.

Solve the triangulated system of Example 7.14 with variable order j < k,
and verify that the solution is the same. The variable order used for triangu-
lating the constraint system does not affect the solutions. |

Solving divisibility constraints significantly improves the performance of
QE on purely existential and purely universal formulae. What about formulae
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with free variables or some quantifier alternation? For example, consider the
formula

G: Yyi1. Yy Jz1. - Tz, Fly, .. Tny Yty Yml -

Eliminating the inner block produces the @—equivalent formula

o1 On
G/: vyl Vym \/ \/ F/[jlv"'ajnvyh'"?ym} .
Jj1=1 Jn=1

Order the free variables free(F’) = {j1,...,Jn,Y1,---,Ym} SO that the y;’s
precede the j;’s. In the resulting triangulated system, as few constraints as
possible contain y; variables. Drop all resulting constraints that contain a
y; variable, and solve the remaining constraints. A variable j; that does not
appear in the final set of constraints must be instantiated to all values in its
range [1,6;].

7.3 Quantifier Elimination over Rationals

QE for the theory of rationals Ty is simpler than for fZ. Recall that T has
the following signature:

E@: {07 L+, - = Z}v

where

0 and 1 are constants;
+ is a binary function;
— is a unary function;
and = and > are binary predicates.

To be consistent with our presentation of Cooper’s method, we switch from
weak inequality > to strict inequality >. Of course, they are interchangeable:

x>y e x>y Vae=y and z>y & x>y A ~(z=y).

7.3.1 Ferrante and Rackoff’s Method

Given a Xg-formula Jz. F[x] as input, where F'is quantifier-free, the algorithm
proceeds according to the following steps.

Step 1

Put F[z] in NNF. The output 3z. Fi[z] is Tp-equivalent to Jz. F[z] and is
such that F} is a positive Boolean combination (only A and V) of literals.
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Step 2

Replace literals according to the following T-equivalences, applied from left
to right:

—(s<t) & t<sVit=s
—(s=t) & t<sVi>s

The output Jx. Fylz] is Th-equivalent to Jx. Fz] and does not contain any
negations.

Step 3
Solve for x in each atom of Fy[z]: for example, replace the atom
t<cx,

where ¢ € Z\ {0} and ¢ is a term not containing z, with

t
<x.
c

Atoms in the output Jz. F3[x] now have the form

(A) z<a
B) b<x
(C) z=c

where a, b, ¢ are terms that do not contain z. Jx. F3[z] is Tg-equivalent to
Jz. Flx].
Step 4
Construct the left infinite projection F_ ., from Fs[z] by replacing
(A) atoms z <aby T, (B)atomsb<axbyL,
and
(C) atoms x =c by L .
Construct the right infinite projection F, ., from F3[z] by replacing
(A) atoms z <aby L, (B)atomsb<xzbyT,
and

(C) atoms x =c by L .
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b b+a

(@) > . 4
b b+a

(b) b o 3 a

Fig. 7.2. Satisfying points: (a) *5* (b) “f°

The left (right) infinite projection captures the case when small (large) n € Q
satisfy Fs[n].

Let S be the set of a, b, and ¢ terms from the (A), (B), and (C) atoms.
Construct the final output

¢
Fi: Fooo V Fro v \/ Fg[s"; ] ,
s,teS

which is Tg-equivalent to Jz. Flx].

The disjunct F_, captures the possibility that all rationals n less than
some value a* satisfy Fy[n]. The disjunct F., captures the symmetric case
for large n. Finally, the last disjunct can be seen as capturing two possibilities.
First, disjuncts in which s and ¢ are the same terms check whether any term
s € S satisfies Fy[s]. Second, consider the remaining O(|S|?) disjuncts in which
s and t are different terms. In any Tp-interpretation, |S| — 1 pairs s,¢ € S are
adjacent; for such a pair, (s,?) is an interval in which no other s’ € S lies. If
F,[*7"], then it can be shown that every other point n € (s,t) also satisfies
Fy[n]. In other words, S;rt represents the whole interval (s, t). Since no single
To-interpretation is fixed in advance, all O(|S|?) pairs are considered (but see
Exercise 7.8 for an optimization).

Figure 7.2 illustrates two cases in which a, b, and ¢ terms are constant.
Figure 7.2(a) visualizes the formula b < z A 2 < a, for which 7% is a
satisfying point. Triangles represent inequalities; the solid circle represents
b;“. All points in the interval (b, a) are satisfying, but bg“ is the representative
of this interval. Figure 7.2(b) includes an additional literal, z = ¢ (the solid
circle); now, “5® (the open circle) is not a satisfying point, but “J¢ = c is.

Example 7.17. Consider the Yg-formula

Jx. 2z =y .

N~ 7
Flz]

In Step 3, solving for = produces

Y
2

so that S = {¥}. The left F_, and right F; infinite projections are both
1, as F’ contains a single (C) atom. Hence, simplifying

F': 3z x =
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e V(%)

s,teS
reveals the Tp-equivalent quantifier-free formula § = ¥, or T. Therefore,
Jz. Flz] is Tp-valid. |

Example 7.18. Consider the Yg-formula
Jr. 3z +1<10 AN Tz —-6>7 .
~ ~ -

Fla]
Solving for z gives
13
F': 3z, 2<3 A x>
N~ ~ 7/
F3[I]

and S = {3, 1?}. Since # < 3 is an (A) atom and = > *? is a (B) atom, both
F_ and Fy., simplify to L, leaving
s+t s+t 13
Fy: 3 A .
eV ( 2 < o 77 )
s, tesS
13
S;t takes on three expressions: 3, 173, and 72+ % The first two expressions arise

when s and ¢ are the same terms. F3[3] and F3[%’] both simplify to L since
the inequalities are strict; however,

13 13 13
+3 +3 +3 13
Pl 7 .7 7
3 [ 9 :| 9 <3 A 9 > 7
simplifies to T. Thus, Fy : T is Tg-equivalent to Jz. Flz], so Jx. Flx] is
Tp-valid. |
Example 7.19. Consider the Yg-formula
G: Ve.x<vy.
To eliminate x, consider the subformula F' of
G =(Fz. ~(z < y)) .
N~ ~~ 4
Step 2 rewrites F' as
Jr.y<zxz Vy==z.
The literals are already in solved form for z in Step 3. Then

Fo: 1L Vv 1l and Fion: T V L

simplify to L and T, respectively. Since Fly, is T, we need not consider the
rest of Step 4, but instead declare that Jz. F[x] is Tgp-equivalent to Fy : T.
Then G’ is =T, so that G is Tg-equivalent to L. |
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Theorem 7.20 (Correct). Given Xg-formula Jx. Flx] in which F is
quantifier-free, Ferrante and Rackoff’s method returns a Tg-equivalent
quantifier-free formula.

Exercise 7.9 asks the reader to prove the theorem.

A limited form of the block elimination optimization discussed in Section
7.2.4 can be adapted to this QE procedure: commute disjunction and exis-
tential quantification. This step reduces the size of the term set S in each
subproblem.

7.4 *Complexity

Fischer and Rabin proved the following lower bounds. The length n of a
formula is the number of symbols.

Theorem 7.21 (@ Lower Bound). There is a fized constant ¢ > 0 such

that for all sufficiently large n, there is a E\'Z—formula of length n that requires
at least 22" steps to decide its validity.

Theorem 7.22 (Ty Lower Bound). There is a fized constant ¢ > 0 such
that for all sufficiently large n, there is a Xg-formula of length n that requires
at least 2" steps to decide its validity.

Oppen analyzed Cooper’s method to prove the following upper bound.

Theorem 7.23 (TZ Upper Bound). On a EZ -formula of length n, Cooper’s

method requires deterministic time 92% for some fixed constant p > 0.
Ferrante and Rackoff proved the following upper bound.

Theorem 7.24 (Tp Upper Bound). On a Xg-formula of length n, Ferrante
and Rackoff’s method requires deterministic time 22" for some fized constant
p > 0.

Closing the gap between the lower and upper bounds would require an-
swering long-standing open questions in complexity theory.

7.5 Summary

Quantifier elimination is a standard technique for reasoning about theories
in which satisfiability is decidable even with arbitrary quantification. This
chapter presents the technique in the context of arithmetic over integers and
over rationals or reals. It covers:
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e Quantifier elimination in general. Based on structural induction, one only
needs to consider the special case of formulae of the form Jz. F[z], in
which F' is quantifier-free but may contain free variables in addition to x;
arbitrary formulae may then be treated compositionally.

e Elimination over integers, Ty. The basic theory of integers does not admit
quantifier elimination; it must be augmented with divisibility predicates.
This situation, in which additional predicates are required to develop a
quantifier elimination procedure, is common. The main idea of the proce-
dure is to identify intervals with periodic behavior induced by the divisi-
bility predicates.

e [Elimination over rationals, Tgp. The main idea of the procedure is to par-
tition the rationals into a finite number of points and intervals.

The optimizations of Cooper’s method, particularly solving divides con-
straints, make the procedure acceptably fast in practice on quantifier-free
Yz-formulae. However, faster decision procedures exist for deciding Xg-
satisfiability of quantifier-free Xg-formulae; we study one in Chapter 8.

In addition to handling quantifiers, the algorithms of this chapter treat
arbitrary Boolean combinations of literals. The decision procedures of sub-
sequent chapters require the Boolean structure to be simple: formulae are
just conjunctions of literals. Treating formulae with arbitrary Boolean struc-
ture directly avoids the potential exponential increase in size associated with
converting to DNF.

Bibliographic Remarks

Presburger proves that arithmetic over the natural numbers without multi-
plication Ty is decidable [73]. Cooper presents the version of the quantifier-
elimination procedure for Ty that we describe [19]. Fischer and Rabin provide
the lower bound on the complexity of the decision problem for Tz [33], while
Oppen analyzes Cooper’s procedure to obtain an upper bound [68].

Ferrante and Rackoff describe the quantifier-elimination procedure that
we present and the lower and upper complexity bounds on the problem [32].

Exercises

7.1 (T7 does not admit QE). Prove Lemma 7.4. Hint: Apply structural
induction; the base cases involve comparisons between ay and c, for constants
a and c.

7.2 (QE for @) Apply quantifier-elimination to the following X7-formulae.

(@) Vy.3<z+2y V 204+y <3
(b)Jy.3<z+2y V 204+y<3
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o) y.x=2y N y<zx
d)Vz. (y. v =2y) — (Jy. 3z =2y)

3 (QE for 7/’2) Construct new Yz-formulae such that

a) the F_, component of the elimination simplifies to T;

b) the F_,, component of the elimination simplifies to L;

¢) using the right infinite projection is better than using the left infinite
projections.

(
(
7
(
(
(

In each case, describe the elimination.

7.4 (Block elimination in 77). Apply quantifier-elimination to the follow-
ing Xz-formulae. Use block elimination.

(a) Iz. y. 20 +3y=7 AN z<y

(b)3z. Jy. 224+3y=7 N y<z
(¢)Fx. Jy. 22 +3y=7T AN x<y AN0<z AO<y
(d)3z. Jy. 3z +3y <8 A 8 <3z +2y

(e) Jz. Jy. x =2y A FJz. v =3z

7.5 (Divides constraints). Apply the divides-constraints elimination to the
Xz-formulae of Exercise 7.4.

7.6 (QE for Tgy). Apply quantifier-elimination to the formulae of Exercise
7.2, but treat them as Yg-formula.

7.7 (QE for Ty). Construct new Yp-formulae such that

(a) the F_ and F,, components of the elimination simplify to T and L,
respectively;

(b) the F_o and Fo components of the elimination simplify to L and T,
respectively.

In each case, describe the elimination.

7.8 (Sufficient set). Step 4 of Ferrante and Rackoff’s method examines terms
Sgt for all s,t € S, where S is the set of all a, b, and ¢ terms. Describe a
smaller set of terms that is still sufficient. According to this new definition,
which terms should be examined in Example 7.18 and Exercise 7.67

7.9 (*Theorem 7.20). Prove Theorem 7.20. Hint: Apply the strategy em-
ployed in the proof of Theorem 7.10.

7.10 (*Optimization problem). Consider the optimization problem
max{f(x) : F[z]} in which the objective function f(z) is a linear expres-
sion over the problem variables z, and the constraint F'[z] is a Xz-formula
such that free(F[x]) = z. The solution to the problem is the largest number
n such that there exists some evaluation v of x for which f(v) = n and F[v]
is true. Show how to use QE for Ty to solve this optimization problem.
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Quantifier-Free Linear Arithmetic

Because my mathematics has its origin in a real problem doesn’t make

it less interesting to me — just the other way around, I find it makes

the puzzle I am working on all the more exciting. I get satisfaction out
of knowing that I'm working on a relevant problem.

— George Dantzig

An Interview with George B. Dantzig:

The Father of Linear Programming, 1986

This chapter considers satisfiability in the quantifier-free fragment of the
theory of rationals T. Addressing this fragment is motivated by two observa-
tions. First, program verification typically requires just considering formulae
from the quantifier-free fragments of theories such as Tgp. Second, deciding
satisfiability in the full theory of Ty is computationally expensive, while de-
ciding satisfiability in just the quantifier-free fragment of Ty is fast in practice
when using, for example, the simplex method for linear programming.

A linear program is an optimization problem in which the goal is to find
a point satisfying a set of linear constraints that maximizes a linear objective
function. The linear constraints are a quantifier-free conjunctive Xg-formula
in which each atom is a weak inequality. The objective function is a linear
function. Deciding Tp-satisfiability can be cast as solving a linear program,
so we benefit from existing algorithms for solving them.

Section 8.1 motivates studying the quantifier-free fragments of theories
in general. Section 8.2 reviews concepts from linear algebra. Then Section
8.3 introduces linear programs and shows how to decide Tgp-satisfiability by
solving a linear program. Finally, Section 8.4 presents the simplex method for
solving linear programs.

8.1 Decision Procedures for Quantifier-Free Fragments

The time complexities of the algorithms of Chapter 7 limit their practical
impact. Additionally, Ferrante and Rackoff’s method is not optimal for the
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quantifier-free fragment of Tgp. For other theories, the situation is worse: sat-
isfiability in the full theories such as equality Tg, lists Tons, and arrays Ta
is undecidable. Fortunately, for verification and other applications, we typ-
ically need to decide satisfiability of quantifier-free formulae rather than of
arbitrarily quantified formulae.

Recall that the quantifier-free fragment of a theory 7" with signature
X’ consists of the axioms of T and valid Y-formulae of the form

G: Vry,...,xn. Flz1, ..., 2] ,

where F' is quantifier-free and free(F) = {x1,...,2,}. While such formulae
have quantifiers, the point is that they do not have quantifier alternations:
all quantifiers are universal. Using our conventions, we would ordinarily ask
whether the formula F' is T-valid — whether its universal closure V x . F' is
T-valid. F is indeed quantifier-free.

T-validity of G corresponds to T-unsatisfiability of

-G : Fr1,...,xn. “F[21,..., 0],

or, using our conventions, simply T-unsatisfiability of —=F'. Hence, the quan-
tifiers are “natural” for satisfiability checking: -G is T-satisfiable iff there
exists a T-interpretation I and an assignment to z1,...,z, under which =F
evaluates to true.

Fortunately, the quantifier-free fragments of many theories are decidable,
often efficiently so. In Chapters 8-10, we focus on decision procedures for the
quantifier-free fragments of theories.

For ease of exposition, we consider only conjunctive quantifier-free X.-
formulae in each theory T' that we examine. Conjunctive X-formulae are con-
junctions of X-literals. This restriction does not limit the scope of the decision
procedures. For given arbitrary quantifier-free X-formula F', we can convert
it into DNF X-formula

Fi V -V F,

in which each F; is conjunctive. F' is T-satisfiable iff at least one F; is T-
satisfiable. Decide the T-satisfiability of F' by considering each Fj.

Remark 8.1 (*Complexity). This restriction does, however, affect com-
plexity. Because satisfiability in PL is NP-complete, any decision procedure
that considers arbitrary quantifier-free formulae must be at least NP-hard, as
it must handle not only the theory-specific aspects of the formulae but also the
combinatorial (PL) aspects. However, considering only conjunctive formulae
allows us to give more insightful complexity bounds. For example, satisfia-
bility in the conjunctive quantifier-free fragments of T, Tg, Tcons, and their
union theory is in PTIME. Thus, the “hard” part of deciding satisfiability of
arbitrary quantifier-free formulae in these theories is handling the underlying
PL structure. Analyzing the theory-specific aspects is comparatively easy.
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8.2 Preliminary Concepts and Notation

We define basic concepts and notation of linear algebra, covering only what is
required for understanding the remainder of the chapter. We refer the reader
interested in learning more about linear algebra to relevant texts in Biblio-
graphic Remarks.

Basic Concepts and Notation

A variable n-vector z is a column of n variables x1, ..., z,. An n-vector is
a column a € Q" of n rationals, and its transpose a' is a row with elements
listed in the same order:

a1

T

a= and a :[al---an]

QA
An m x n-matrix A € Q™*"™ consists of n columns of m rationals each

(alternatively, m rows of n rationals each), and its transpose AT is an n x m-
matrix in which element a;; is swapped with element a;:

@11 -+ Qin aiil -+ Gml
A= : and AT =
Am1 **° Omn Ain " Amn
When we refer to a row a; of A, we mean the row vector [ail am], and
when we refer to a column a; of A, we mean the column vector [a; -+ @m; |

We use this compact notation of transposed row vectors for column vectors
to save vertical space.
Vector-vector multiplication works as follows:

by

asz[a1~~an] Zzaqbl
bn =1

Matrix-vector multiplication works as follows:

- on -
§ a1
i=1

n

am1 " Gmn LTn
E AmiTy
i=1 |
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Each row of A multiplies (as a vector) x. Finally matrix-matrix multi-
plication works as follows: the product P of AB, for m x n-matrix A and
n x f-matrix B, is an m x {-matrix in which element p;; is the product of the
vector-vector multiplication of row a; of A and column b; of B:

n

pij = aib; = [ai1 -+ aip | = Zaikbkj .
bnj k=1

There are several important named vectors and matrices. 0 is a (column)
vector of 0s. Similarly, 1 is a vector of 1s. Their sizes depend on the context
in which they are used. Combining our notation so far,

n
T
=1

In this context, 1 is an n-vector. The n x n-matrix [ is the identity matrix,
in which the diagonal elements are 1 and all other elements are 0. Thus,

IA=AI=A

for any n x n-matrix A. Finally, the unit vector e; is the vector in which
the ith element is 1 and all other elements are 0. Again, the sizes of I and e;
depend on their context.

Linear Equations

A vector space is a set of vectors that is closed under addition and scaling
of vectors: if v1,...,v, € S are vectors in vector space S, then also

AU+ o+ Agug €S

for A1,..., Ay € Q. 0 is always a member of a vector space. For example, Q"
is a vector space with dimension n; it consists of all n-vectors of rationals.
In general, the dimension of a vector space is given by the minimal number
of vectors required to produce all vectors of the space through addition and
scaling. Such a minimal set is called a basis. For example, a line has dimension
1 and can be described by a single vector: the full space of the line is described
simply by scaling this vector. Similarly, a plane has dimension 2 and can be
described by two vectors. The vector space consisting of just 0 has dimension
0 and is described by the empty set of vectors.
The linear equation

F: Az =b,

for m x n-matrix A, variable n-vector x, and m-vector b, compactly represents
the Yg-formula
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m
F /\ ai1x1 + -+ appTn, =b; .
=1

The satisfying points comprise a vector space.

To solve linear equations (at least on paper), we apply Gaussian elim-
ination. Consider first the case when A is a square matrix: its numbers
of columns and rows are equal. For equation Az = b define the augmented
matrix [A b}. A matrix is in triangular form if all of its entries below
the diagonal are 0; an augmented matrix [A b} is in triangular form if A is
in triangular form. The goal of Gaussian elimination is to manipulate [A b]
into triangular form via the following elementary row operations:

1. Swap two rows.
2. Multiply a row by a nonzero scalar.
3. Add one row to another.

The last two operations are often combined to yield the composite operation:
add the scaling of one or more rows (by nonzero scalars) to a row.

Once an augmented matrix is in triangular form, solving the equations is
simple. Solve the equation of the final row, which involves only one variable.
Then substitute the solution into the other rows, yielding another equation
with one variable. Continue until a solution is obtained for each variable.

Example 8.2. Solve

(3127 [ay 6
101 |z | =1
1221 |3 2

Construct the augmented matrix

312 6
101 1
221 2

Apply the row operations as follows:

1. Add —2 times the first row and 4 times the second row to the third row:

(312 6
101 1
001 —6

2. Add —1 times the first row and 2 times the second row to the second row:

(3 12 6
0-11 -3
|0 01 —6

This augmented matrix is in triangular form.
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Now solve the final row, representing equation z3 = —6, for =3, yielding
x3 = —6. Substituting into the second equation yields —zo — 6 = —3, or
xo = —3. Substituting the solutions for x5 and z3 into the first equation

yields 3x1 —3 — 12 =6, or ;1 = 7. Hence, the solution is x = [7 -3 —G]T. | |

Gaussian elimination can also be applied when A is not a square matrix.
Rather than achieving a triangular form, the goal is to achieve echelon form,
in which the first nonzero element of each row is to the right of those above
it. In this case, there are multiple solutions to the equation.

Example 8.3. Suppose that an equation over variables x1, x2, x3, x4 reduces
to the following echelon form:

3 12 0 6
0-11-1 0
0 00 2 —6
From the last row, x4 = —3. We cannot solve for x3 because there is not a row

in which the z3 column has the first non-zero element; therefore, x3 can take
on any value. To solve the second row, —z9 4+ x3 — x4 = 0, for z2, replace x4
with its value —3 and let x3 be any value: —xo+x3+3 = 0. Then x5 = 3+ 3.
Substituting for xs in the first equation, solve 3x1 + (3 4+ x3) + 2x3 = 6 for x1:
21 = 1 — x3. Solutions thus lie on the line described by

1—x3
3+ a3
Zs3
-3

for any value of 3. |

A square matrix A is nonsingular or invertible if its inverse A~! such
that AA=1 = A1 A = I exists. We can also define nonsingularity in terms of
a matrix’s null space, denoted null(A4), which is the set of points v such that
Av = 0. A matrix is nonsingular iff its null space has dimension 0.

For intuition, view square matrix A as a function that maps one point u
to another v = Au. Suppose that A is not nonsingular so that null(A) has
dimension greater than 0: A sends more than one point to 0. In this case, one
cannot construct an inverse function A~!, as it would have to map 0 back
to more than one point. It turns out that it is sufficient to consider only the
points that A maps to 0: if A sends only 0 to 0, then the inverse A~! exists.
In other words, when A maps only 0 to 0, then it is a 1-to-1 map so that its
inverse exists.

A’s inverse can be computed (on paper) with Gaussian elimination if it
exists. Construct the augmented n x 2n-matrix [A I ], and apply the ele-
mentary row operations to it until the left half is the identity matrix. The right
half is then the inverse. To find just the kth column of A~!, solve Ay = e;, by
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Gaussian elimination for y, rather than computing all of A=! and extracting
the kth column.

Example 8.4. To find the second column of the inverse of

312
A=1|101] ,

221

solve
312 T 0
101 zo | = |1 .
221 T3 0
N o~ “ N~
A eo

Construct the augmented matrix

312 0
101 1
221 0

Apply the same row operations as in Example 8.2.

1. Add —2 times the first row and 4 times the second row to the third row:

(312 0
101 1
001 4

2. Add —1 times the first row and 2 times the second row to the second row:

(3 12 0
0-11 3
0 01 4

This augmented matrix is in triangular form.

Solving the resulting equations in reverse yields z1 = —3, 2 = 1, and x3 = 4.
Verify that [—3 1 4]T is indeed the second column of A~1. |

8.3 Linear Programs

Linear Inequalities
The linear inequality

G: Ax <b,
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for m x n-matrix A, variable n-vector x, and m-vector b, compactly represents
the Yg-formula

m
G: /\ any + -+ ainTp < by
i=1
The subset of Q™ (or R™) that this inequality describes is called a poly-
hedron. Each member of this subset corresponds to one satisfying Tf-
interpretation of G. Exercises 8.3, 8.4, and 8.5 explore polyhedra in depth.
One important characteristic of the space defined by Ax < b is that it is
convex. An n-dimensional space S C R" is convex if for all pairs of points
v1,v9 € S,

i+ (1=XNvge S for Ael0,1].

Az < b defines a convex space. For suppose Avy < b and Avs < b; then also
Aoy < Ab and (1 — N)Avg < (1—A)b

for A € [0, 1]. Summing each side of the inequalities yields

Mot + (1= N Avs < Ab+ (1 — \)b
A()\Ul + (1 — )\)UQ) <b

as desired.

Consider when the m x n-matrix A is such that m > n. An n-vector v is
a vertex of Ax < b if there is a nonsingular n X n-submatrix Ag of A and
corresponding n-subvector by of b such that Agv = by. The rows in Ay and by
are the set of defining constraints of the vertex v. In general, v may have
multiple sets of defining constraints. Two vertices are adjacent if they have
defining constraints that differ in only one constraint.

Intuitively, a vertex is an extremal point, such as the three vertices of
a triangle. Adjacent vertices are connected by an edge of the space defined
by Ax < b; for example, each pair of vertices is adjacent in a triangle and
connected by their common edge.

Linear Programs

The linear optimization problem, or linear program,

max CT T

subject to
Az <b

is solved by a point v* that satisfies the constraints Ax < b and that max-
imizes the objective function c¢'z. That is, Av* < b, and ¢'v* is maximal:
cTv* > cufor all u satisfying Au < b. If Az < bis unsatisfiable, the maximum
is —oo by convention. It is also possible that the maximum is unbounded, in
which case the maximum is co by convention.
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Example 8.5. Consider the following linear program:

X
max [11-1-1] |7
~ ~ > | %
c’ 29
N~ ~ =4
subject to '
1 0 0 0] 0]
0-1 0 0 0
0 0-1 0 0
00 o-1]|Y]<]o
110 0f ™ 3
1 0o-1 oflL2L |2
01 0-1| = 2
~ ~ 2 Cv'/
A b

Ais a 7 x 4-matrix, b is a 7-vector, and z is a variable 4-vector representing
the variables x, vy, z1, z2. The objective function is

(2= 21) + (y— 22)
The constraints are equivalent to the Yg-formula

>0 Ay>0 A 2120 A 2020
ANrx+y<3I Nax—21<2 AN y—z2<2.

One vertex of the constraints is v = [2 10 O]T. Why is it a vertex? Consider

the submatrix Ay of A consisting of rows 3, 4, 5, and 6; and the subvector by
of b consisting of the same rows. Ag is invertible. Additionally, Agv = bg:

00-1 O 2 0
00 o-1||1]| o
11 0 0 0 3
10-1 0 0 2

~ ~ AT
Ao v bo

Rows 3-6 are equationally satisfied in this case. Constraints 3, 4, 5, and 6
comprise the defining constraints of v.

Another vertex is simply [0 00 O]T, for which the first four constraints
are the defining constraints. ]

The following theorem is fundamental for solving linear programs. It as-
serts that the maximum value achieved by the objective function ¢'z over
x satisfying Ax < b is equal to the minimum value achieved over the dual

optimization problem.
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Az <b Tz <8 D

Fig. 8.1. Choosing ¢

Theorem 8.6 (Duality Theorem of Linear Programming). Consider
AeZm™*", beZ™, and c € Z"™. Then

max{c'z : Az <b}=min{y'b : y>0 A yTA=c"}
if Ax < b is satisfiable.

By convention, when Ax < b is unsatisfiable, the maximum of the primal
problem is —oo, and the minimum of the dual form is co.

The left and right optimization problems of the theorem are the primal
and dual forms of the same problem. The theorem states that maximizing
the function c'a over Az < b is equivalent to minimizing the function y'b
over all nonnegative y such that y"A = ¢'.

The theorem is actually surprisingly easy to visualize. In Figure 8.1, the
region labeled Az < b satisfies the inequality. The objective function ¢’z is
represented by the dashed line. Its value increases in the direction of the arrow
labeled 5 and decreases in the direction of the arrow labeled . Now, rather
than asking for the maximum value of ¢'z over z satisfying Az < b, let us
instead seek the minimal value § such that

Az <b = 'z <9§.

In words, we seek the minimal § such that Az < b implies 'z < 6§ or —
visually — the region defined by ¢'z < § just covers the region defined by
Az < b. Moving the dashed line of Figure 8.1 in the directions given by the
arrows, we see that the best § makes the dashed line just touch the Az < b
region (and at that “touched” point, ¢'z achieves its maximum, which is 4).
Decreasing 6 (6~ direction) causes the implication to fail; increasing ¢ (§7+
direction) causes the region defined by ¢'z < § to be unnecessarily large.
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Therefore, we seek the right §. Now consider multiplying the rows of Az < b
by nonnegative rationals and then summing the multiplied rows together. The
resulting inequality is satisfied by any z satisfying Az < b; in other words, it
is implied by Az < b. Mathematically, consider any nonnegative vector y > 0;
then

Az <b = yTAxgyTb.
Hence, to prove

Ar<b = 'z <46
for a fixed 4, find y > 0 such that

yTA=c" and y'b=96.
That is,

Ar<b = " < §
~— ~—

yTA yTb

But we want to find a minimal ¢ such that the implication holds, not just
prove it for a fixed §. Thus, choose ¥y > 0 such that y"A = ¢' and that
minimizes y'b. This equivalence between maximizing ¢' 2 and minimizing y b
is the one claimed by Theorem 8.6.

We refer the reader in Bibliographic Remarks to texts that contain the
proof of this theorem.

Tj,-Satisfiability

Consider a generic Yg-formula

>3

F: a1 + -+ Ty < by

<.
Il
i

>
>(’\

a1 + - F anTn < G
1

o
I

with both weak and strict inequalities. Equalities can be written as two in-
equalities. F' is Th-equivalent to the Yg-formula

m

F'oo N anm 4 4 i, <b;
1=1
14

AN anzr+ e F Qinn + T < B
i=1

N Tpy1 > 0
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with only weak inequalities except for 2,41 > 0. To decide the Tp-satisfiability
of F’, and thus of F, pose and solve the following linear program:

max Zpi1
subject to

m
/\ an1 + -+ ainTn < b;
i=1
¢
/\ a1+ F 0Ty + g1 < G
i=1

F' is Typ-satisfiable iff the optimum is positive.

When F' does not contain any strict inequality literals, the optimization
problem is just a satisfiability problem because x,1 is not introduced. This
situation corresponds to a linear program with a constant objective value:

max 1
subject to

m
/\ aiT1 + -+ aipTy < bi
=1

According to convention, the optimum is —oo iff the constraints are Tf-
unsatisfiable and 1 otherwise. This form of linear program is sometimes called
a linear feasibility problem.

8.4 The Simplex Method

Consider the generic linear program

M: max c'z

subject to
G: Az <b

The simplex method solves the linear program in two main steps. In the
first step, it obtains an initial vertex v; of Az < b. In the second step, it
iteratively traverses the vertices of Az < b, beginning at v;, in search of the
vertex that maximizes the objective function. On each iteration of the second
step, it determines if the current vertex v; has a greater objective value than
the vertices adjacent to v;. If not, it moves to one of the adjacent vertices with
a greater objective value. If so, it halts and reports v; as the optimum point
with value ¢"v;.

v; is a local optimum since its adjacent vertices have lesser objective
values. But because the space defined by Ax < b is convex, v; is also the
global optimum: it is the highest value attained by any point that satisfies
the constraints.
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How does the simplex method find the initial vertex v;? In the first step,
it constructs a new linear program

My: max ¢z
subject to
Go: Az < b

based only on G : Ax < b and for which, by construction, it has an initial
vertex v}. Moreover, by construction, My achieves a certain optimal value vg
iff G is satisfiable; and if this optimal value is achieved, the point that achieves
it is a vertex vy of G. M is solved by running the second step of the simplex
method on My itself, initialized with the known vertex v].

If the objective function of M is constant, then solving My is the main
step of the algorithm. G is satisfiable iff the optimum of Mj is vg. The second
step is not applied to M in this case.

We now discuss the details of the simplex method.

8.4.1 From M to My

To find the initial vertex of M, the simplex method constructs and solves a
new linear program M. To that end, reformulate the constraints G : Az < b
of M so that they have the form

x>0, Az <D

for new matrix A and vectors x and b. A general technique is to introduce
two nonnegative variables z1, xo for each variable z and then to replace each
instance of x with &1 — x2. Then we obtain a constraint system of the desired
form that is Tp-equisatisfiable to G.

Next, separate the new constraints Ax < b into two sets of inequalities

Dix<g, and Doz >g, forg; >0,g,>0

according to the signs of the b;. That is, if b; is nonnegative, make row i of
Az < b a part of Diz < g¢;; otherwise, multiply row ¢ of Ax < b by —1 and
make the result a part of Dax > g,.

Pose the following optimization problem:

My : max 1T(D2x —z) (8.1)
subject to
z,22>0 (1)
Dz < gy (2)
Dox — z < g, (3)

The variable vector z has as many rows as Do. The objective function is the
sum of the components of the vector Dox — z.
My has several interesting characteristics:
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1. The point & = 0, z = 0 satisfies constraints (1)-(3). It is a vertex.

It satisfies constraints (2) and (3), for
Di0=0<g; and Dy0-0=0<g,.

The inequalities hold since g; > 0 and g, > 0 according to our con-
struction of g; and gs.

It satisfies constraints (1). Indeed, constraints (1) are its defining con-
straints.

2. The optimum equals vg = 1T92 iff G is Tp-satisfiable.

If the optimal value is 1 g, at optimal point «*, z*, then x* satisfies
G. For

Dyz* < ¢,

by (2); and
Doz™ — 2" =g,

by constraint (3) of My and that the optimal value is 1ng, S0
Daz™ =gy + 2" > gy

by (1). By construction of Dy, Ds, gy, and g, we thus know that
Az* < b, so G is satisfiable.
If x* satisfies G, then the optimal value is at least 1T92. We have

Dix*<gy, Dyx*>g,, and z*>0.

Choose z* = Dax™ — ¢go. Then z* > 0 and Doz™ — 2* = g,, so that all
constraints of M, are satisfied. Additionally, 1T(D2x* —2z") = 1ng,
so that the maximum of My is at least 1T92. Constraint (3) limits the
maximum to 1ng.

Because the optimum equals 1T92 iff G is Th-satisfiable, we need only solve
the optimization problem Mj to determine the satisfiability of G and to find
a vertex of G if it is satisfiable. We already have a satisfying vertex = = 0,
z =0 of My by characteristic 1.

Example 8.7. Consider the Yg-formula

F:

z+y>1 ANzx—y>-—1.

Because F' has only weak inequality literals, the corresponding linear program
has a constant objective function:

M : max 1

subject to

r+y>1
m—yZ—l}G
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Solving the corresponding linear program Mj is sufficient to determine the
To-satisfiability of F'.

To convert F' to the form z > 0 A Ax < b, introduce nonnegative x1, xs
for z and y1,y for y:

Fio(m—m)+ (o —y2) 21 A (21 —x2) — (11 —92) > —1
A x17x27y17y220

F is Ty-equisatisfiable to F”. In matrix form, the first two literals of F” are

1
-11-1 1 x9 -1
<
[—11 1—1} Y1 { 1]
S - - -
> Y2 ;’

Since by < 0 and by > 0, separating constraints yields

1 T
T2 T2
[-111-1] < [1] and [1-11-1] > [1]
~ ~ >N ~—~ ~ ~ > %N ~—~
Dy Y2 91 Do Y2 92

D5 has only one row, so z = [z]. According to (8.1), pose the following opti-
mization problem:

max [1-11-1] 2 — [#]

subject to
T1,%2,Y1,Y2, % >0

[—111-1] || <[]

I

(o] [ S p <

Y2

F is Typ-satisfiable iff the optimum is vg = 1Tg2 =1.
We know that the point [:Cl To Y1 Y2 Z}T = [0 000 O]T is a vertex. It
satisfies all constraints and has defining constraints x1, x2, y1,y2,2 > 0. |

The simplex method requires My to be in standard form
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max c'y
subject to
Ay <b

Since the objective function of My is

Let

1'(Dyz—2)=1" [Dy —I] [i] :
M

construct vector ¢ as follows:
T =1"[Dy 1] .
The constraints have the form
-1 0
Dy N {i} = 9(1) ’
Dy —1I \\y’/ 92

where blank regions of the matrix are filled with 0s. Hence, My of (8.1) in
standard form is written

My :max 1" [Dy —I] |7 (8:2)
N~ ~ - z
CT \VJ
Yy
subject to
-1 0

—I| |x 0
<
D, [ Z} T %
Dy =1~ |9,
- Y N ~

N~
A

Example 8.8. According to (8.2), rewrite the optimization problem of Ex-
ample 8.7 as follows:
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Ty
T2
max [1 -11-1 —1} Y1
z
subject to
[-1 0 0 0 0] [0]
0-1 0 0 O 1 0
0 0-1 0 O ) 0
0 0 0-1 0 yi| < |0
0 0 0 0-1 Y2 0
-1 1 1-1 0 z 1
1-1 1-1-1] | 1]
~ ~ ~ N~
A b
|
8.4.2 Vertex Traversal
Assume that we have a generic optimization problem
max c¢'z (8.3)
subject to
Az <b

for which we have a satisfying vertex v;. The simplex method traverses vertices
of Az < bto find the vertex v* that maximizes ¢'z. In particular, one iteration
of this step seeks a vertex v; 1 adjacent to v; such that chi+1 > ;.

For the optimization problem M of (8.2), the point = 0, z = 0, which
satisfies the constraints of My, is the initial vertex v;.

Example 8.9. The point v; = [:cl To Y1 Y2 Z]T = [0 000 O]T is a vertex of
the constraints of the optimization problem of Example 8.8. |

Construction of u

To begin the ith iteration, we use the vertex v; to construct a vector u such
that uT A = ¢". If u > 0 then the Duality Theorem (Theorem 8.6) implies
that v; is optimal, as we discuss below, and the process terminates. However,
in all but the final iteration, u 2 0: at least one row of u is negative.

To construct u, choose one of its sets of defining constraints: choose a nxn
nonsingular submatrix A; of A with corresponding rows b; such that

Aﬂ)z‘ = bz . (84)

Let R be the indices of the rows of A in A;. Such a subset of constraints exists
because v; is a vertex.
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A

V1 \1‘1

Fig. 8.2. Illustration of Example 8.10

Second, solve u'T A = ¢" for u: solve
AiTui =cC (85)

for u; (which has a solution because A; is nonsingular), and let u be u; for
indices in R with Os added for rows with indices not in R. Thus,

uTA=c". (8.6)
Example 8.10. Consider the optimization problem of the form (8.3)

1|z

max [—1
AV
T

c

subject to
0 0
0 —1lz< |0
2 1 2
N~ ~ - \ -~
A
for which we know that v; = [0 O]T is a vertex.
The problem and initial vertex is visualized in Figure 8.2. The solid lines
represent the constraints of the problem, and the set of satisfying points cor-

responds to the interior of the triangle. The dashed line indicates ¢'x; the
arrow points in the direction of increasing value.

. T . .
Given vertex v; = [0 0] , the first two constraints are the defining con-
straints of v1, so choose R = [1;2]:

-1 0 0
Al—[ 0_1] and bl—{o}

From (8.5), solving
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/l_|
|
O =
I
—= O
| I
<
=
Il
/l_|
I
—_
\I—]

1
~ “ ~
AlT c
for u; (via, for example, Gaussian elimination; or by observing that AT =1

and that —Iu; = ¢ implies that u; = —¢) yields u; = [1 -1 ]T. Adding 0s for
rows not in R produces

—[1-10]"
where the first two elements are from u;. Check that this u satisfies uT A = ¢'
of (8.6) as desired. [ |
Example 8.11. Continuing from Examples 8.8 and 8.9, choose the first five
rows of A and b (R = [1;2;3;4;5]) since
-1 0 0 0 O 0 0
0-1 0 0 O 0 0
0 0-1 0 O 0 0
0 0 0-1 0 0 0
0 0 0 0-1 0 0
~ A TP
A v1 by

as desired from (8.4). From (8.5), solving

-1 0 0 0 O 1
0-1 0 0 O -1

0 0-1 0 0f|u= 1

0 0 0-1 0 -1

0 0 0 0-1 -1

~ ~ N~ 7
AT c
yields

w'=[-11-111].
Then
—[-11-11100]"

where the first five elements are from wu;. Check that this u satisfies uT A = '
of (8.6) as desired.

There are two cases to consider: either u > 0 or u 2 0.
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Case 1: ©u >0

We prove that in this case, v; is actually the optimal point with optimal value
cTv;. The crux of the argument is the Duality Theorem (Theorem 8.6).
From equation (8.6), we have

T, =u' Av; .

We claim next that

wAv; =u'b . (8.7)
First, from (8.4)

Ajv; =b;  implies  u; " Aju; = u; b

so that equation (8.7) holds at rows R. For rows j ¢ R, we know that u; =0
by construction, so that both

(uAv;); =0 and (u'b); =0,
proving equation (8.7). Reasoning further,
w'b>min{y"b : y>0 A yTA=c"}

since u is a member of the set by (8.6) and the case v > 0. By duality (Theorem
8.6),

min{y™d : y>0 A yTA=c"} =max{c'z : Az <b}.
In summary, we have by (8.6), (8.7), and Theorem 8.6,

v =u Av; = uTb >
min{y'™d : y>0 A yTA=c"} =max{c'z : Avx <b},

which proves that v; is actually the optimal point with optimal value ¢'v;.

Figure 8.3 illustrates this case: the vertex v; maximizes ¢'z. The dashed
line illustrates the objective function ¢'z. Moving upward relative to it in-
creases its value. In this illustration, ¢' 2 cannot be increased without leaving
the region defined by the constraints.

Case 2: u 2 0

In this case, v; is not the optimal point. Thus, we need to move along an
edge y to an adjacent vertex to increase the value of the objective function.
In moving to an adjacent vertex, we swap one of the defining constraints of
v; for another constraint to form the defining constraints of v; 1.

In this second case, there exists some ur < 0. Let k be the lowest index
of u such that uy < 0 (it must be one of the indices of R since for all other
indices ¢, ug = 0). Let k' be the index of the row of u; and A; corresponding
to row k of u and A;.
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Fig. 8.3. Case 1

Construction of y

Having fixed the indices k (row k of A and b) and &’ (the corresponding row
k" of A; and b;) of the offending constraint, we seek a direction along which
to travel away from vertex v; and, in particular, away from the plane that
defines the kth constraint.

Define y to be the k’th column of —A;l. To find y, solve

Aiy = —€L/ (88)

(where, recall, ey is the k’th unit vector, which consists of 0s except in position
k") for y. Thus,

agy = 0 for every row ay of A; except the k’th row
and
apy = —1 for the k'th row ay of A; .

The vector y provides the direction along which to move to the next vertex.
For all rows ay but the k’th row of A;, apy = 0 implies that moving in direction
y stays on the boundary of the constraints (i.e., both ayv; = b and, in the next
step, asviy1 = b), so ay will be a row in A4;11. However, moving along y moves
inward from the boundary of the k’th constraint because ary = —1. This
change is desirable, as this constraint is keeping u from being nonnegative.

Example 8.12. Let us examine
UL = [1 —l]T and u= [1 -1 O]T

of Example 8.10. Since the second row of u is —1, we are in Case 2 with k = 2,
corresponding to row k' = 2 of u1. Let y be the second column of —A;lz solve

(4L

~ “ N~ 7
A1 —eg
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..

A?/
U1 \I1

Fig. 8.4. Illustration of Example 8.12

for y, yielding y = [O 1]T.

This y is visualized in Figure 8.4 by the dark solid arrow that points up
from v1. The vertical and horizontal lines are the defining constraints of v;; in
moving in the direction y, we keep the vertical constraint for the next vertex
vg but drop the horizontal constraint. The diagonal constraint will become
the second of vy’s defining constraints. [ |

Example 8.13. Let us examine
T T
ulz[—ll—lll] and u:[—ll—lllOO]

of Example 8.11. Since the first row of v is —1, k = 1, corresponding to row
k' =1 of uy. Thus, solve

~1.0 0 0 0 -1
0-1 0 0 0 0

0 0-1 0 0|ly=] 0
00 0-1 0 0
00 0 0-1 0

~ ~ N~ 7
Aq —e

for y, yielding y = [10000]". n

Again we have two cases to consider: either the optimum is bounded (Case
2(a)) or it is unbounded (Case 2(b)).

Case 2(a): Optimum is Bounded

In this case, we move along the edge y to a better vertex v;41, according to
the objective function ¢'z. However, there is a set of rows of A with indices
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S such that for £ € S, agy > 0. For these constraints, moving in the direction
y actually moves toward leaving the satisfying region. These constraints limit
how far in direction y we can move. For example, in Figure 8.4, the diagonal
constraint limits how far we can move in direction y.
Construction of \;, v;y1
We want to solve for the greatest A\; > 0 such that

A(vi + Niy) <b. (8.9)
Thus, choose A; > 0 such that for some row ag, £ € S,

ag(vi + \y) = by (8.10)
and for all other rows m € S\ {¢},

am (Vi + Aiy) < by (8.11)
Set

Vig1 def v + Ny - (8.12)

Finally, we construct the defining constraints of v;11 for the next iteration.
Construct submatrix A;4+1 of A from A;: replace row ags of A; with row ay of
A. Choose the corresponding rows of b for b;11. Row ¢ and the rows carried
over from this iteration comprise the defining constraints of v;1.

Example 8.14. Continuing from Example 8.12, choose A1 such that
A(Ul + )\ly) < b )

specifically

-1 0 0
0-1 (mjwlm)< ol
2 1 2

and one constraint is equationally satisfied. Thus, choose \; = 2.

Notice that the first and third constraints are equationally satisfied. The
first row is already included in R; hence, focus on the third row (¢ = 3). From
(8.12), define v;41 for the next iteration:

ammenw= [} al]- ]

This vertex is visualized in Figure 8.4. Choosing R = [1; 3] and replacing the
second row of A; and by with the third row of Az < b yields
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-10 0
A2:|: 21} and b2=[2]

In Figure 8.4, the rows of As and b correspond to the vertical and diagonal
constraints, respectively, which are the defining constraints of vs.

In the next iteration, solving AsTus = ¢ yields us = [3 l]T. Adding 0s for
rows not in R produces

uw=[301]".

Since u > 0, we are in Case 1. The maximum is

oy = [—1 1] [g] =2
at vertex va. ]

This move from vertex v; to vertex v;11 makes progress. For
cTvis1 =" (v; + \iy)
=clv;+ Nicly
=c'v; + Ni(—ug)
> chi .
When considering line 3, recall from (8.5) of the construction of u that
uiT _ CTAi_l

and that the k’th column of A;l is —y by (8.8). Hence, c'y = —uy.

Moreover, since there are only a finite number of vertices to examine, Case
1 (or, in the general case, possibly Case 2(b)) eventually occurs.

Figure 8.5(a) illustrates this case: vertex v,y is discovered by moving
along ray y as far as possible without violating the constraints. Moreover
chiH is greater than chi.

It is possible that A; = 0 when the vertex v; has multiple sets of defining
constraints. However, because there are only a finite number of constraints,
the number of defining constraint sets is also finite. Preventing repetitions of
the matrix A; across iterations guarantees that the algorithm still halts in this
case.

Case 2(b): Optimum is Unbounded

In this case, Ay < 0 and the optimum is unbounded. Since Ay < 0, for all
A >0,

Alvi +Ay) = Av; +A
<b

<b,

\A<D>
o<
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Ax <b 'z

Ui

(a) (b)
Fig. 8.5. Case 2

so all v; + Ay satisfy the constraints. In other words, moving in direction y
either moves along the boundary of a constraint (ay = 0) or moves inward
(ay < 0). Moreover,

T (vi +Xy) =cTvi + ATy
=c'v; + " Ay
=cloi+ -\ up
~
<0
which grows with A (recall ¢' = uT A, and Ay = [O e+ 0-=10--- O}T by
selection of y). Thus, the maximum is unbounded. Figure 8.5(b) illustrates

this case: all points along the ray labeled y satisfy the constraints, and moving
along the ray increases ¢’z without bound.

Example 8.15. Continuing with y = [1 000 O}T from Example 8.13, com-
pute Ay

1
0
0
= 0
0
1
1

1

0

0

0

0 —
N~

Yy

to find that S = [7] since ary = 1 > 0. Thus, according to (8.10), examine the
seventh row of the constraints and choose the greatest A\; such that
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[1-11-1-1](vi+Ny)=[1-11-1-1] + M

S ~ -
a7

coococo
coocor
Il
—

that is, choose A; = 1. By (8.12), define

va=vi+My=1[10000]".

Form A, by replacing the first row (k' = 1) of A; with the seventh row (¢ = 7)
of A:

This move to vertex vo makes progress:

ch1=0<ch2=1.

Now R = [7;2;3;4;5]; that is, Ag is the submatrix of A constructed from
rows 7, 2, 3, 4, and 5. Solve Ay "uy = ¢ for uy, yielding uy = [1 0 0 0 O]T. Since
ug > 0, we are in Case 1: we have found an optimum point v, with optimal
value 1.

Recall from Example 8.7 that vg = 1T92 = 1. The equality of the optimum
and v implies that

F:z+y>1 ANox—y>-1
is Tp-satisfiable. In particular, extract from

T
T2
Y | =v2=
Y2
z

OO OO

the assignment

r=x1—22=1—-0=1 and y=y1—yo=0-—-0=0,
which indeed satisfies F'. |
Example 8.16. Consider the Yg-formula

F:z>20Ny>20A2x>22 ANy>2 N ax+y<3,



8.4 The Simplex Method 233

or, in matrix form,

1 0 0
0-1 0
F: |-1 0 [x]< )
0-1|LY )
11 3

Is F Tg-satisfiable? Because F' has only weak inequality literals, the corre-
sponding linear program has a constant objective function:

M : max 1
subject to
-1 0 0
0-1 0
G: |-1 0 [x]g -
0-1|LY 2
1 1 3

Solving the corresponding linear program My is sufficient to determine the
To-satisfiability of F'.

Construction of My

Because x and y are already constrained to be nonnegative, we do not need
to introduce new x1, z2, Y1, y2- Rewrite the final three literals of F' as two sets
of constraints:

eafs] el e [5][]=[2]

SN

92

so that g; > 0 and g5 > 0. Then pose the following optimization problem of
form (8.2):

X
My: max [11 —1 —1]| Y
~ ~ - |~
cT 29
subject to
(-1 0 0 0] (0]
0-1 0 0 0
0 0-1 of]"” 0
00 0-1 Zy <o
1 10 0 1 3
1 0-1 o] L* 2
01 0-1 2]
N~ - -~

=4
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in which ¢ is computed according to

T

N 10-1 0
'z =1 [Dy—I] s _[11][01 0-1
22
x
= [11-1-1]|7"
~ ~ |~

cT’ Z9

Use the initial vertex

x 0

_ |y _|0
= Z1 - 0
) 0

to start the vertex traversal.
F is satisfiable iff the optimal value is equal to

ve=1"g,=1 1][3]:4.

|

We apply the simplex method to find the optimum.

Iteration 1

Choose rows R = [1;2;3;4] of A and b to form

1.0 0 0 0
0-1 0 0 0
A=t g 01 of md h=1y
0 0 0-1 0

This submatrix and subvector correspond to the defining constraints of vertex

(5 A1U1 = bl.

Recall that by the Duality Theorem (Theorem 8.6), our goal is to find a
vector u such that 4 > 0 and u' A = ¢". We use A; to solve for a u satisfying
u' A = ¢ and, through iteratively exploring a sequence of vertices, eventually

find a v that also satisfies u > 0.

T

Y
21
22

Therefore, we solve for u. By (8.5), solve A u;
[—1 -11 1]T. Adding 0s for the rows not in R produces u:

u=[-1-111000]",

which satisfies uT A = ¢ (8.6) as desired.

c to yield uy
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Since uy, us < 0, we are in Case 2 with k = k/ = 1. We have not yet found
a u > 0, so we must continue searching. In particular, constraints 1 and 2 are
causing a problem (as indicated by u1,u2 < 0), so we must find a direction y
and distance A; to travel to a better vertex whose defining constraints do not
include constraint 1. The direction is given by the first column of —Aflz by
(8.8), solve Ayy = —e to yield y = [1000]".

It remains to find the distance A\ to travel along y. Computing Ay shows
that S = [5;6]: the fifth and sixth rows a of A are such that ay > 0. This
situation means that traveling along y too far will result in making one or
both of constraints 5 and 6 unsatisfied. The other constraints will continue to
be satisfied independent of A;.

Therefore, by (8.9), choose the largest A; such that

A(’Ul + )\1y) <b.

Focusing on the fifth and sixth rows of A (since S = [5; 6]), choose the largest
A1 such that

0 1
11 00 0 0 3
[10—10] of Aol = M
S~ 0 -
rows 5,6 of A | <~ N rows 5,6 of b
v1 Yy

according to (8.9). Namely, choose A; = 2 (and ¢ = 6).
We now have a direction (y) and a distance (A1) to travel away from v;.
By (8.12), define

vy = V1 + ANy = +2

cooco

coor
|

co o

For the next iteration, replace the first row of A; (since k¥’ = 1) with the sixth
row of A (since £ = 6) to produce

Ay =

0

0

0 and by =
-1

O O oW

-1
0
-1
0

o O o
o o = O

Have we made progress by moving to vertex va? Yes, for

ch1:O<2=ch2.

The objective function has increased from 0 to 2.
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Iteration 2

Now R = [6;2;3;4]. Solve AyTuy = ¢ to yield up = [1 -10 l]T for rows
[6;2; 3; 4]. Then filling in Os for the other rows of A produces:

u=1[0-101010]".
row: 234 6

Note that w maintains the order of rows, while wuy is ordered according to R.
us < 0, so k = 2, which corresponds to row k' = 2 of us. According to Case 2,
let y be the second column of — A5 *: solve Ay = —ey to yield y = [0 1 0 O]T.
Then the fifth and seventh rows a of A are such that ay > 0 so that S = [5;7].
Focusing on the fifth and seventh rows of A, choose the largest Ag such that

2 0
110 0 0 1 3
[010—1] of T ol M
~ ~ “1lo 0 —~~
rows 5,7 of A | <~ ~~" rows 5,7 of b
Vo b
Choose Ay =1 (and £ = 5). Then
2 0 2
0 1 1
v3 = Vg + Ay = 0 +1 ol = 1o
0 0 0

Replace the second row of As (since k' = 2) with the fifth row of A (since
£ =5) to produce

10-1 0 2
11 0 0 3
As=10p-1 o 2d =1,
00 0-1 0

Have we made progress? Yes, for
cT01:0<ch2:2<ch3:3.

The objective function has increased from 2 to 3.

Iteration 3

Now R = [6;5;3;4]. Solve AsTus = ¢, yielding uz = [0 11 1]T. Because
uz > 0, we are in Case 1: vg is the optimum with objective value
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clvg=[11-1-1]

OO =N

The optimal value of the constructed optimization problem is 3, which is
less than the required vg = 4. The constraints G of the linear program M are
unsatisfiable, and thus F' itself is Tp-unsatisfiable. |

8.4.3 *Complexity

Theorem 8.17. Ty-satisfiability of conjunctive quantifier-free Xg-formulae
s weakly polynomial-time decidable.

An algorithm is weakly polynomial-time if it runs in time polynomial in
the actual values of the input, not just the size of the input. Bibliographic
Remarks discusses algorithms that achieve this performance.

While efficient in practice, the simplex method actually has poor worst-
case behavior for known fixed pivot rules. A pivot rule determines which
adjacent vertex to visit next. In our presentation, no rule is fixed: the next
vertex can be any of those corresponding to the negative entries in the u
vector. However, for all known pivot rules, there exist classes of quantifier-free
Yg-formulae on which the simplex method requires an exponential number of
steps in the size of the formulae.

8.5 Summary

This chapter covers linear programming and the simplex method for solving
linear programs. It covers:

e How decision procedures that reason only about conjunctive formulae ex-
tend to arbitrary Boolean structure by converting to DNF. Exercise 8.1
explores a more effective way of converting to DNF.

A review of linear algebra.
Linear programs, which are optimization problems with linear constraints
and linear objective functions. Application to Tp-satisfiability.

e The simplex method. Finding an initial point via a new linear program.
Greedy search along vertices.

The structure of the simplex method is markedly different from the struc-
ture of the quantifier elimination procedures of Chapter 7. It focuses on the
structure of the set of interpretations of the given formula, rather than on the
formula itself. Exercises 8.3, 8.4, and 8.5 explore these sets, which describe
polyhedra.
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In addition to applications in all of engineering, arithmetical reasoning is
necessary for analyzing program correctness. Of course, arithmetic usually ap-
pears in the context of other data structures in software. Chapter 10 discusses
a method for combining the arithmetic decision procedures of this and the
previous chapter with other decision procedures.

Bibliographic Remarks

For a presentation of linear algebra, see [42]; for a comprehensive presentation
of linear and integer programming, see [82].

Work on linear programming proceeded in parallel in the western hemi-
sphere and the USSR. Dantzig is the inventor of the simplex method in the
western hemisphere [22]. Earlier work by Kantorovich in the USSR also pro-
poses the method [44]. Weakly polynomial-time algorithms were achieved by
Khachian [49] in the USSR and Karmarkar [45] in the western hemisphere.

Exercises

8.1 (*Conjunctive quantifier-free formulae). Converting an arbitrary
quantifier-free Y-formula to DNF and then applying a decision procedure to
each disjunct can be prohibitively expensive. In practice, SAT solvers (decision
procedures for propositional logic, such as DPLL) are used to extend a decision
procedure for conjunctive quantifier-free X'-formula to arbitrary quantifier-free
X -formula.

(a) Show that the DNF of a formula F' can be exponentially larger than F'.

(b) Describe a procedure that, using a SAT solver, extracts conjunctive X-
formulae from a quantifier-free X-formula F'. Using this procedure, each
discovered conjunctive formula’s T-satisfiability will be decided. If it is
T-satisfiable, then F' is T-satisfiable, so the procedure finishes; otherwise,
the procedure finds another conjunctive formula.

(¢) The proposed procedure is really no more efficient than simply converting
to DNF. This part explores an optimization. An unsatisfiable core of T-
unsatisfiable conjunctive X'-formula G is the conjunction H of a subset of
literals of G such (1) H is also T-unsatisfiable, and (2) the conjunction of
each strict subset of literals of H is T-satisfiable. Improve your procedure
from the previous part to use a function UnsatCorer(G) that returns a
T-unsatisfiable core of a T-unsatisfiable conjunctive X-formula G.

(d) Given a decision procedure DPy for conjunctive quantifier-free X-formula,
describe a procedure UnsatCore(G) for computing an unsatisfiable core of
G that takes no more than a number of DPr calls linear in the number
of literals of G. Note that G can have multiple unsatisfiable cores; your
procedure need only return one.
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(e) Given a decision procedure DP7 for conjunctive quantifier-free X-formula,
describe a procedure UnsatCore(G) for computing an unsatisfiable core of
G that takes no more than O(mlogn) calls of DPr, where m is the number
of literals of the returned unsatisfiable core and n is the number of literals

of G.

8.2 (DP for Tgy). Apply the simplex method to decide the Tgp-satisfiability
of the following Yg-formulae.

(@)z>1 AN 22<1
b)yxz+2y>1 AN2zx+y>1 A 224+2y<1
()x+2y>1 AN 2z+y>1 ANzx+y<l

8.3 (*Polyhedra & dual representation). Az < b defines a subspace of
R™ called a polyhedron; Ax < b is the constraint representation of this
space. A polyhedron can also be described by the union of a set of vertices
V C R™ and a set of rays R C R™; this representation is the vertex repre-
sentation. While vertices v € V describe points in R", rays r € R describe
directions in R™. For example, as a vertex, [1 1]T € R? describes the point one
unit right and one unit up from the origin on the plane. As a ray, it describes
the “northeast” direction.
Represent each vertex v € V and ray r € R by the (n 4 1)-vectors

x r
R
respectively. Let P be the union of V' and R represented in this way. Then for

every inequality Ax < b, there exists a vertex-ray set P with k£ elements such
that

k
Az <b iff IA,..., )\ > 0. {?]:Z)\ipi.
=1

(a) Given an element
x
p= [ J er,

we can evaluate Ax < eb. If p is a vertex, it is equivalent to evaluating
Ax < b, as expected. If p is a ray, it is equivalent to evaluating Az < 0.
Explain what the ray case means.

(b) Define the convex hull as follows:

k
huII(P)—{x © 3N, A >0, ﬁ] :Z/\ipi} :
i=1

Show that hull(P) is convex. Conclude that if Az < ebfor each [zT e]T eP,
then hull(P) C {z : Az <b}.
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8.4 (*Set operations). The constraint representations of two polyhedra Sy
and Sy are Ajx < by and Az < bo, respectively, and their vertex representa-
tions are P; and Ps, respectively.

(a) Write the constraint representation of S7 N Ss in terms of S; and S.

(b) Write the vertex representation of hull(S; U S2) in terms of P; and Ps.

(¢) Describe how to compute whether S; C Sy. Hint: Use both representa-
tions.

8.5 (*Set operations with vertex representation). The vertex represen-
tations of two polyhedra S; and Se are P, and P, respectively.

(a) Describe how to compute whether S; C S using only their vertex repre-
sentations. Hint: Use the simplex method.

(b) Given Ax < b, a vertex enumeration algorithm lists the corresponding
vertex representation. Using a vertex enumeration algorithm, describe how
to compute the vertex representation of S; N Se using only their vertex
representations.
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Quantifier-Free Equality and Data Structures

Almost all proofs require reasoning about equalities.
— Greg Nelson and Derek C. Oppen
Fast Decision Procedures Based on Congruence Closure, 1980

Equality is perhaps the most widely-used relation among data in pro-
grams. In this chapter, we consider equality among variables, constants, and
function applications (Section 9.1); among recursive data structures (records,
lists, trees, and stacks) and their elements (Section 9.4); and among elements
of arrays (Section 9.5). For all three theories, we examine their quantifier-free
fragments.

In the last two theories — recursive data structures and arrays — we distin-
guish between equality among data structures and among their elements. The
quantifier-free fragment of the theory of recursive data structures can express
equality among whole structures, which reduces to element-wise equality. In
contrast, the quantifier-free fragment of the theory of arrays cannot express
equality among entire arrays. Chapter 11 presents larger fragments of various
theories of arrays that can express equality among arrays and array segments,
among other properties.

Equality among variables, constants, and function applications is expressed
in the theory of equality Tg. This theory is sometimes referred to as the theory
of equality with uninterpreted functions (EUF). Its signature contains
all predicate and function symbols, yet its axioms do not interpret (assign
meaning to) the symbols other than in the context of equality. Specifically,
the axioms of Tg assert that a function symbol acts like a function: if two terms
t; and to are equal, then f(t1) and f(t2) are also equal. Similarly, predicate
symbols act like predicates: p(t1) is equivalent to p(t2) when ¢ is equal to ts.

Section 9.1 presents the theory Tg and its quantifier-free fragment. Then
Section 9.2 describes at a high-level the congruence-closure algorithm to
decide Tg-satisfiability of quantifier-free Xg-formulae. Section 9.3 details an
implementation that employs an efficient representation of Xg-formulae.
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The congruence closure algorithm is the basis for the other decision proce-
dures of this chapter as well. It is extended in Section 9.4 to decide satisfiability
in the quantifier-free fragment of the theory of recursive data structures Trps,
and in particular in the theory of lists Teons. Finally, it is applied in Section 9.5
to decide satisfiability in the quantifier-free fragment of the theory of arrays
Th.

The quantifier-free fragment of Tg and its satisfiability decision procedure
play a central role in combining theories that share the equality predicate. We
discuss the combination of theories in Chapter 10.

9.1 Theory of Equality

Recall from Chapter 3 that the signature of T,

EE:{:7 a’ b7 c?""f’ g7 h?"'7p7 Q7 T?"'}’
consists of

e = a binary predicate;
e and all constant, function, and predicate symbols.

As in every other theory, Yg-formulae are constructed from symbols of the
signature, variables, logical connectives, and quantifiers.

The equality predicate = is interpreted, or given meaning, via the axioms
of Tg. The axioms

l.Ve.z =z (reflexivity)
2. Vr,y.x =y — y==x (symmetry)
3. Vr,y,z.e =y Ny=2z — =2 (transitivity)

define = to be an equivalence relation. These axioms give = the expected
meaning of equality on pairs of variable terms.

However, they do not provide the full meaning for = in the context of
function terms, such as in f(z) = f(g(y,2)). The following axiom schema
stands for an infinite but countable set of axioms:

4. for each positive integer n and n-ary function symbol f,

vz, y. (/\ T = yl> — f(z) = fly) (function congruence)
i=1

For example, two instances of this axiom schema are the following:

Vo,y. =y — f(x) = f(y)

and

vxlax27y17y2-xl =Y A T2 =Y2 — g($1,$2) :g(y17y2) .
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Then

r=g(y,z) — f(z)=f(9(y,2))
is Tg-valid by the first instance. Alternately,

r=g(y,2) N f(x)# fl9(y,2))

is Te-unsatisfiable, where ¢; # to abbreviates —=(¢t; = t2). This axiom schema
makes = a congruence relation.

Finally, observe that the logical operator < should behave on predicate
formulae similarly to the way = behaves on function terms. For example, our
intuition asserts that

z=y — (p(z) < p(y)) (9.1)
should be Tg-valid. In Chapter 3, we list a fifth axiom schema:

5. for each positive integer n and n-ary predicate symbol p,

vV, y. (/\ T = y@> — (p(z) < p(y)) (predicate congruence)

Under this axiom schema, formula (9.1) is Tg-valid.

Example 9.1. The Yg-formula
fl@)=fly) N z#y

is Tg-satisfiable: a function can evaluate unequal arguments to equal values.
However,

r=y A flz)# f(y)

is Tg-unsatisfiable: a function evaluates each value to one value, independent
of representation. Here, x = y, so x and y represent the same value.
Finally,

F2 f(f(f(a)) =a N f(F(F(F(f(a) =a A fla) #a

is Tg-unsatisfiable. We can make the following intuitive argument: substituting
afor f(F(f(a))) in F(f(f(f(f(a))))) = a by the first equality yields £(f(a)) =
a; and substituting a for f(f(a)) in f(f(f(a))) = a according to this new
equality yields f(a) = a, contradicting the literal f(a) # a.

Substitution, of course, rests on the axioms of Tg: in particular, the first
substitution requires four steps:

F(f(f(f(a))) = f(a) first literal of F', (function congruence)

(f
S )(f( (a))))) = f(f(a)) step 1, (function congruence)

F(f(a) = F(f(f(F(f(a))))) step 2, (symmetry)
4 f(fla))=a step 3, second literal of F, (transitivity)

The decision procedure of this chapter reasons similarly. |
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The (predicate congruence) axiom schema needlessly complicates our dis-
cussion. Instead, we describe by example a simple reduction of Yg-formulae
containing uninterpreted predicates to Xg-formulae without predicates other
than =. This transformation allows us to disregard the (predicate congruence)
axiom schema. For example, given Yg-formula

r=y — (p(z) < py)) ,

introduce fresh constant e and fresh function f,, and write

r=y = ((fp(x)=0) = (fp(y) =) .

Similarly, transform
p(@) A qlzy) A aly,2) — —a(z,2)
into
fo(@)=e N folz,y) = A foly,z) =e — fo(z,2)Fe.

In the rest of this chapter, we consider Yg-formulae without predicates other
than =.

Te-satisfiability is undecidable since satisfiability in FOL is undecidable.
However, satisfiability in the quantifier-free fragment of T¢ is decidable. We
focus on this fragment in this chapter. Therefore, when we say “Xg-formula,”
we mean “quantifier-free Yg-formula” unless otherwise stated.

Additionally, as in Chapter 8, we consider only quantifier-free Xg-formulae
that are conjunctions of literals. Satisfiability of an arbitrary quantifier-free
Ye-formula is considered via conversion to DNF.

9.2 Congruence Closure Algorithm

Each positive literal s = t of a (conjunctive quantifier-free) Yg-formula F'
asserts an equality between two terms s and ¢t. Applying symmetry, reflexivity,
transitivity, and congruence to these equalities of F' produces more equalities
over terms occurring in F'. Since there are only a finite number of terms in F,
only a finite number of equalities among these terms are possible. Hence, one
of two situations eventually occurs: either some equality is formed that directly
contradicts a negative literal s’ £ ¢’ of F'; or the propagation of equalities ends
without finding a contradiction. These cases correspond to Tg-unsatisfiability
and Tg-satisfiability, respectively, of F'.

This section develops the basic concepts for describing the algorithm math-
ematically as forming the congruence closure of the equality relation over
terms asserted by F.
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9.2.1 Relations
Binary Relations

Consider a set S and a binary relation R over S. For two elements si, s2 € S,
either s Rso or —(s1Rs2).
The relation R is an equivalence relation if it is

reflexive: Vs € S. sRs;
symmetric: Vsi,s5 € S. s1Rss — s9Rsq;
transitive: Vsy, s0,83 € S. s1Rso A soRs3 — s1Rs3.

It is a congruence relation if it additionally obeys congruence: for every
n-ary function f,

Vs, t. </\ siRti> — f(s)Rf(t) .

i=1

In this case, function evaluation of R-related terms yields R-related results.
The way we think of equality in our everyday computations is as a congruence
relation.

Classes and Partitions
Consider an equivalence relation R over a set S. The equivalence class of
s € S under R is the set

g €' {s' €S : sRs'} .
If R is a congruence relation over S, then [s]g is the congruence class of s.

Example 9.2. Consider the set Z of integers and the equivalence relation =5
such that

m=on iff (m mod2)=(n mod?2).

m,n € Z are related iff they are both even or both odd. The equivalence class
of 3 under =5 is

Bz, ={n €Z : (n mod 2) = (3 mod 2)}

={neZ: (nmod2)=1}
={neZ : nisodd}.
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A partition P of S is a set of subsets of S that is total,

(Y)-

and disjoint,
v51,SQEP. 517552 — Slﬂngﬂ .

The quotient S/R of S by the equivalence (congruence) relation R is a par-
tition of S: it is a set of equivalence (congruence) classes

S/R = {|s]p : seS}.

Example 9.3. The quotient Z/ =» is a partition: it is the set of equivalence
classes

{{n€Z : nisodd}, {n€Z : niseven}}.
[ |
Just as an equivalence relation R induces a partition S/R of S, a given
partition P of S induces an equivalence relation over S. Specifically, s; Rso iff
for some S’ € P, both 51,5, € 5.

Relation Refinements

Consider two binary relations Ry and Ry over set S. R; is a refinement of
RQ, or R < Rg, if

VSl,SQ €85. 51R1s5 — s1Raso .

We also say that R; refines Ry. Viewing the relations as sets of pairs, Ry C
Ro.

Example 9.4. For S = {a,b}, Ry : {aR1b} < Rz : {aRab, bRab}.
Viewing the relations as sets of pairs, Ry < Ry iff Ry C R». |

Example 9.5. Consider set S, the relation
Ry :{sRys : s€ S}
induced by the partition
P :{{s} : s€S5},
and the relation
Ry : {sRaot : s,t €S}
induced by the partition
Py {S}.
Then R; < Rs. | |
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Example 9.6. Consider the set Z and the two relations
Ry :{zR1y : xmod2=ymod2}and Ry : {xRey : xmod4 =y mod4}.
Then Ry < R;. |

Closures

The equivalence closure R” of the binary relation R over S is the equiva-
lence relation such that

e R refines R¥: R < RF;
e for all other equivalence relations R’ such that R < R’, either R’ = R¥ or
RE < R.
That is, R? is the “smallest” equivalence relation that “covers” R.
Example 9.7. If S = {a,b,c,d} and
R ={aRb,bRc,dRd} ,

then
e aRb,bRc,dRd € R¥  since R C RF;
e aRa,bRb,cRc € R¥ by reflexivity;
e bRa,cRb € R¥ by symmetry;
e aRcec RP by transitivity;
e cRac RP by symmetry.
Hence,

RE = {aRb,bRa,aRa,bRb,bRec, cRb, cRe, aRc, cRa,dRd} .
[ |

The congruence closure R® of R is the “smallest” congruence relation
that “covers” R. Shortly, we shall illustrate the congruence closure of a term
set.

9.2.2 Congruence Closure Algorithm

Having defined several abstract concepts, we now return to the theory of equal-
ity. The subterm set Sp of Yg-formula F' is the set that contains precisely
the subterms of F'.

Example 9.8. The subterm set of
F: fla,b) =a A f(f(a,b),b) #a

is

Sp = {aa ba f(avb)a f(f(aab)vb)} .
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Now we relate the congruence closure of a Yg-formula’s subterm set with
its Tg-satisfiability. Given Yg-formula F

F:s1=t1 A -+ N Spn=1tm A Sm+17étm+1 VAN Sn#tn, (92)
with subterm set Sp, F'is Tg-satisfiable iff there exists a congruence relation
~ over Sg such that

o foreachie {1,...,m}, s; ~t;
o foreachie{m+1,...,n}, s £t

Such a congruence relation ~ defines a Tg-interpretation I : (D, ay) of F.
Dy consists of |Sp/ ~ | elements, one for each congruence class of Sp under
~. ay assigns elements of D; to the terms of Sg in a way that respects ~.
Finally, a; assigns to = a binary relation over D; that behaves like ~. Based
on this construction, we abbreviate (Dy,ar) = F with ~ = F.

The goal of the congruence closure algorithm is to construct the con-
gruence relation of a formula’s subterm set, or to prove that no congruence re-
lation exists. Given formula (9.2), the algorithm performs the following steps:

1. Construct the congruence closure ~ of
{s1=t1,. ., 8m =tm}
over the subterm set Sr. Then
~Esi=ti Ao A Sy =t .

2. If s; ~t; for any ¢ € {m + 1,...,n}, return unsatisfiable.
3. Otherwise, ~ |= F', so return satisfiable.

How do we actually construct the congruence closure in Step 17 Initially,
begin with the finest congruence relation ~g given by the partition

{{s} : s€ SF}

in which each term of Sg is its own congruence class. Then, for each i €
{1,...,m}, impose s; = t; by merging the congruence classes

[si]’\/i—l and [ti]"’i—l

to form a new congruence relation ~;. To accomplish this merging, first form
the union of [s;]~,_, and [t;]~,_,. Then propagate any new congruences that
arise within this union. In the new congruence relation ~;, s; ~; ;. Section 9.3
presents the details of an efficient data structure and algorithm for performing
this construction.

Example 9.9. Consider the Yg-formula

F: f(a,b)=a N f(f(a,b),b)#a.
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Construct the following initial partition by letting each member of the subterm
set Sp be its own class:

{{a}, {0}, {f(a,0)}, {f(f(a,b),0)}} .
According to the first literal f(a,b) = a, merge
{f(a,b)} and {a}
to form partition
{{a, f(a,b)}, {0}, {f(f(a,b),0)}} .
According to the (function congruence) axiom,
f(a,b) ~a, b~b implies f(f(a,b),b) ~ f(a,b),
resulting in the new partition
{{a, f(a,b), f(f(a,b),b)}, {b}} .

This partition represents the congruence closure of Sp. Now, is it the case
that

{{a, f(a,b), f(f(a,0),0)}, {b}} = F 7

No, as f(f(a,b),b) ~ a but F asserts that f(f(a,b),b) # a. Hence, F is
Te-unsatisfiable. |

Example 9.10. Consider the Yg-formula
Fo f(f(f(a) =a N f(f(f(f(f(a))=a A fla)#a
From the subterm set Sp, the initial partition is

{{a}, {f(@}, {F@} { @} {1}, ()},

where, for example, f3(a) abbreviates f(f(f(a))).
According to the literal f3(a) = a, merge

{f*(a)} and {a}.

From the union {a, 3(a)}, deduce the following congruence propagations:

fla)~a = f(f(a)) ~ fla), ie, fi(a) ~ f(a)

and

fHa) ~ fla) = f(f*a)) ~ f(f(a)), ie., f7(a) ~ f*(a) .



250 9 Quantifier-Free Equality and Data Structures
Thus, the final partition for this iteration is the following:

{{a. (@)}, {f(@), fH (@)}, {f*(a), F(a)}} .

From the second literal, f°(a) = a, merge

{f*(a), f°(@)} and {a, f*(a)}
to form the partition

{{a, (@), f*(a), ()}, {f(a), f*(a)}} .
Propagating the congruence

Fa) ~ f(a) = f(f*) ~ f(f*(a)) . ie, f'(a) ~ f*(a)
yields the partition

{{a. f(a), 2(a), f*(a), fH(a). fP(a)}}

which represents the congruence closure in which all of Sg are equal.
Now, is it the case that

{{a. f(a), f*(a), f*(a), fH(a), fP()}} E F 7
No, as f(a) ~ a, but F asserts that f(a) # a. Hence, F is Tg-unsatisfiable.
Example 9.11. Consider the Yg-formula

Fofle)=fy) Na#y.
The subterm set Sr induces the following initial partition:

=}, {uh, {r@)} {FW)} -

Then f(z) = f(y) indicates to merge

{f(x)} and {f(y)} .

The union {f(z), f(y)} does not yield any new congruences, so the final par-
tition is

Hz}, {uh, {f(2), F(W)}}

Does

{{=}, {wh, {f(), fW)}} E F?
Yes, as x o4 y, agreeing with x # y. Hence, F' is Tg-satisfiable. |
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S I
OIRe ®
(a) (b)

a

(c)
Fig. 9.1. (a) DAG representation; (b), (c) with find

9.3 Congruence Closure with DAGs

So far, we have considered the congruence closure algorithm at an abstract
level. In this section, we describe an efficient implementation of the algorithm.

Section 9.3.1 defines a graph-based data structure for representing all mem-
bers of the subterm set Sg of a Ye-formula F. Each node represents a sub-
term. Congruence classes are stored within this data structure via references
between nodes. Sections 9.3.2 and 9.3.3 present algorithms that manipulate
the data structure to construct the congruence closure of the relation defined
by F'.

9.3.1 Directed Acyclic Graphs

A graph G : (N, E) has a set of nodes N = {ny,nas,...,n;} and a set of
edges E = {...,(n;,n;),...}, which consists of pairs of nodes. In a directed
graph, edges point from one node to another. For example, the edge (ns, ns)
is not the same edge as (ns, ns): the first points to ns, while the second points
to ng. In a directed edge (m,n), m is the source, and n is the target. A
directed acyclic graph (DAG) is a directed graph in which no subset of
edges forms a directed loop, or cycle.

Example 9.12. Consider the directed graph
G: (N :{1,2,3}, E:{(1,2),(2,3),(3,1)}) .

It is not a DAG because it contains the loop 1 — 2 — 3 — 1. However, the
directed graph

GS <N : {1,2,3}, E: {<172>7<273>7<1a3>}>

is a DAG. | |
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The congruence closure algorithm uses a DAG to represent terms of the
subterm set. The DAG of Figure 9.1(a) represents the subterm set

{a/7 b? f(CL?b)? f(f(a7 b)7b)} N

Each node has a unique number identifying it and a text label representing
the root constant or function symbol of the associated term. Edges point
from a function symbol to its arguments. For example, node 3 represents the
term a; node 2 represents the term f(a,b); and node 1 represents the term
f(f(a,b),b). Node 4, representing the term b, is shared by the terms f(a,b)
and f(f(a,b),b).

So far, the following data type is sufficient to represent subterms:

type node = {
id :id
fn . string
args : id list

}

The id field holds the node’s unique identification number; the fn field holds
the constant or function symbol; and the args field holds a list of identification
numbers representing the function arguments. For example, node 2 of Figure
9.1(a) has id = 2, fn = f, and args = [3;4]; and node 3 has id = 3, fn = q,
and args = [|.

To represent congruence classes, we augment the data type with one more
field:

type node = {

id :id
fn . string
args :id list
mutable find : id

}

The mutable keyword indicates that the value of the field can be modified.
The find field holds the identification number of another node (possibly itself)
in its congruence class. Following a chain of find references leads to the
representative of the congruence class. A representative node’s find field
points to the node itself.

Consider the DAG of Figure 9.1(b). The dashed edge from node 2 to node
3 indicates that node 2’s find field points to node 3, and thus that nodes 2
and 3 are in the same congruence class

{f(a,b),a} .

To avoid cluttering the illustrations, we do not draw dashed lines from a
node to itself when its find is set to itself. Thus, the DAG of Figure 9.1(b)
represents the partition
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{f(a,0), a}, {b}, {f(f(a;0),b)}} ;

and, for example, the find field of node 1 is 1. Also, since the find of node 3
is 3, node 3 represents the congruence class of nodes 2 and 3.

In Figure 9.1(c), the dashed and dotted edges play the same role for now,
each representing the value of the source node’s find field. The DAG repre-
sents the partition

{{7(f(a,0),0), f(a,b), a}, {b}} .
Node 3 is the (unique) representative of its congruence class. We shall see that
the algorithm maintains exactly one representative for each congruence class.
Finally, merging congruence classes requires accessing parent terms (e.g.,
f(a,b) is the parent of a and b). Thus, we add a final mutable field:

type node = {

id :id
fn . string
args :id list
mutable find : id
mutable ccpar : id set

}

If a node is the representative for its congruence class, then its ccpar (for
congruence closure parents) field stores the set of all parents of all nodes
in its congruence class. A non-representative node’s ccpar field is empty. In
Figure 9.1(b), the ccpar

of 1 is () because 1 is its own representative, but it lacks parents;
of 2 is () because 2 is not a representative;
of 3 is {1, 2} because 3 represents the class {2,3} in which the parent of 2
is 1 and the parent of 3 is 2;
o of 4is {1,2} because 4 represents itself and has parents {1,2}.

The DAG representation of node 2 is thus

{ ia =2
fn = f;
args = [3;4];
find = 3;
ccpar = 0;

}

Similarly, the DAG representation of node 3 is

{ id = 3;
fn = a;
args = [|;
find = 3;
ccpar = {1,2};
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9.3.2 Basic Operations

In this section, we define the union-find algorithm on the DAG data struc-
ture. Generally, a union-find algorithm provides an efficient means of manip-
ulating sets. It represents each set by a single representative element. Calling
the FIND function on any element returns its set’s unique representative. Call-
ing the UNION function on two elements unions the two elements’ sets and
fixes a unique representative for the union set.

The union-find algorithm on DAGs is sufficient for manipulating equiva-
lence classes of terms. In Section 9.3.3, we extend the union-find algorithm to
manipulate congruence classes.

NODE

NODE ¢ returns the node n with id . Thus, (NODE 7).id = . For example, in
Figure 9.1(b), (NODE 2).find = 3.

FIND

The FIND function returns the representative of a node’s equivalence class. It
follows find edges until it finds a self-loop:

let rec FIND ¢ =
let n = NODE 1 in
if n.find = ¢ then ¢ else FIND n.find

Example 9.13. In the DAG of Figure 9.1(b), FIND 2 is 3. FIND follows the
find edge of 2 to 3; then it recognizes the self-loop and thus returns 3. |

UNION

The UNION function returns the union of two equivalence classes, given two
node identities 41 and i5. It first finds the representatives n; and no of i1’s
and i2’s equivalence classes, respectively. Next, it sets n1’s £ind to no’s repre-
sentative, which is the identity of ns itself. Now ng represents the new larger
equivalence class.

Finally, it combines the congruence closure parents, storing the new set
in no’s ccpar field because ngy is the representative of the union equivalence
class. This last step is not strictly part of the union-find algorithm (which,
recall, computes equivalence classes); rather, it is intended for when we use
the union-find algorithm to compute congruence classes. In code,

let UNION 7 19 =
let n; = NODE (FIND 41) in
let n2 = NODE (FIND i3) in
n1.find <« no.find;
ng.ccpar < nj.ccpar U ng.ccpar;
ni.ccpar «
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Example 9.14. Consider the DAG of Figure 9.1(b). To compute UNION 1 2,
UNION finds n; = 1 and no = 3 as the representatives of i; = 1 and i = 2,
respectively. It sets 1’s find field to 3’s find, which is 3, and combines the
ccpars, setting 3’s ccpar to {1,2} and 1’s ccpar to (). The result is Figure
9.1(c). For now, ignore the difference between dotted and dashed lines. W

CCPAR

The simple function CCPAR 14 returns the parents of all nodes in i’s congruence
class:

let CCPAR i =
(NODE (FIND 7)).ccpar

9.3.3 Congruence Closure Algorithm

We are ready to build the congruence closure algorithm using the basic oper-
ations. First we define the CONGRUENT function to check whether two nodes
that are not in the same congruence class are in fact congruent. Then we
define the MERGE function to merge two congruence classes and to propagate
the effects of new congruences recursively.

CONGRUENT

CONGRUENT 147 io tests whether ¢; and 79 are congruent. Let n; and ns be the
nodes with identities 77 and is, respectively. If their £n fields or their numbers
of arguments are different, then they cannot be congruent, so CONGRUENT
returns false. Otherwise, if any argument of m; is not in the congruence
class of the corresponding argument of ns, then the terms are not congruent,
SO CONGRUENT returns false. If both of these tests are passed, then n; and
ng are congruent, so CONGRUENT returns true. Formally,

let CONGRUENT 1% 9 =
let ny = NODE 77 in
let ng = NODE 75 in
ann::ngfn
A |ni.args| = |ng.args|
A Vie{l,...,|ni.args|}. FIND n;.args[i] = FIND ng.argsi]

Example 9.15. Consider the DAG of Figure 9.1(b). Are nodes 1 and 2 con-
gruent? CONGRUENT notes that

their fn fields are both f: ny.fn = ne.fn = f;

their numbers of arguments are both 2;

their left arguments f(a,b) and a are both congruent to 3:
nj.args = [2;4], ng.args = [3;4], and FIND 2 = FIND 3 = 3;
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e and their right arguments b and b are both congruent to 4:
nj.args = [2;4], ng.args = [3;4], and FIND 4 = FIND 4 = 4.

Therefore, nodes 1 and 2 are congruent. |

MERGE

Next, MERGE i1 i merges the congruence classes of i; and ¢s. If FIND i1 =
FIND 49, then the two nodes are already in the same congruence class, so
MERGE returns without changing the DAG structure. Otherwise, let P;, and
P,, store the current values of CCPAR ¢; and CCPAR 19, respectively. MERGE
first calls UNION 47 io to compute the merged equivalence class. Then, for
each pair of terms t1,t2 € F;, x P,,, it recursively calls MERGE t; to if
CONGRUENT t1 to. This last step propagates the effects of new congruences ac-
cording to the (function congruence) axiom schema. Upon completion, the new
partition represents a congruence relation in which 4; and i are congruent.
In code,

let rec MERGE 171 19 =
if FIND 47 # FIND 42 then begin
let P, = CCPAR ¢; in
let P, = CCPAR i2 in
UNION %1 19;
foreach t;,t3 € P;, X P;, do
if FIND #1 # FIND t3 A CONGRUENT {7 to
then MERGE t 9
done
end

9.3.4 Decision Procedure for Tg-Satisfiability
Given Yg-formula
F: Slztl JANEREIWAN Sm:tm A\ Sm+1¢tm+1 JASEERIEIAN Sn#tn

with subterm set Sg, perform the following steps:

1. Construct the initial DAG for the subterm set Sg.

2. Fori € {1,...,m}, MERGE ; t;.
3. If FIND s; = FIND ¢; for some ¢ € {m + 1,...,n}, return unsatisfiable.
4. Otherwise (if FIND s; # FIND ¢; for all i € {m+1,...,n}) return satisfiable.

Example 9.16. Consider the Yg-formula

F: f(a,b)=a N f(f(a,b),b)#a.

The subterm set is
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Sp = {CL, bv f(avb)a f(f(aab)vb)} s

resulting in the initial partition

{{a}, {0}, {f(a,0)}, {f(f(a,b),b)}}

in which each term is its own congruence class. The DAG of Figure 9.1(a)
represents this initial partition.
According to the literal f(a,b) = a, MERGE 2 3. FIND 2 # FIND 3, so let

P, =ccPAR 2= {1} and P;=CCPAR 3 = {2}.

The UNION 2 3 computation results in the DAG of Figure 9.1(b) in which
2 and 3 are equivalent. This new equivalence makes 1 and 2 congruent, so
MERGE 1 2 is called recursively.

In computing MERGE 1 2,

Py =ccPAR 1 =0 and P, =CCPAR 2= {1,2},

so Py x P, = (). Hence, after computing UNION 1 2, the computation finishes
with the DAG of Figure 9.1(c). The dotted edge distinguishes the deduced
merge from the merge dictated by the equality in F', marked by the dashed
edge. This final DAG represents the partition

{{a, f(a,b), F(f(a,0),0)}, {b}}

and thus the congruence relation in which a, f(a,b), and f(f(a,b),b) are
congruent. Does

{{a, f(a,b), f(f(a,0),0)}, {b}} = F 7

No, as f(f(a,b),b) ~ a, but F asserts that f(f(a,b),b) # a. Hence, F is
Te-unsatisfiable. |

Example 9.17. Consider the YXg-formula
Fo f(f(f(a)) =a A F(f(f(f(f(a)) =a A [fla)#a,

which induces the initial partition and DAG shown in Figure 9.2(a). Accord-
ing to the literal f(f(f(a))) = a, MERGE 3 0. On this initial merge

P3:{4} and PQ:{I}

Additionally, the labels of both 4 and 1 are f, and their arguments, 3 and 0
respectively, are congruent after UNTON 3 0. Thus, recursively MERGE 4 1. After
UNION 4 1, their parents 5 and 2 are congruent, so MERGE 5 2. The recursion
finishes after UNION 5 2 since Ps = {), resulting in the DAG of Figure 9.2(b).
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Fig. 9.2. DAGs for Example 9.17 T

The dotted edges distinguish deduced merges from merges dictated by F
which are marked by dashed edges. Thus, the partition is now

{{a, F*(@)}, {f(a), f1(@)}, {F*(a), F(a)}} -

Next, according to the literal f(f(f(f(f(a))))) = a, MERGE 5 0. FIND 5 = 2
and FIND 0 = 0, so

P5 = {3} and PO = {174} .
After completing UNION 5 0 (by adding the dashed line from 2 to 0 in Figure
9.2(c)), it is the case that CONGRUENT 3 1, so MERGE 3 1. This merge causes
the final UNION 3 1, resulting in the dotted line from 0 to 1 in Figure 9.2(c).
Figure 9.2(c) represents the partition

{{a. f(a), f*(a), f*(a), fH(a). f7(a)}} -
Now, does
{{a, f(a), f*(a), f2(a), f*(a), fP(a)}} | F?
No, as f(a) ~ a, but F asserts that f(a) # a. Hence, F' is Tg-unsatisfiable. Bl

Theorem 9.18 (Sound & Complete). Quantifier-free conjunctive Xg-
formula F is Tg-satisfiable iff the congruence closure algorithm returns satis-
fiable.

9.3.5 *Complexity

Let e be the number of edges and n be the number of nodes in the initial
DAG.

Theorem 9.19 (Complexity). The congruence closure algorithm runs in
time O(e?) for O(n) MERGES.

However, Downey, Sethi, and Tarjan described an algorithm with O(elog e)
average running time for O(n) MERGEs. Computing Tg-satisfiability is inex-
pensive.
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9.4 Recursive Data Structures

Recursive data structures include records, lists, trees, stacks, and queues. The
theory Trps can model records, lists, trees, and stacks, but not queues: whereas
a particular list has a single representation, queues — in which only order
matters — do not. In this section, we discuss the theory of lists Teons for
ease of exposition. Both its axiomatization and the decision procedure for the
quantifier-free fragment rely on our discussion of TE.

Recall that the signature of Teons is

Yeons : {cons, car, cdr, atom, =},

where

e consis a binary function, called the constructor; cons(a, b) represents the
list constructed by prepending a to b;

e car is a unary function, called the left projector: car(cons(a,b)) =

e cdris a unary function, called the right projector: cdr(cons(a b)

e atom is a unary predicate;

e and = is a binary predicate.

Its axioms are the following:

1. the axioms of (reflexivity), (symmetry), and (transitivity) of T

2. instantiations of the (function congruence) axiom schema for cons, car, and

cdr:

V1, @2,y1,Y2. 1 =22 A y1=y2 — cons(z1,y1) = cons(zz,y2)
Vo,y. x =y — car(z) = car(y)
Va,y. x =y — cdr(z) = cdr(y)

3. an instantiation of the (predicate congruence) axiom schema for atom:

Va,y. x =y — (atom(z) < atom(y))

4. Vz,y. car(cons(z,y)) = (left projection)
5. Va,y. cdr(cons(z,y)) =y (right projection)
6. Va. -atom(z) — cons(car(x),cdr(x)) == (construction)
7. Va,y. ~atom(cons(z,y)) (atom)

As in our discussion of Tg, we consider only quantifier-free conjunc-
tive Yons-formulae. Again, satisfiability of quantifier-free but non-conjunctive
Yeons-formulae can be decided by converting to DNF and checking each dis-
junct. However, the decision procedure does not extend to the quantified case
since satisfiability in the full theory Tions is undecidable.
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Fig. 9.3. The transformation in Step 2 of the decision procedure

Given a quantifier-free conjunctive Xeons-formula F', matom(u;) literals are
removed in a preprocessing step that follows from the (construction) axiom.
Replace

—atom(u;) with wu; = cons(uj,u?) .

Now consider Ycons-formula

F: Slitl VANEIRIAN Sm:tm A 5m+17étm+1 VAN Sn#tn
A atom(ui) A --- A atom(uy)

in which s;, t;, and u; are Tons-terms. To decide its Tions-satisfiability, perform
the following steps:

1. Construct the initial DAG for the subterm set Sg.
2. For each node n such that n.fn = cons,
e add car(n) to the DAG and MERGE car(n) n.args[1];
e add cdr(n) to the DAG and MERGE cdr(n) n.args|2]
by the (left projection) and (right projection) axioms. See Figure 9.3.

3. Fori e {l,...,m}, MERCE s; ;.
4. Fori € {m+1,...,n}, if FIND s; = FIND t;, return unsatisfiable.
5. For i € {1,...,¢} if 3v. FIND v = FIND u; A v.fn = cons, return unsatis-

fiable by axiom (atom).
6. Otherwise, return satisfiable.

Steps 1, 3, 4, and 6 are identical to Steps 1-4 of the decision procedure for Tg.
Because of their similarity, it is simple to combine the two theories.

Example 9.20. Consider the (Xcons U Xg)-formula

F: car(z) =car(y) A cdr(z) =cdr(y) A f(x) # f(y)
A —atom(z) A —atom(y)

in which the function symbol f is in X_. Is it (Teons UTE)-satisfiable? According
to the final two literals, x and y are non-atom structures; thus, the first two
literals imply that = y. Yet the third literal, f(z) # f(y), contradicts this
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Fig. 9.4. DAG after (a) Step 1 and (b) Step 2

equality according to the (congruence) axiom of Tg. Hence, F' is (Tcons U TE)-
unsatisfiable.

To prepare F for the decision procedure, rewrite F' according to the (con-
struction) axiom:

F': car(z) = car(y) A cdr(z) =cdr(y) A f(z) # f(y)

A x = cons(uy,v1) A y = cons(ug,vs) .

The first two and final two literals imply that u; = us and v; = v so that
again x = y. The remaining reasoning is as for F'.
Let us apply the decision procedure to F’. The initial DAG of F’ is dis-
played in Figure 9.4(a). Figure 9.4(b) displays the DAG after Step 2.
According to the literals car(z) = car(y) and cdr(x) = cdr(y), compute

MERGE car(z) car(y) and MERGE cdr(z) cdr(y) ,

which add the two dashed arrows on the top of Figure 9.5(a). Then according
to literal x = cons(uy,v1),

MERGE x cons(u,v1) ,

which adds the dashed arrow from x to cons in Figure 9.5(a). Consequently,
car(z) and car(cons(u1,v1)) become congruent. Since

FIND car(xz) = car(y) and FIND car(cons(ui,v1)) = uq ,

the find of car(y) is set to point to u; during the subsequent UNION, resulting
in the left dotted arrow of Figure 9.5(a). Similarly, cdr(z) and cdr(cons(u1,v1))
become congruent, with similar effects (the right dotted arrow of Figure
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Fig. 9.5. (a) Intermediate DAG and (b) final DAG

9.5(a)). The state of the DAG after these MERGEs is shown in Figure 9.5(a).
Dashed lines indicate merges that arise directly from the literals of F’; dotted
lines indicate deduced merges.

Next, according to the literal y = cons(uz, v2),

MERGE y cons(usg, v2) ,

resulting in the new dashed line from y to cons(uz,v2) in Figure 9.5(b). This
merge produces two new congruences:

car(y) = car(cons(ug,v2)) and cdr(y) = cdr(cons(uz,vs)) .

Trace through the actions of these MERGEs to understand the addition of the
two bottom dotted arrows from u; to ue and from vy to ve in Figure 9.5(b).
During the computation

MERGE cdr(y) cdr(cons(usz, v2)) ,

cons(ug,v1) and cons(usg, v2) become congruent; then find of cons(u,vy) is
set to point to cons(ug, v3), as represented by the new horizontal dashed line
in Figure 9.5(b). This congruence causes the additional congruence

flx)=f(y);

MERGE f(z) f(y) produces the final dotted edge from f(x) to f(y). Figure
9.5(b) displays the final DAG.

Does this DAG model F'? No, as FIND f(z) is f(y) and FIND f(y) is f(y) so
that f(z) ~ f(y); however, F' asserts that f(z) # f(y). F is thus (Teons UTE)-
unsatisfiable. |
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9.5 Arrays

Arrays are a basic nonrecursive data type in programming languages, so rea-

soning about them is important. In this section, we present a decision proce-

dure for the quantifier-free fragment of Ta. This fragment is not expressive:

one can assert properties only of individual elements, not of entire arrays.

Chapter 11 examines a decision procedure for a more expressive fragment.
Recall from Chapter 3 that the theory of arrays Ta has signature

XA {Ha '<'<]'>7 :}7
where

ali] is a binary function: a[i] represents the value of array a at position i;
a{i <) is a ternary function: a(i <v) represents the modified array a in
which position ¢ has value v;

e and = is a binary predicate.

The axioms of Ta are the following;:

1. the axioms of (reflexivity), (symmetry), and (transitivity) of Tg

2. Ya,i,j. i =37 — ali] = alj] (array congruence)
3. Ya,v,i,j.i=7 — a{i<v)[jl=v (read-over-write 1)
4. Ya,v,i,j. i #j — a{i<v)[j] = a[j] (read-over-write 2)

We consider Ta-satisfiability in the quantifier-free fragment of Ta. As usual,
we consider only conjunctive Xa-formulae since conversion to DNF extends
the decision procedure to arbitrary quantifier-free Xa-formulae.

The decision procedure for Ta-satisfiability of quantifier-free Xa-formula
F is based on a reduction to Tg-satisfiability via applications of the (read-over-
write) axioms. Intuitively, if F' does not contain any write terms, then the read
terms can be viewed as uninterpreted function terms. Otherwise, any write
term must occur in the context of a read — as a read-over-write term a (i <v)[7]
— since arrays themselves cannot be asserted to be equal or not equal. In this
case, the (read-over-write) axioms can be applied to deconstruct the read-
over-write terms. In detail, to decide the Ta-satisfiability of F', perform the
following recursive steps.

Step 1

If F does not contain any write terms a(i < v), perform the following steps:

1. Associate each array variable a with a fresh function symbol f,, and re-
place each read term ali] with f, ().
2. Decide and return the Tg-satisfiability of the resulting formula.
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Step 2

Select some read-over-write term a(i<v)[j] (recall that a may itself be a write
term), and split on two cases:

1. According to (read-over-write 1), replace
Fla(i<v)[j]] with Fy: Flo] ANi=j,

and recurse on Fi. If F; is found to be Ta-satisfiable, return satisfiable.
2. According to (read-over-write 2), replace

Fla{iav)[j]] with Fy: Fla[j]] A i#],
and recurse on Fy. If Fy is found to be Ta-satisfiable, return satisfiable.

If both F; and F5 are found to be Ta-unsatisfiable, return unsatisfiable.

Example 9.21. Consider Y'a-formula
F:ii=j4 NirFiz A a[j]=v1 A aliy <ur){ia <ua)[j] # a[j] .
Recall that a{iy <vi)(iz <vz)[j] abbreviates the term
((afiy <v1))(iz qv2))[j] -
F' contains a write term, so select a read-over-write term to deconstruct:
a(iy <v1){ia <v2)[j] .
According to (read-over-write 1), assume i2 = j and recurse on
Fi:io=j ANiir=37 ANi1#ia A aljj=v1 A va#alj] .
F does not contain any write terms, so rewrite it to
Fliig=j Niv=j Nir#Fiz N fa(j) =v1 A v2# fa(j) -
The first two literals imply that i; = 45, contradicting the third literal, so Fy
is Tg-unsatisfiable.
Returning, we try the second case: according to (read-over-write 2), assume
i3 # j and recurse on

Fo:io#j Niv=7 N ipFia A aljl=v1 A aliy <v)[j] # alj] -

F5 contains a write term, so select the only read-over-write term to decon-
struct. According to (read-over-write 1), assume ¢; = j and recurse on

F5: ilzj/\zj;éj/\il:j/\il;éig/\a[j]:vl /\vl#a[j}.

Clearly, following this path leads to a contradiction because of the final two
terms. Thus, according to (read-over-write 2), assume i # j and recurse on

F4I 21#_] /\ZQ?éj /\21:j /\21#22 Aa[‘]]:’l}l /\a[y}#a[ﬂ

But the final literal is contradictory. As all branches have been tried, F is
Ta-unsatisfiable. |
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Theorem 9.22 (Sound & Complete). Given quantifier-free conjunctive
Ya-formula F, the decision procedure returns satisfiable iff F' is Ta-satisfiable;
otherwise, it returns unsatisfiable.

Theorem 9.23 (Complexity). Ta-satisfiability of quantifier-free conjunc-
tive Xa-formulae is NP-complete.

The power of disjunction manifested in Steps 2(a) and 2(b) of the decision
procedure results in this complexity.

Proof. That the problem is in NP is simple: for a given formula F, guess
a formula like F', except that for every instance of a read-over-write term
a{i <v)[j], it includes as a conjunction either ¢ = j or ¢ # j. Only a linear
number of literals are added. Then check Ta-satisfiability of this formula, using
the new literals to simplify read-over-write terms.

To prove NP-hardness, we reduce from satisfiability of PL formulae, which
is NP-complete. Given a propositional formula F' in CNF, assert

vp 7& V-p

for each variable P in F; vp and v-p represent the values of P and —P,
respectively. Introduce a fresh constant e. Then consider the nth clause of F',
say

(=P V Q V -R).
In this case, assert

aljn] # o A alip Qv-p)(iq QvQ)(ir AV-R)[jn] = .

Jn must be equal to one of the introduced values at ip, ig, or ig. Therefore,
at cell j, the corresponding value (v-p, vg, or v.g) must equal e. In this
fashion, add an assertion for each clause of F. Conjoin all assertions to form
quantifier-free conjunctive X'a-formula G. G is equisatisfiable to F: vp = e iff
P is true; and v-p iff P is false. G is also of size polynomial in the size of F.
Thus, deciding Ta-satisfiability of G decides propositional satisfiability of F',
so Ta-satisfiability is NP-complete. |

9.6 Summary

This chapter presents the congruence closure algorithm and applications to
deciding satisfiability in the quantifier-free fragments of Tg, Tcons, and Ta. It
covers:

e The congruence closure algorithm at an abstract level. Relations, equiva-
lence relations, congruence relations. Partitions; equivalence and congru-
ence classes. Closures.
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e The DAG-based implementation. Directed acyclic graph representation of
formulae. The union-find algorithm. Merging.

e Recursive data structures. These structures include records, lists, stacks,
and trees, but not queues. The decision procedure extends the congruence
closure algorithm.

e Arrays. The decision procedure branches based on read-over-write terms
according to the read-over-write axioms. When all write terms have been
removed on one branch, the congruence closure algorithm is applied.

Equality is found within many first-order theories, including all the theories
studied in this book. Additionally, equality and the congruence closure algo-
rithm are the unifying components of the Nelson-Oppen combination method
studied in Chapter 10. Hence, reasoning about it is fundamental. Fortunately,
satisfiability is efficiently decidable using the congruence closure algorithm.

Uninterpreted functions are used to represent data structures in the con-
text of Trps and Ta. In applications such as software and hardware verifica-
tion, they allow abstracting away implementations of select components to
simplify reasoning.

The DAG-based data structure that is the basis of the congruence closure
algorithm is used whenever subformulae must be represented uniquely, either
for algorithm correctness or for space and time considerations. Exercises 9.4
and 9.5 explore this data structure.

So far, we have seen three types of decision procedures. The quantifier-
elimination procedures of Chapter 7 manipulate formulae to construct equiva-
lent quantifier-free (and possibly variable-free) formulae. The simplex method
of Chapter 8 works explicitly with the underlying structure of the set of satis-
fying interpretations. The congruence closure algorithm shares characteristics
of both types of procedures: it manipulates formulae efficiently using the DAG-
based algorithm; but it also represents satisfying interpretations explicitly as
congruence classes of terms via the find pointers.
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The quantifier-free fragment of Tg was first proved decidable by Ackermann
in 1954 [1] and later studied by various teams in the late 1970s. Shostak [83],
Nelson and Oppen [66], and Downey, Sethi, and Tarjan [29] present alternate
solutions to the problem. We discuss the method of Nelson and Oppen [66].

Oppen presents a theory of acyclic recursive data structures [69, 71]. The
decision problem in the quantifier-free fragment of this theory is decidable in
linear time, and the full theory is decidable. Our presentation is based on the
work of Nelson and Oppen [66] for possibly-cyclic data structures.

McCarthy proposes the axiomatization of arrays based on read-over-write
[58]. James King implemented the decision procedure for the quantifier-free
fragment as part of his thesis work [50].
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Exercises

9.1 (DP for Tg). Apply the decision procedure for Tg to the following Xg-
formulae. Provide a level of detail as in Example 9.10.

(a) f(z,y) = fy,x) A fla,y) # [y, a)
(b) Flg(@) = 9(f@) A FU W) =2 A )= A g(f(@) # e
(&) f(f(f(a)) = F(f(a)) A F(F(f(f(a)))) )

(d) f(f(f(a))) = fla) A f(f(a)) =a A fla)#a

(e) p(x) A f(f(z)) =2 A f(f(f(x))) =z

9.2 (DAG-based DP for T¢). Apply the DAG-based decision procedure for
TE to the Yg-formulae of Exercise 9.1. Provide a level of detail as in Example
9.17.

9.3 (*Undecidable fragment). Show that allowing even one quantifier al-
ternation (i.e., 1, ..., 2. YY1, .., Yn. F[z,y]) makes satisfiability in T un-
decidable.

9.4 (*DAG). Describe a data structure and algorithm for constructing the
initial DAG in the congruence closure procedure. It should run in time ap-
proximately linear in the size of the formula.

9.5 (*PL & DAGSs). This problem explores a concise representation of
propositional logic formulae.

(a) Describe a DAG-based representation of PL formulae.

(b) If you have not already done so, consider that the logical connectives A
and V are associative and commutative. Improve your representation to
exploit this observation.

(¢) Modify the CNF conversion algorithm of Section 1.7.3 to operate on your
DAG-based representation. How large is the resulting CNF formula rela-
tive to the DAG?

9.6 (DP for Teons). Apply the decision procedure for Teons to the following
Teons-formulae. Provide a level of detail as in Example 9.20.

(a) car(z) =y A cdr(x) =2z A x # cons(y, 2)
(b) matom(xz) A car(z) =y A cdr(z) =2z A x # cons(y, z)

9.7 (Flawed DP for Ti.,s). Consider a variant of the Teons-satisfiability
procedure in which Steps 2 and 3 are swapped.! What is wrong with re-
versing these two steps? Identify a counterexample to its correctness: find a
Teons-unsatisfiable (conjunctive, quantifier-free) Xcons-formula that the incor-
rect procedure claims is satisfiable, and show the final DAGs for both the
incorrect and the correct procedures.

! Suggested by a typo in [66].
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9.8 (DP for quantifier-free Tx). Apply the decision procedure for quantifier-
free Ta to the following Xa-formulae.

(a) ali<e)jl=e N i#j

(b) a{iae)lj]=e A aljl#e

(c)afice)ljl=e N i#j N aljl#e

(d) aliae)(jaf)k]=9g N j#k Ni=j A alkl#g
(e)ir=7 A aljl=v1 A afix qu1)(iz <v2)[j] # alj]
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Combining Decision Procedures

The expressions which arise in program manipulation often do not fall

within any. .. naturally defined theories — they usually involve mixed
terms containing functions and predicates from several theories.

— Greg Nelson and Derek C. Oppen

Simplification by Cooperating Decision Procedures, 1979

Chapters 7-9 consider decision procedures for theories that each formalize
just one data type. Yet almost all formulae in Chapter 5 are formulae of
union theories. For example, many assert facts in Tz U Ta about arrays of
integers indexed by integers. Additionally, the decision procedure for the array
property fragment of TAZ that we discuss in Chapter 11 requires a procedure for
the quantifier-free fragment of T U Ta. Can we reuse the decision procedures
of Chapters 7-9 to decide satisfiability of formulae in union theories, or must
we invent a new procedure for each combination?

Fortunately, there is a general result for quantifier-free fragments of union
theories that allows us to reuse the procedures. This chapter discusses the
Nelson-Oppen combination method for constructing decision procedures
for union theories from decision procedures for individual theories. Section
10.1 introduces the method and discusses its limitations. Then Section 10.2
presents a nondeterministic version, for which correctness is proved in Section
10.4; and Section 10.3 presents the more practical deterministic version.

In this chapter, decision procedures for individual theories apply just to
quantifier-free fragments. We rely on Cooper’s method with all optimizations
for considering quantifier-free Yz-formulae. Procedures for the other theories
already apply only to their quantifier-free fragments.

10.1 Combining Decision Procedures

Consider two theories T} and T, over signatures X and X5, respectively. For
the quantifier-free fragments of 77 and 75, we have decision procedures P; and
P,. How do we decide satisfiability in the quantifier-free fragment of 77 U T5?
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Example 10.1. Consider the (Xg U Xz)-formula

F:1<z ANxz<2A flx)# f(1) N f(z) # f(2).

Chapter 9 describes a decision procedure for Tg, while Chapter 7 presents a
decision procedure for Ty,. We would like to combine these decision procedures
to decide the (Tg UTy)-satisfiability of F' and other quantifier-free (Xg U X7)-
formulae. |

The Nelson-Oppen combination method (N-O method) combines
decision procedures for the quantifier-free fragments of several theories into
one decision procedure for the quantifier-free fragment of the union theory.
In our presentation of the N-O method, we usually discuss combining two
theories and their decision procedures; however, the N-O method can com-
bine an arbitrary number of theories and procedures. Additionally, we restrict
ourselves to considering conjunctive formulae; however, the satisfiability of
arbitrary (quantifier-free) formulae can be considered by converting to DNF
and checking each disjunct.

Besides being restricted to quantifier-free formulae, the N-O method has
two additional restrictions. First, the signatures X7 and X5 can only share
equality =:

21022:{:}.

Second, the theories T} and 75 must be stably infinite.

A theory T with signature X' is stably infinite if for every quantifier-free
Y -formula F, if F' is T-satisfiable, then there exists some T-interpretation
that satisfies F' and has a domain of infinite cardinality. We illustrate this
concept with two example theories.

Example 10.2. Consider the theory T, ; with signature
22: {a7 b7 :} )

where both a and b are constants, and axiom
1.Ve.z=a V z=0 (two)

Because of axiom (two), every T, p-interpretation I : (Dy, ) is such that
the domain Dy has at most two elements: |Dy| < 2. Hence, Tg ; is not stably
infinite. |

Example 10.3. We prove that T is stably infinite. Consider the Tg-satisfiable
quantifier-free Yg-formula F' with arbitrary satisfying Tg-interpretation I :
(Dy,ar) in which oy maps = to =;. Let A be any infinite set disjoint from
Dj. Then counstruct new interpretation J : (D, ay):

e D;=D;UA
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(] OzJZ{:HZJ, ...},whereforvl,erDJ,
det V1 =7 Vo ifvl,VQED[
Vi =g Vy = T if vy is the same element as vo
L otherwise

J is a Tg-interpretation satisfying F' with infinite domain. Hence, T is stably
infinite. |

The other theories discussed in this book are also stably infinite.

Example 10.4. Consider the quantifier-free conjunctive (Xg U X7)-formula

F:l<az Az<2A f@)#£f1) A fz)# F(2).

The signatures of Tg and Ty only share =. Also, both theories are stably
infinite. Hence, the N-O combination of the decision procedures for Tg and 17
decides the (Tg U Ty)-satisfiability of F.

Intuitively, F is (Tg U Tyz)-unsatisfiable. For the first two literals imply
x=1V z=2sothat f(x) = f(1) V f(z)= f(2). Yet the last two literals
contradict this conclusion. |

10.2 Nelson-Oppen Method: Nondeterministic Version

In this section, we discuss the nondeterministic version of the N-O method.
While simple to present, it suffers from high complexity. Section 10.3 refor-
mulates the method to be deterministic and efficient.

Consider a quantifier-free conjunctive (X7 U Xp)-formula F. The N-O
method proceeds in two steps.

10.2.1 Phase 1: Variable Abstraction

The variable abstraction phase transforms a quantifier-free conjunctive for-
mula F' into two quantifier-free conjunctive formulae, a X;-formula F} and a
Yo-formula Fy, such that F' and Fy A Fy are (17 U Ty)-equisatisfiable. That
is, F'is (11 U Ty)-satisfiable iff Fy A Fy is (Th U Ty)-satisfiable. Fy and Fy are
linked via a set of shared variables.

For term ¢, let hd(¢) be the root symbol; e.g., hd(f(z)) = f. Then for
i,j € {1,2} and i # j, repeat the following transformations as long as possible:

1. if function f € X; and hd(t) € X,
Flf(ty, ..., t, ooy tn)] = F[f(t1, -.c, w, ..., )] AN w=t
2. if predicate p € X; and hd(t) € X},

Flplty, ooy ty ooy t)] = Flp(ts, oy w, ooy )] A w=t
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3. if hd(S) € X; and hd(t) S Ej,
Fls=t] = Fw=t ANw=s

w is a fresh variable in each application of a transformation. Transformation
3 also applies to s # ¢ literals: replace F[s # t] with Flw #¢] A w = s.

After applying the transformations, each literal of the resulting formula
falls entirely within the signature of one of the two theories (or possibly within
each if it is just an equality z = y or a disequality x # y between variables:
such literals are in every signature since they do not have symbols other
than =). Divide the literals into two sets, one for each theory. These sets are
not disjoint when there is a literal that is an equality or disequality between
variables. Then return the conjunction of each set.

Example 10.5. Consider (X U X7z)-formula

Fol<az naz<2 A f(z)# (1) A flo) # f(2).

Since f € Y_ and 1 € Xz, replace f(1) by f(w1) and add w; = 1 by trans-
formation 1. Similarly, replace f(2) by f(w2) and add wq = 2.
Now, the literals

1<z, <2, wy =1, and wy =2
are Ty-literals, while the literals
f(x) # f(w1) and f(z) # f(w2)
are Tg-literals. Hence, construct the X7-formula
Fp: 1<z ANz<2ANwi=1Awy=2
and the Xg-formula
Fe: f(z) # f(w) A f() # fws) .

Fy, and Fg share the variables x, w1, and we. Fz AFg is (TgUTy)-equisatisfiable
to F. |

Example 10.6. Consider the (Xg U Xz)-formula
F: fley=a+y ANz<y+zANax+z<y ANy=1A f(x)# f(2).

Intuitively, F is (TgUT7y)-satisfiable: consider an interpretation in which x = 0,

y=1,2z=1, f(O):lvandf(Q):
In the first literal, hd(f(z)) = f € Y& and hd(x + y) = + € X7; thus, by
transformation 3, replace the literal with

w=x+y A w = f(x).
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In the last literal, f € Xg but 2 € X, so by transformation 1, replace it with
f(@) # f(w2) A wp=2.

Now, separating the literals results in two formulae:
Fp: wviy=c+y ANe<ly+z ANz+z<y Ay=1A wy=2

is a Xyz-formula, and
Fe:wi=f@) A (@) # fluws)

is a Yg-formula. The conjunction Fy A Fg is (Tg U T7)-equisatisfiable to F. B

10.2.2 Phase 2: Guess and Check

Phase 1 separates (X7 UX5)-formula F into two formulae, X -formula F;, and
Yo-formula Fs. F} and F5 are linked by a set of shared variables. Let

V = shared(F, Fy) = free(Fy) N free(F3)

be the shared variables of F; and F5. Let E be an equivalence relation over
V. The arrangement «(V, E) of V induced by FE is the formula

a(V,E): /\ u=v A /\ uFuv,
u,w € V. uEv u,v € V. =(uEv)

which asserts that variables related by E are equal and that variables unre-
lated by E are not equal. The formula F is (T UT5)-satisfiable iff there exists
an equivalence relation E of V such that

o Fi ANa(V, E) is Ty-satisfiable, and
o Iy ANa(V, E) is Ty-satisfiable.

Otherwise, F' is (T1 U T3)-unsatisfiable.
Example 10.7. Consider (X U X7z)-formula
Fil<a no<2A fz) £ F(1) A F@) £ 1) .
Phase 1 separates this formula into the X-formula
Fp: 1<z ANz<2ANwi=1Awy=2
and the Yg-formula
Fe: f(x) # f(wi) A f(2) # fwe)
with
V = shared(Fz, Fg) = {x, w1, w2} .

There are 5 equivalence relations to consider, which we list by stating the
partitions:
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1. {{z, w1, w2}}, ice., © = w1 = we: Fg A a(V, E) is Te-unsatisfiable because
it cannot be the case that both z = wy and f(x) # f(w1).

2. {z, w1}, {wa}}, ie, v = wy, ¢ # wa: Fg A a(V, E) is Teg-unsatisfiable
because it cannot be the case that both x = w; and f(z) # f(w1).

3. {{z, w2}, {wi}}, e, x = wa, & # wi: Fe A a(V, E) is Tg-unsatisfiable
because it cannot be the case that both x = ws and f(z) # f(ws).

4. {{z}, {wr,wal}, de, © # wi, w1 = we: Fz A oV, E) is Tgz-unsatisfiable
because it cannot be the case that both w; = wg and w; =1 A wy = 2.

5. {{z},{w1},{wa}}, i.e., ¢ # w1, x # wa, w1 # wo: Fz A a(V, E) is Ty~
unsatisfiable because it cannot be the case that both x # w1 A = # we
andz=w; =1V e =wy=2(sincel <z <2impliesthatz =1V =2
in Tz).

Hence, F'is (Tg U Tz)-unsatisfiable. |
Example 10.8. Consider the (Xcons U X7z)-formula
F: car(z) +car(y) = z A cons(x, z) # cons(y, z) .

After two applications of transformation 1, Phase 1 separates F' into the Y cons-
formula

Feons : wy =car(z) A we =car(y) A cons(z,z) # cons(y, z)
and the Xy-formula
Fr: wi+wy =2,
with
V = shared(Feons, Fz) = {2, w1, w2} .
Consider the equivalence relation E given by the partition
{{z} {wr}, {wa}} -
The arrangement
a(VyE): z#4w N z#ws A wy # ws

satisfies both Fions and Fz: Feons A(V, E) is Teons-satisfiable, and Fz Aa(V, E)
is Ty-satisfiable. Hence, F' is (Tcons U T7)-satisfiable. |

10.2.3 Practical Efficiency

Phase 2 is formulated as “guess and check”: first, guess an equivalence relation
E, then check the induced arrangement. Unfortunately, the number of equiva-
lence relations increases significantly with the number of shared variables. The
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number of equivalence relations is given by the sequence of Bell numbers,
which grows super-exponentially. For example, just 12 shared variables induce
over four million equivalence relations. Hence, the guess-and-check method is
impractical.

However, there is no need to guess the entire equivalence relation at once;
instead, construct it incrementally, as the following example illustrates:

Example 10.9. In Example 10.6, Phase 1 separates the (Ye U Xy )-formula
F: flz)=axz4+y Nz<y+z Az+z<y ANy=1A f(z)# f(2)
into Xy-formula
Fp: wviy=c+y ANze<y+z ANz+z<y Ay=1A wy=2
and Yg-formula
Fe: wy = f(x) N fx) # f(w2)
Then
V = shared(Fz, Fg) = {z, w1, w2} .

We attempt to construct an arrangement.

1. Suppose = wy. But then wy = x + y of Fy implies that y = 0, yet Fy
asserts that y = 1. Hence, x # w;.

2. Fz N xz#wp and FE A x # w; are Tyz- and Tg-satisfiable, respectively.

3. Suppose ¢ = wy. But f(x) # f(ws2) of Fg contradicts this supposition.
Hence, = # ws.

4. F5 N x# wy N x # wy and FE N © # w1 A x # wy are Ty- and
Te-satisfiable, respectively.

5. Suppose w; = wsy. No contradiction exists.

We discovered the arrangement
rFw N TFwy N wy=wsy,
so Fis (Tg U Ty)-satisfiable. [ ]

Readers interested in implementing a simple Nelson-Oppen-based decision
procedure could consider this incremental-construction “optimization” of the
nondeterministic method. However, in practice, implementations are based on
the deterministic method described in the next section.
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10.3 Nelson-Oppen Method: Deterministic Version

Phase 1 of the deterministic version is the same as in the nondeterministic
version.

Phase 2 of the nondeterministic method (both the guess-and-check method
and the optimized incremental construction) proposes a set of equalities and
disequalities and then lets each decision procedure P; check the set with the
corresponding formula F;. In contrast, Phase 2 of the deterministic version
asks the decision procedures P; and P» to propagate information in the form
of new equalities.

A convex theory is particularly well-suited for propagating equalities.
Section 10.3.1 discusses convex theories. Then Section 10.3.2 presents the
deterministic Nelson-Oppen method.

10.3.1 Convex Theories

If a conjunctive formula in a convex theory implies a disjunction of equalities
between variables, then it actually implies a single equality. Formally, consider
a quantifier-free conjunctive X-formula F' and a disjunction

G: \/ u; = v; , (10.1)
i=1

for variables u; and v;. Theory T' is convex if for every such F' and G, if

then
F = u;=v; forsomeie{l,....,n}.

If F implies G, then F actually implies one of the disjuncts of G.

Intuitively, F' cannot be “covered” by any disjunction of equalities — no
matter how many — if no single equality covers F' (F' is covered by a formula
if F implies it). This intuition is especially apparent for vector spaces (Section
8.2): a plane cannot be covered by a finite disjunction of lines; it cannot even
be covered by a finite disjunction of other planes unless at least one of the
planes is the plane itself.

Example 10.10. The theory of integers T% is not convex. For consider the
quantifier-free conjunctive Xz-formula

F:1<zANz<2ANu=1ANv=2.

Then
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F=z=uV z=v,
but neither
F = z=u nor F = z=v.
|

Example 10.11. The theory of arrays Ta is not convex. For consider the
quantifier-free conjunctive Xa-formula

F: a(i<v)[jl=v.
Then
F =i=jVajj=v,
but neither
F = i=j nor F = qa[j]=v.
|

Example 10.12. * The theory of rationals Tp is convex, as it is convex in a
geometric sense (see Chapter 8).

Each equality u; = v; of the disjunction G of (10.1) is geometrically convex,
but G itself is not. Consider, for example,

H:z=yVax==z.

Let Sy be the set of points satisfying H. The point (x,y,z) = (0,0,1) is
included in Sy, as is the point (1,0,1). However, the average of the two
points, (% ,0,1) (choosing \ = ;), is not in Sg. Indeed, choose any two points

(u,u,v1) and (w,vq,w)

from S,—, and S,—., respectively, such that neither is in their intersection
Sp=y=2 (i.€., v1 # u and vy # w). Then for any A € (0,1), the point

M4+ (1= Nw, A+ (1 —Xve, dvp + (1= Nw)

is neither in S;—, nor in S,—,.

Suppose, then, that F = G : \/!_, u; = v;, but for no i € {1,...,n} does
F = u; = v;. Then it must be the case that there are two points s; and ss of
SF in separate subsets Sy,—y,, Su;=v;, ¢ # J, of Sg. By the argument above,
the points on the line segment between s; and s are not in Sg and thus not
in Sp. Then F is not geometrically convex, a contradiction.

Thus, Tp is convex. |

Exercise 10.5 asks the reader to prove that the theories Tg and Teons are
also convex.
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10.3.2 Phase 2: Equality Propagation

Recall that the nondeterministic version guesses an equivalence relation E
over the shared variables V' and checks that both F} A«a(V, E) is T;-satisfiable
and Fy Aa(V, E) is Tr-satisfiable. If it finds a satisfying equivalence relation F,
it declares that F' is (T U T)-satisfiable. This method suffers from the enor-
mous number of equivalence relations that are possible even over small sets
of shared variables. In the deterministic version, a central manager asks the
decision procedures P; and P» to report any new implied equalities between
shared variables. It then adds this new information to the already discovered
equalities and propagates it to the other decision procedure. This method is
efficient.

In the context of already discovered equalities £, a decision procedure P;
for a convex theory T; discovers a new equality u = v, for shared variables u
and v, when

FFEANE = u=w.

The central manager then propagates this new equality to the other decision
procedure.
If T} is not convex, P; discovers a new disjunction of equalities S when

Fj/\E:> \/ (Ui:’l}i),

u;=v; € S

for shared variables u; and v;. In this case, the central manager must split the
disjunction and search along multiple branches. Each branch assumes one of
the disjuncts. The search along a branch ends either when a full arrangement
is discovered (so the original formula is (T} U T5)-satisfiable; see below) or
when all sub-branches end in contradiction (T;-unsatisfiability for some 3).
In the latter case, the central manager tries another branch. If no branches
remain to try, then the central manager declares the original formula to be
(T} U Ty)-unsatisfiable.

If at some point, neither P; nor P finds a new equality (or a disjunction
of equalities in the non-convex case), then the central manager concludes that
the given formula is (77 U Ts)-satisfiable. For if £ is the set of all learned
equalities, S is the set of all possible remaining equalities, and

FAE & \/ (ui=wv;) and F» A E # \/ (u; = v;)
u;=v; € S u;=v; € S
(which must hold when no new disjunctions of equalities are discovered), then
L ANEN /\ (u Zv;)) and Fy A E A /\ (u; # v;)
ui=v; € S u;=v; € S

are Ti-satisfiable and Th-satisfiable, respectively. Hence, the discovered ar-
rangement is
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a(V,E)Y=E A /\ (u; # vi) ,

wi=v; € S
and F is (T7 U Ty)-satisfiable.
Example 10.13. Consider the (X U Xg)-formula
F: f(ftx) = fy)#f(z) he<y ANy+z<z AN0<z.

F'is (Tg UTg)-unsatisfiable: the final three literals imply that z = 0 and z = y,
so that f(z) = f(y). But then from the first literal, f(0) # f(0) since both

f(z) — f(y) and z equal 0.
Phase 1 separates F' into two formulae. According to transformation 1, it

replaces f(z) by u, f(y) by v, and u — v by w, resulting in Xg-formula
Fe: fw)# () A u=f(@) A v=1(y)

and Xg-formula
p:z2<y ANy+z2z<z AN0<zANw=u—v,

with
V = shared(Fg, Fg) = {z,y, z,u,v,w} .

Recall that T¢ and T are convex theories. The decision procedure Py for
Tq discovers

I = z=y
fromx<y ANy+z<zxz A 0<z so
E:xz=y.
Then Pg discovers the new congruence f(z) = f(y) from = =y, so that
FeNE = u=v,
yielding
E:rx=y ANu=v.
But then
Fo N & = z=w

since w = u — v = 0, according to u = v, and z = 0. Propagating this equality
back to Pg via

E:rx=y ANu=v A z=w
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{}
g o=y
FENz=y E u=v
{z=y, u=v}
Fo Nu=v EF z=w

{z=y, u=v, z=w}
FENz=w[E L

1
Fig. 10.1. Summary of Example 10.13

reveals the contradiction
Fe N E = L

in particular, z = w contradicts f(w) # f(z). Therefore, F is (Tg U Tgp)-
unsatisfiable.

Since both T¢ and Tgp are convex, no case splitting was required.

Figure 10.1 summarizes this argument. The left and right halves list deduc-
tions made in Ty and TE, respectively. The sets in the middle are the deduced
sets of shared equalities. The deductions terminate with L, indicating that F'
is (T U Tp)-unsatisfiable. [ |

Example 10.14. Consider the (X U Xz)-formula
F: 1<z AN ax<2A flx)#f(1) A f(z) # f(2).

While Tg is convex, Tz is not. Thus, we should expect some case splits.
According to transformation 1, Phase 1 replaces f(1) by f(wi1) and f(2)
by f(ws), resulting in the Xz-formula

Frp: 1<z ANz<2ANwi=1Awy=2
and the Yg-formula

Fe: f(x) # f(w) A f(z) # fws) ,
with

V = shared(Fz, Fg) = {z, w1, w2} .

Immediately, Pz recognizes that

Fp = z=w V 2=ws,

since 1 < x < 2 implies that either x = 1 or x = 2. Hence, case split on these
two disjuncts. For the first case, propagate
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x: Fp Ex=w V z=w

Fig. 10.2. Summary of Example 10.14

El: x=w
to Pg, which discovers that
Fe A 511 = 1,

as ¢ = wy contradicts f(z) # f(wy).
For the second case,

5{’ DT =wsy .
Again, Pg discovers that
Fe A 5{7 = 1,

as © = wq contradicts f(z) # f(wa).

As all branches end in contradiction, F' is (Tg U Tz )-unsatisfiable.

Figure 10.2 summarizes this argument. Unlike in Example 10.13 and Fig-
ure 10.1, the nonconvexity of Tz causes the argument to branch along two
possibilities. Each branch ends in a contradiction. |

Example 10.15. Consider the (X U Xz)-formula
Frl<a naw<3 A fla)# 1) A fl)#f3) A fFO)#F(2).
Applying transformation 1 of Phase 1 three times produces the Xz-formula
Frp: 1<z ANzxz<3 Awi=1ANwy=2AN w3=3
and the Yg-formula
Fe: f(2) 4 fwn) A f(@) # F(ws) A Flwr) # Flws) |

with
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V = shared(Fg, Fg) = {z, w1, wa, w3} .
From 1 < z < 3, Py discovers that
F;, = z2=w Vzz=wy V x=w;s.
Recall that Ty is not convex. On case
& x=w,
Pe finds that
Fe NE = L
because of f(x) # f(w;1). On case
Ef D r=ws ,
neither Pz nor P discovers any contradiction or new equality. That is,
F7 A Ef H r=w Vzrz=ws V w =wy V w =w3z V wy=ws
and
Fe A 8{’ % x=w; Vrr=w3 V wp=ws V w; =ws V ws =w3 ;
or, in other words,
F; A Ef ANxFw N xF#ws AN w #ws N wp #ws N we # ws
is Ty-satisfiable, and
FE A Sf ANz#Fw N xFws AN w #Fwy A w #ws A wy # ws

is Te-satisfiable. Thus, F' is (Tg U T%)-satisfiable.
Figure 10.3 summarizes this argument. The middle branch terminates with
a satisfying arrangement. We did not actually explore the right branch. BN

10.3.3 Equality Propagation: Implementation

Equality propagation can be implemented somewhat efficiently without mod-
ifying the individual decision procedures. For convex theory T}, test each
possible equality u; = v;. Suppose that F} is the X;-formula constructed in
Phase 1 and £ is the conjunction of equalities discovered so far. Then check
if any equality u; = v; is implied:

F; ANE = u=v;.

Any implied equality should be propagated to the other theories.
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- {|}*\

r = W1 T = ws r = W3
{zx =w1i} {z = w2} {z = ws}
FEANz=w E L FENz=ws E L
1 1

x: Fp Eor=w Vz=w V z=uws

Fig. 10.3. Summary of Example 10.15

This procedure is not applicable to a non-convex theory Tj. A procedure
for a non-convex theory must be able to find disjunctions of equalities that
are implied by a Xy-formula Fj. Moreover, the disjunctions should be as small
as possible since the Nelson-Oppen method must branch on each disjunct. A
disjunction is minimal if it is implied by F} and if each smaller disjunction
is not implied by F}.

A simple procedure to find a minimal disjunction is based on the obser-
vation that any disjunction that contains a minimal disjunction — which is
implied by Fj by definition — is also implied by F}. Therefore, we can strip
off extra disjuncts one-by-one. First, consider the disjunction of all equalities
at once. If it is not implied, then no subset is implied either, so we are done.
Otherwise, drop each equality in turn: if the remaining disjunction is still
implied by F}, continue with this smaller disjunction; otherwise, restore the
equality and continue. When all equalities have been considered, the result-
ing disjunction is minimal. This procedure requires checking Ty-satisfiability
O(|V']?) times, where V is the set of shared variables. Exercise 10.4 asks the
reader to describe a procedure based on binary search that requires asymp-
totically fewer satisfiability checks when the final disjunction is small relative
to the disjunction of all equalities.

10.4 *Correctness of the Nelson-Oppen Method

In this section, we prove the correctness of the Nelson-Oppen combination
method. We reason at the level of arrangements, which is more suited to the
nondeterministic version of the method. However, Section 10.3 shows how to
construct an arrangement in the deterministic version, as well, so the following
proof can be extended to the deterministic version. We also focus on the second
phase of the nondeterministic procedure, which chooses an arrangement if
one exists. We thus assume that the variable abstraction phase is correct: it
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produces formulae F; and Fj such that Fy A Fy is (T} U Ty)-equivalent to the
given (X U Xy)-formula F'.

A theory has equality (or is a theory with equality) if its signature in-
cludes the binary predicate = and its axioms imply reflexivity, symmetry, and
transitivity of equality. The pure equality fragment of a theory with equality
is composed of formulae that are possibly quantified Boolean combinations of
equalities between variables.

Theorem 10.16 (Sound & Complete). Consider stably infinite theories Ty
and Ty such that X1NXy = {=}. For conjunctive quantifier-free X1 -formula Fy
and conjunctive quantifier-free Xo-formula Fy, Fy A\ Fy is (Ty U Ts)-satisfiable
iff there exists an arrangement K = a(shared(Fi, Fy), E) such that Fy A K is
T1-satisfiable and Fy A K is Th-satisfiable.

Soundness is straightforward. Suppose that Fy A Fy is (T3 UTs)-satisfiable
with satisfying (77 U T5)-interpretation I. Extract from I the equivalence
relation E such that the arrangement K = a(shared(Fy, F»), E) is satisfied by
I. Then F; AK and F> AK are both satisfied by I, which can be viewed as both
a Ti-interpretation and a Th-interpretation, so that they are Ti-satisfiable and
Ty-satisfiable, respectively.

Completeness is more complicated. Let K = a(shared(F}, F3), E) be an
arrangement such that F; A K and F»> A K are Ti-satisfiable and T»-satisfiable,
respectively. Suppose that Fy A Fy is (71 U Tz)-unsatisfiable. We derive a
contradiction.

The outline of the proof is the following. Because Fy A Fy is (T1 U T3)-
unsatisfiable, we know that F} implies —F5 in 77 U T5. An adaptation of
the Craig Interpolation Lemma (Theorem 2.38) tells us that there is
a quantifier-free formula H such that F; implies H over all infinite T7i-
interpretations (T}-interpretations with infinite domains) and F» implies -H
over all infinite Th-interpretations: H interpolates between F; and F5. We then
show that the arrangement K implies H, which means that F5 implies K over
all infinite Th-interpretations. In other words, no infinite T5-interpretation sat-
isfies Fo AK. Yet if T5 is stably infinite and Fy A K is Th-satisfiable as assumed,
then Fy A K is satisfied by some infinite T5-interpretation, a contradiction.

We now present the details of the proof. First, because we are considering
only stably infinite theories, we need only consider interpretations with infinite
domains. For we can extend a T;- or To-interpretation with a finite domain
to a T1- or Th-interpretation with an infinite domain. Therefore, define =* as
a weaker form of implication: F' =* G iff G is true on every interpretation I
that has an infinite domain and that satisfies F. Similarly, weaken < to <*.
If F =* G, we say that F' weakly implies G; if F' <* G, we say that F is
weakly equivalent to G.

Recall from Section 2.7.4 the following theorem.

Theorem 10.17 (Compactness Theorem). A countable set of first-order
formulae S is simultaneously satisfiable iff the conjunction of every finite sub-
set is satisfiable.
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Since F1 A Fy is (T7 U Ty)-unsatisfiable, the Compactness Theorem tells
us that there exist a conjunction S; of a finite subset of axioms of 7T and a
conjunction Sy of a finite subset of axioms of T, such that S1 A F1 A Se A Fy is
(first-order) unsatisfiable. Choose S; and S3 to include the axioms that imply
reflexivity, symmetry, and transitivity of equality. Then, rearranging, we have
that

S1 AN F1 = =Sy vV -y . (102)
Recall from Section 2.7.4 the following theorem.

Theorem 10.18 (Craig Interpolation Lemma). If F} = F, then there
exists a formula H such that 1 = H, H = F5, and each free variable,
function symbol, and predicate symbol of H appears in Fy and F.

Hence, from implication (10.2), there exists an interpolant H' such that
free(H') = shared(F}, F») and

Sl/\F1:>H, and SQ/\H/:>—|F2.

The latter implication is derived by rearranging H' = =S5 V = F,. Because =
is the only predicate or function shared between S1 A Fy and SoAFy, H is of a
special form: its atoms are equalities between variables of shared(F}, F»). How-
ever, H' may have quantifiers. We prove next that in fact a “weak” quantifier-
free interpolant H exists.

Lemma 10.19 (Weak Quantifier Elimination for Pure Equality). Con-
sider any stably infinite theory T with equality. For each pure equality formula
F, there exists a quantifier-free pure equality formula F’' such that F is weakly
T -equivalent to F’.

Proof. Consider pure equality formula Jz. G[z,y], where G is quantifier-free
with free variables z and y. Define

Go: G{z =z true, x = y; — false, ..., x =y, — false}
and, for i € {1,...,n},

G;: G{r — y;} .
We claim that dz. G is weakly T-equivalent to

G': Gy VvV GV -V Gy.

For G’ asserts that z is either equal to some free variable y; or not. Because
we consider only interpretations with infinite domains, it is always possible
for z not to equal any y;.

By Section 7.1, we have a weak quantifier elimination procedure over the
pure equality fragment of T'. It is weak because equivalence is only guaranteed
to hold on infinite interpretations. |
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Example 10.20. Consider the pure equality formula
F:az#y N Vz.z=a V z2=y9) .
For eliminating z, consider the negation of the second conjunct,
G: z.z#x N 24y,
for which we have
Gop: L AN-L & T
and
Gep:z#ax Nz#y & L Gy:y#x Ny#y & L.
Then
G':GyVv Gy, VG, & T.
Substituting into F', we have
x#y AN (T) & L.

Hence, over infinite interpretations satisfying the axioms of equality, F' is
equivalent to L.

However, in an interpretation with a two-element domain that satisfies the
equality axioms, F' is not equivalent to 1, but rather to x # y. For if z # y
on such an interpretation, then every element is equal either to z or to y. B

Continuing the main theorem, we claim that there exists a quantifier-free
pure equality formula H over shared(F}, Fy) such that

S1 ANFy = H and Sy AN H =% —F; .

For by Lemma 10.19, a quantifier-free pure equality formula H exists such
that H is weakly equivalent to the Craig interpolant H' in any stably infinite
theory with equality.

For the next step, recall from the beginning of the proof that F; A K is
T)-satisfiable and F» A K is T-satisfiable, where K = a(shared(Fy, F3), E) is
an arrangement. We thus know that

S1 AN Fiy ANK and Sy AN Fh AN K

are (first-order) satisfiable. Moreover, as T} and T are stably infinite, each of
these formulae has an interpretation with an infinite domain.

Now, K is a conjunction of equalities and disequalities between pairs of
variables of shared(F1, Fy). Moreover, by the definition of an arrangement, K
is as strong as possible: no additional equality literals L over shared(F}, F»)
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can be added to K without either K and K A L being equivalent in a theory
with equality or K A L being unsatisfiable in a theory with equality. Based on
this observation, construct the formula K’ by conjoining additional equality
literals: for each pair of variables u,v € shared(F}, F5), conjoin either u = v
or u # v, depending on which maintains the satisfiability of K’ in a theory
with equality. Now, since S; A Fy A K is satisfiable, then so is S1 A Fy A K,
indeed by the same interpretations.

We claim that the DNF representation of H must include K’ or a (con-
junctive) subformula of K’ as a disjunct. Suppose not; then every disjunct
of the DNF representation of H contradicts the satisfying interpretations of
S1 A Fy AK', of which at least one exists. Therefore, K’ = H, and — because
K and K’ are equivalent in a theory with equality — K = H. In other words,
the discovered arrangement K is a special case of the weak interpolant H.

To finish, we have

So N H =" —Fy,

or, rearranging,
So AN Fy =" -H.

From K = H, we have -H = =K, so
So A Fy =" =K.

But this weak implication contradicts that Se A F» A K is satisfied by some
infinite interpretation. Thus, F1 A F» is actually (77 U T»)-satisfiable, and the
Nelson-Oppen method is correct.

10.5 *Complexity

Assume that 77 and T are stably infinite theories such that X1 N X = {=}.
Also, they have decision procedures P, and P, for their respective conjunctive
quantifier-free fragments.

Theorem 10.21 (Complexity: Convex Theories). If convex theories Ty
and Ty have PTIME decision procedures Py and P, then the Nelson-Oppen
combination based on equality propagation is a PTIME decision procedure for
the conjunctive quantifier-free fragment of Ty U Ts.

Theorem 10.22 (Complexity: Non-Convex Theories). If T1 and T
have NPTIME decision procedures P, and Ps, then the Nelson-Oppen com-
bination based on equality propagation is an NPTIME decision procedure for
the conjunctive quantifier-free fragment of Ty U T5.
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10.6 Summary

Combining decision procedures in a general and efficient manner is crucial
for most applications. This chapter covers the Nelson-Oppen combination
method, in particular:

e The nondeterministic Nelson-Oppen method. Three requirements: the the-
ories only share =; the theories are stably infinite; and the considered for-
mula is quantifier-free. Variable abstraction, separation into theory-specific
formulae. Shared variables, equivalence relations over shared variables, ar-
rangements.

e The deterministic Nelson-Oppen method. Convex theories. Equality prop-
agation.

e (Correctness of the Nelson-Oppen method, which follows from the Craig
Interpolation Lemma of Chapter 2.

o Complezity. When the individual decision procedures are convex and run
in polynomial time, the combination procedure runs in polynomial time.

The Nelson-Oppen combination method provides a general means of reasoning
simultaneously about the theories studied in this book using the individual
decision procedures. Being able to reason in union theories is crucial. For
example, almost all of the verification conditions of Chapters 5 and 6 are
expressed in multiple signatures.
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Nelson and Oppen describe the Nelson-Oppen combination method [65]. Their
original proof of correctness was flawed; Oppen presents a corrected proof in
[70], and Nelson presents a corrected proof in [64]. Oppen also proves in [70]
the complexity results that we state. Tinelli and Harandi present an alter-
nate proof of correctness in [92]. Our correctness proof derives from that of
Nelson and Oppen. See [56] for another presentation of the method and its
correctness.

Another general combination method that has received much attention is
that of Shostak [84]. See the work of Ruess and Shankar [78] for a correct
presentation of the method.

Exercises

10.1 (DP for combinations). For each of the following formulae, identify
the combination of theories in which it lies. To avoid ambiguity, prefer Ty to
Tg. Then apply the N-O method using the appropriate decision procedures.
Use either the nondeterministic or deterministic version. Provide a level of
detail as in the examples of the chapter.



Exercises 289

<2 A cons(1l,y) # cons(z,y) A cons(2,y) # cons(z,y)

(a) 1<z Az
a I Aafil+z2<2 Az>0ANz=i A alz<2)[i] #1

(b) ali] >
10.2 (Deterministic N-O). Apply the deterministic N-O method to the
following formulae. Prefer T to 17.

(@) 1<z A x<2 A cons(l,y) # cons(z,y) A cons(2,y) # cons(x,y)
(aty=2 A f(z) =2 A flaty) £
() gl +y,2)=flglz,y) Na+tz=y AN z=20ANz2>y

A glz,x) =z N f(z) # g(22,0)

10.3 (*Equality propagation in T). Section 10.3.3 explains general tech-
niques for propagating equalities. However, some decision procedures are eas-
ily modified to propagate new equalities. Describe such a modification of the
congruence closure algorithm of Chapter 9.

10.4 (*Equality propagation). Consider conjunctive Y-formula F of non-
convex theory T and the disjunction of equalities

n
G: \/ U; = V;
i=1

such that F' = G. Describe a procedure based on binary search that discovers
a minimal disjunction G’ of the equalities of G that is implied by F. If the
procedure returns a disjunction with m equalities, then it should have invoked
the decision procedure for T at most O(m lg n) times. Hint: The solution is
related to the solution of Exercise 8.1(e).

10.5 (*Convex theories). Prove that the following theories are convex:
(a) Tk

(b) Tcons

10.6 (* Complexity). Prove the complexity results about the N-O method.

(a) Theorem 10.21.
(b) Theorem 10.22.
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Arrays

So let us let our ordinals start at zero: an element’s ordinal (subscript)

equals the number of elements preceding it in the sequence. And the

moral of the story is that we had better regard — after all those cen-
turies! — zero as a most natural number.

— Edsger W. Dijkstra

EWDS831: Why Numbering Should Start at Zero, 1982

Programs rely on data structures to store and manipulate data in com-
plex ways. Therefore, verifying these programs requires decision procedures
that reason about the data structures. This chapter discusses fragments and
decision procedures for reasoning about arrays and array-like data structures:
arrays with anonymous or uninterpreted indices (Section 11.1), the familiar
arrays of C and other imperative languages with integer indices (Section 11.2),
and hashtables (Section 11.3).

Unlike the quantifier-free fragment of arrays presented in Chapter 9, the
fragments of this chapter allow some quantification. Specifically, at most one
quantifier alternation is allowed: for satisfiability, formulae may have uni-
versal quantifiers in addition to the implicit existential ones. The technique
that underlies the decision procedures of this chapter is quantifier instan-
tiation. A satisfiability decision procedure based on quantifier instantiation
identifies a finite set of terms suggested by the given formula F’; it then re-
places universal quantification with finite conjunction over the set of terms.
The resulting formula F” is quantifier-free and equisatisfiable to the given one.
Finally, it applies to F’ a satisfiability decision procedure for the quantifier-
free fragment (for example, a Nelson-Oppen combination of procedures; see
Chapter 10); the answer applies also to F.

Section 11.1 studies the array property fragment of T in which one
(restricted) quantifier alternation is allowed. Section 11.2 examines the fa-
miliar case in which arrays are indexed by integers. Reasoning about integer
indices allows making relative comparisons via <, providing more power than
the case in which indices are only compared via equality.
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Hashtables are another important data type. They are similar to arrays
with uninterpreted indices in that their indices, or keys, can only be compared
via equality. However, hashtables allow two new interesting operations: first, a
key/value pair can be removed; and second, a hashtable’s domain — its set of
keys that it maps to values — can be read. Section 11.3 formalizes reasoning
about hashtables in the theory Ty and then presents a decision procedure
for the hashtable property fragment of Ty. The procedure operates by
transforming Yy-formulae to Xa-formulae in the array property fragment such
that the original formula is Th-satisfiable iff the constructed formula is Ta-
satisfiable.

11.1 Arrays with Uninterpreted Indices

The quantifier-free fragment of T enables basic reasoning in the presence of
arrays. For verification purposes, it allows verifying properties of individual
elements but not of entire arrays. However, in practice, it is useful to be able to
reason about properties such as equality between arrays. Using combinations
of theories (see Chapter 10), one would also like to reason about properties
such as that all integer elements of an array are positive.

11.1.1 Array Property Fragment

In this section, we define a decidable fragment of Ta that allows some quan-
tification. This fragment is called the array property fragment because it
allows specifying basic properties of arrays, not just properties of array el-
ements. The principal characteristic of the array property fragment is that
array indices can be universally quantified with some restrictions.

Example 11.1. In the Y'a-formula
Vj. a(i<v)[j] = alj] A ali] # v,

the first conjunct asserts that a(i <v) and a are equal. This formula is Ta-
unsatisfiable. |

Unfortunately, the use of universal quantification must be restricted to
avoid undecidability (see Section 11.4 for further discussion). An array prop-
erty is a Ya-formula of the form

Vi. Fli] — GIi]

in which 7 is a list of variables, and F[i] and G[i] are the index guard and
the value constraint, respectively. The index guard F'[i] is any Y'a-formula
that is syntactically constructed according to the following grammar:
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iguard — iguard A iguard | iguard V iguard | atom
atom — var =var | evar # var | var # evar | T
var — evar | wvar

where uvar is any universally quantified index variable, and evar is any con-
stant or unquantified (that is, implicitly existentially quantified) variable.
Additionally, a universally quantified index can occur in a value constraint
Gli] only in a read ali], where a is an array term. The read cannot be nested;
for example, a[b[i]] is not allowed.
The array property fragment of Ta then consists of formulae that are
Boolean combinations of quantifier-free X'a-formulae and array properties.

Example 11.2. The antecedent of the implication in the Xa-formula
F: Yi.i#alk] — ali] = alk]

is not a legal index guard since a[k] is not a variable (neither a wvar nor an
evar); however, a simple manipulation makes it conform:

F': v=alk] A Vi.i#v — ali] = a[k]

Here, i # v is a legal index guard, and a[i] = a[k] is a legal value constraint.
F and F' are equisatisfiable.

However, no amount of manipulation can make the following formula con-
form:

G: Vi.i#ali] — ali] =alk] .
Thus, G is not in the array property fragment. |

Example 11.3. The array property fragment allows expressing equality be-
tween arrays, a property referred to as extensionality: two arrays are equal
precisely when their corresponding elements are equal. For given formula

F: - ANa=bA -
with array terms a and b, rewrite F' as
F'ooooo A (Vilali] =bfi]) A - .

F and F’ are equisatisfiable. Moreover, the index guard in the literal is just
T, and the value constraint a[i] = b[i] obeys the requirement that i appear
only as an index in read terms.

Recall that the theory of arrays with extensionality T (see Section 3.6)
augments T with the following axiom:

Va,b. (Vi. afi] = bli]) < a=2b (extensionality)

The universal quantifier of the array property fragment allows expressing
equality between arrays directly.

Subsequently, where convenient, we write equality a = b between arrays
to abbreviate Vi. a[i] = b[i]. |
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Example 11.4. Reasoning about arrays is most useful when we can say some-
thing interesting about their elements. Suppose array elements are interpreted
in some theory 7" with signature X. Then we can assert that all elements of
an array have some property Flz], where F is a quantifier-free X-formula:
Vi. Fla[i]]; or that all but a finite number of elements have some property
Flz]:

Vi. (/\ i;éjk> — Fla[i]] .

k=1

11.1.2 Decision Procedure

The idea of the decision procedure for the array property fragment is to reduce
universal quantification to finite conjunction. It constructs a finite set of index
terms such that examining only these positions of the arrays is sufficient to
decide satisfiability.

Example 11.5. Consider the formula

F: a(i<v)=a A ali]#v,
which expands to

F': Vi ali<v)[j] = alj] A ali] #v .
Intuitively, to determine that F” is Ta-unsatisfiable requires merely examining
index i:

Fro [ A ali<wli]=alil | A alil £,

jedi}

or simply

ali<av)[i] = ali] A ali] v .
Simplifying,

v=ali] A ali]#v,
it is clear that this formula, and thus F, is Ta-unsatisfiable. |

Given array property formula F, decide its Ta-satisfiability as follows.

Step 1

Put I in NNF.
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Step 2

Apply the following rule exhaustively to remove writes:

Fla{i<v)] o .

Fla) A il =0 A (.5 70 — afj] =) O FeRe (e
Rules should be read from top to bottom. For example, this rule states that
given a formula F containing an occurrence of a write term a(i<v), substitute
every occurrence of a(i <v) with a fresh variable a’ and conjoin several new
conjuncts.

This step deconstructs write terms in a straightforward manner, essen-
tially encoding the (read-over-write) axioms into the new formula. After an
application of the rule, the resulting formula contains at least one fewer write
terms than the given formula.

Step 3
Apply the following rule exhaustively to remove existential quantification:

4 for fresh j  (exists)

FIG]]

Existential quantification can arise during Step 1 if the given formula has a
negated array property.

Step 4

Steps 4-6 accomplish the reduction of universal quantification to finite con-
junction. The main idea is to select a set of symbolic index terms on which
to instantiate all universal quantifiers. The proof of Theorem 11.7 argues that
the following set is sufficient for correctness.

From the output F3 of Step 3, construct the index set Z:

{A}
Z = U {t : -[t] € F3 such that ¢ is not a universally quantified variable}
U {t : t occurs as an evar in the parsing of index guards}

Recall that evar is any constant or unquantified variable. This index set is the
finite set of indices that need to be examined. It includes all terms ¢ that occur
in some read a[t] anywhere in F' (unless it is a universally quantified variable)
and all terms ¢ that are compared to a universally quantified variable in some
index guard. A is a fresh constant that represents all other index positions
that are not explicitly in Z.
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Step 5
Apply the following rule exhaustively to remove universal quantification:
H[Vi. F[i] — GJi]] (forall)
"N (Flil = Gli)
icIn

where n is the size of the list of quantified variables ¢. This is the key step.
It replaces universal quantification with finite conjunction over the index set.
The notation ¢ € 7™ means that the variables ¢ range over all n-tuples of
terms in Z.

Step 6

From the output Fy of Step 5, construct
Fo: Fs A N\ A#i.
i € I\{\}

The new conjuncts assert that the variable A introduced in Step 4 is indeed
unique: it does not equal any other index mentioned in Fj.

Step 7

Decide the Ta-satisfiability of Fi using the decision procedure for the quantifier-
free fragment.

Suppose array elements are interpreted in some theory T with signature 2.
For deciding the (Ta UT)-satisfiability of an array property (Xa U X)-formula,
use a combination decision procedure for the quantifier-free fragment of ToUT
in Step 7. Thus, this procedure is a decision procedure precisely when the
quantifier-free fragment of Ta UT is decidable. Chapter 10 discusses deciding
satisfiability in combinations of quantifier-free fragments of theories.

Example 11.6. Consider the array property formula

F: a(l<v)[k] =blk] A blk]#v A alk]=v A (Vi.i# L — ali] = b[4]) .
It contains one array property,

Vi.i £ 0 — ali] = bli]

in which the index guard is i # ¢ and the value constraint is a[i] = b[é]. It is
already in NNF. According to Step 2, rewrite F' as
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Fy: d[k]=0blk] Abk]#v A alkl=v A (Vi.i#£( — ali] = bi])
Adl]=v A (V. j#C — alj] =dlj]) -

F5 does not contain any existential quantifiers. Its index set is

T=1{\ U {k} U {0}
= {\ K, 0}

According to Step 5, replace universal quantification as follows:

Fs: a'[k]=blk] A blk]#v A alkl=v A N (i#€ — ali] =bli)
i€l
ANadlll=v A N\ G#C— aljl=dlj) .
jezl
Expanding produces

:d/[k] =O[k] A DK A v A alk]l=v A (AF L — a[A] =b[A])
A (k#L — alk]=blk]) A (£F#L — alf] = b[{])
ANdlll=v AN (AN£L — al\ =d[N])

N (k#0 — alk]l=d[k]) N U#L — a[l] =d[(]) .

Simplifying produces

' a'[k] =0[k] A D[K]#v A alkl=v A (A#L — a[A] =b[N])
A (k#0 — alk] = b[k])
ANdlll=v AN (AN£L — a[\ =d[N])

AN (k#L — alk]=d'[k]) .

Step 6 distinguishes A from other members of Z:

»d/[k] =O[k] A DK Fv A alkl=v A (AFL = alA] =D[A)
A (k#L0 — alk] = b[k])
ANdll=v AN (AN£L — alN] =d[N\])

A (kAL — alk] = )
ANXEENXAL.

Simplifying, we have

There are two cases to consider. If k¥ = ¢, then o'[¢] = v and d'[k] = b[k]
imply b[k] = v, yet b[k] # v. If k # £, then a[k] = v and a[k] = b[k] imply
blk] = v, but again b[k] # v. Hence, F{ is Ta-unsatisfiable, indicating that F'
is Ta-unsatisfiable.

Verify that the array decision procedure of Section 9.5 reaches the same
conclusion for Fy. [ |
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Theorem 11.7 (Sound & Complete). Consider (XaUX)-formula F from
the array property fragment of Ta UT. The output Fg of Step 6 is (TaUT)-
equisatisfiable to F.

Proof. Inspection proves the equivalence between the input and the output of
Steps 1-3. The crux of the proof is that the index set constructed in Step 4 is
sufficient for producing a (Ta U T')-equisatisfiable quantifier-free formula.

That satisfiability of F' implies the satisfiability of Fg is straightforward:
Step 5 weakens universal quantification to finite conjunction. Moreover, the
new conjuncts of Step 6 do not affect the satisfiability of Fg, as A is a fresh
constant.

The opposite direction is more complicated. Assume that (Ta U T)-
interpretation I is such that I = Fs. We construct a (Ta U T)-interpretation
J such that J = F'.

First, define a projection function that maps Xa-terms to terms of the
index set Z:

proj; : Xa-terms — T .
In particular, if a[i] = v; for i € Z and aj[A] = vy, then

. _fi ifoqft]=v,; forsomei e
proji () = {)\ otherwise

Extend proj; to vectors of variables:

proj; (i) = (projr(i1), ..., projr(in)) -

Define J to be like I except for its arrays. Under J, let a[i] = a[proj;(4)].
Technically, we are specifying how «; assigns values to terms of F' and the
array read function -[-]; however, we can think in terms of arrays.

To prove that J |= F, we focus on a particular subformula Vi. F[i] — G[i].
Assume that

I'e A (Fli] — Gli]) ;
iezn
then also
J = N\ (Flil = Gli]) (11.1)
iezn
by construction of J. We need to prove that
J = Vi. Fli] — Gli ; (11.2)
that is, that

J<{i—v} E F[i] — GJi
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for all ve D%. Let K = J < {i— v}.
To do so, we prove the two implications represented by dashed arrows in
the following diagram:

Flpro (1)) — Glprasc (1)
| | 2)
: ? y

: .

Gli]

The top implication holds under K by assumption (11.1). If both implications
(1) and (2) hold under K, then the transitivity of implication implies that the
bottom implication holds under K as well.

For (1), we apply structural induction to the index guard F[i]. Atoms have
the form i = e, i # e, e # i, and ¢ = j, for universally quantified variables 7
and j and term e without universally quantified variables. When such a literal
is true under K, then so is the corresponding literal proj, (i) = e, proj (i) # e,
e # proj (1), or projg (i) = projx (j), respectively, by definition of projg. For
example, if K = ¢ # e, then akli] is either equal to some a[j] for some
J € T such that ak[j] # akle] or equal to some other value v. In the latter
case, projg (i) = A; that A # e is asserted in Fg implies that projy (i) # e.

For the inductive case, observe that conjunction and disjunction are mono-
tonic on truth-values: each can only become “more true” as its arguments
switch from false to true. Thus, (1) holds.

For (2), just note that ax[a[i]] = ax[a[projx (2)]] by the construction of J.

The bottom implication thus holds under each variant K of J, so (11.2)
holds, completing the proof. |

Theorem 11.8 (* Complexity). Suppose T-satisfiability is in NP. For sub-
fragments of the array property fragment in which formulae have bounded-size
blocks of quantifiers, (Ta U T')-satisfiability is NP-complete.

NP-hardness follows from Theorem 9.23. That the problem is in NP follows
easily from the procedure: instantiating a block of n universal quantifiers
quantifying subformula G over index set Z produces |Z|™ new subformulae,
each of length polynomial in the length of G. Hence, the output of Step 6 is
of length only a polynomial factor greater than the input to the procedure for
fixed n.

11.2 Integer-Indexed Arrays

Software engineers usually think of arrays as integer-indexed segments of
memory. Reasoning about indices as integers provides the power of comparison
via <, which enables reasoning about subarrays and properties such as that a
(sub)array is sorted or partitioned. In particular, reasoning about subarrays
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is essential for reasoning about programs that incrementally construct or ma-
nipulate arrays. See, for example, the programs BubbleSort and QuickSort of
Chapters 5 and 6.

The theory of integer-indexed arrays TAZ augments the signature of
Ta with the signature of T7. It includes the axioms of both Ta and T7.

11.2.1 Array Property Fragment

As in Section 11.1, we are interested in the array property fragment of
TA%. An array property is again a E%—formula of the form

vi. Fli] — Gli] ,

where 7 is a list of integer variables, and F[¢] and G[i] are the index guard and
the value constraint, respectively. The form of an index guard is constrained
according to the following grammar:

iguard — iguard Aiguard | iguard V iguard | atom
atom — expr < expr | expr = expr
expr — wuwar | pexpr
pexpr — pexpr’
pexpr’ — Z | Z - evar | pexpt’ + pexpr/

where wvar is any universally quantified integer variable, and evar is any
existentially quantified or free integer variable.

The form of a value constraint is also constrained. Any occurrence of a
quantified index variable ¢ must be as a read into an array, a[i], for array term
a. Array reads may not be nested; e.g., a[b[i]] is not allowed. Section 11.4
explains the need for these restrictions.

The array property fragment of T% then consists of formulae that are
Boolean combinations of quantifier-free X4-formulae and array properties.

Example 11.9. As in the basic arrays of Section 11.1, reasoning about arrays
is most useful when we can say something interesting about their elements.
Suppose array elements are interpreted in some theory T with signature X.
Now that both indices and elements can be interpreted in theories, we list
several interesting forms of properties and their definitions for various element
theories.

e Array equality a = b in Ta:
Yi. ali] = b[i]
e Bounded array equality beq(a, b, ¢, u) in Tf:

Vi.l <i<u — ali] = b[i]
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e Universal properties F[z] in Ta UT, where F[z] is a X-formula:
Vi. Fla[i]]

e Bounded universal properties F[z] in TZ U T, where F[z] is a X-formula:
Vi.l<i<u — Flali]]

e Bounded and unbounded sorted arrays sorted(a, £,u) in T2UTy, or TZUTg:
Vi,j0<i<j<u — ali] <alj]

e Partitioned arrays partitioned(a, ¢1, u1, {2, u2) in T2 UTy or T# U Ty:
V’L',j, €1§i§u1<€2§j§u2 — CL[Z]SCL[]]

The last two predicates are necessary for reasoning about sorting algorithms,

while the first four forms of properties are useful in general. For example,

bounded equality is essential for summarizing the effects of a function on an

array — in particular, what parts of the array are unchanged. |

11.2.2 Decision Procedure

As in Section 11.1, the idea of the decision procedure is to reduce universal
quantification to finite conjunction. Given F' from the array property fragment
of TZ, decide its TZ-satisfiability as follows:

Step 1

Put F' in NNF.

Step 2

Apply the following rule exhaustively to remove writes:

Fla(i<e)] L, .
Fla] A dfi]=e A (V. j#i — alj] =[] for fresh o’ (write)

To meet the syntactic requirements on an index guard, rewrite the third con-
junct as

Vij<i—1Vi+1<j — aljl=d[j].

Step 3
Apply the following rule exhaustively to remove existential quantification:
F[3i. G[i]]
FG]]
Existential quantification can arise during Step 1 if the given formula has a
negated array property.

for fresh j  (exists)
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Step 4
From the output of Step 3, F3, construct the index set Z:

7 {t : -[t] € F5 such that ¢ is not a universally quantified variable}
U {t : toccurs as a pexpr in the parsing of index guards}

If Z = 0, then let Z = {0}. The index set contains all relevant symbolic indices
that occur in F3.

Step 5
Apply the following rule exhaustively to remove universal quantification:
H[Vi. F[i] — GJi]] (forall)
"N\ (Flil = Gli)
ieIn

n is the size of the block of universal quantifiers over 1.

Step 6

F5 is quantifier-free. Decide the (TaUT7y)-satisfiability of the resulting formula.

Suppose array elements are interpreted in some theory 7" with signature
Y. For deciding the (TZ U T)-satisfiability of an array property (X% U X)-
formula, use a combination decision procedure for the quantifier-free fragment
of TAUTzUT in Step 6. Thus, this procedure is a decision procedure precisely
when the quantifier-free fragment of Tp U 7z U T is decidable. Chapter 10
discusses deciding satisfiability in combinations of quantifier-free fragments of
theories.

Example 11.10. Consider the following Z’%—formula:

F: (Vi.lt<i<wu — afi] =Dbi])
AN =Viol<i<u+1l — alu+1<9blu+ 1))[i] = b[i]) .

In NNF, we have

Fr: (Vi.l<i<wu — afi] =bi])
AN (Fl<i<u+1 A alu+1<blu+ 1))[7] # bi]) .

Step 2 produces
Fy: (Vi.l<i<u — ali] =b[1])
AN (Fi.l<i<u+1 A d[i] #Db[i])

A d[u+1] =bu+1]
AVij<u+l-1Vu+l+1<j — afj]=d]j]) .
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Step 3 removes the existential quantifier by introducing a fresh constant k:

Fs5: (Vi.l<i<wu — afi] =bli])
ANE<k<u+l A a[k] #b[K]
A d[u+ 1] =blu+1]
ANWVjj<u+1-1Vut+l+1<j — alj]=d]j]) .

Simplifying, we have

Fy: (Vi.0<i<u — ali] =b[i])
ANl<k<u+1 A d[k] # b[k]
A d[u+ 1] = blu+1]
A (V. jSuVut2<i — alj) =ali).

The index set is thus
IT=A{ku+1} U {{,u,u+2},

which includes the read terms k£ and u + 1 and the terms ¢, u, and u + 2 that
occur as pexprs in the index guards. Step 5 rewrites universal quantification
to finite conjunction over this set:

Fs: N\ (t<i<u — ali] =bli)

iizegkguqtl A a'[k] # blk]
A a'[u+1] = blu+ 1]
A (G<uVut2<j — aljl=dl[j]) .

A

Expanding the conjunctions according to the index set Z and simplifying
according to trivially true or false antecedents (¢ < u+ 1 < u simplifies to L,
while u <wu V u+ 2 < u simplifies to T) produces:

JET

Fg: ((<k<u — a[k] = b[k])

AN (U<u — all] =b[f] N alu] =bu])
ANL<E<u+1 A d[k] # bk]

A d[u+1] = blu+ 1]
AN(k<uVu+2<k — alk]=d[k])
ANUl<uVut+2<l — alf]=d[{)
A alu]l =du] A alu+2]=du+2].

(TaUTy)-satisfiability of this quantifier-free (X'a U X7z)-formula can be decided
using the techniques of Chapter 10. But let us finish the example. FY is (Ta U
Tz)-unsatisfiable. In particular, note that by the third conjunct k is restricted
such that ¢/ < k < u + 1; that the first conjunct asserts that for most of this
range (k € [¢,u]), alk] = b[k]; that the third-to-last conjunct asserts that for
k < wu, a[k] = d'[k], contradicting a’[k] # b[k] by the fourth conjunct; and that
even if k = u+ 1, a'[k] # blk] = blu + 1] = d[u + 1] = &/[k] by the fourth and
fiftth conjuncts, a contradiction. Hence, F' is Tf-unsatisﬁable. |



304 11 Arrays

Theorem 11.11 (Sound & Complete). Consider (X5UX)-formula F from
the array property fragment of T4 UT. The output F5 of Step 5 is (T¥ UT)-
equisatisfiable to F'.

The proof proceeds using the same strategy as in the proof of Theorem
11.7. The main difference is that the projection function proj; is defined so
that it maps an index to its nearest neighbor in the index set. For a given
interpretation I, define a projection function proj; : Xa-terms — Z that maps
Y% terms to terms of the index set Z. Let proj;(t) = i € Z be such that either

o il <art] AN (Vj €T arly] < at] — arlj] < arli])
e oOr Oé[[t] < Oé[[i] AN (Vj el. O[[[i] < a[[j])

That is, 4 is the index set term that is t’s nearest neighbor under I, with
preference for left neighbors. Extend proj; to vectors of variables:

projr (i) = (proj(i1), .., proj(in)) -

Using this projection function, the remainder of the proof closely follows the
proof of Theorem 11.7. Exercise 11.4 asks the reader to finish the proof.

11.3 Hashtables

Hashtables are a common data structure in modern programs. In this section,

we describe a theory for hashtables Ty and provide a reduction of the hashtable

property fragment of X'y-formulae into the array property fragment of Ta.
The signature of Ty is the following:

L {get(-), put(-,-,-), remove(-,-), - € keys(-), =},

where

e put(h, k,v) is the hashtable that is modified from h by mapping key & to
value v.

e remove(h, k) is the hashtable that is modified from h by unmapping the
key k.

e get(h, k) is the value mapped by key k, which is undetermined if h does
not map k to any value.

e [ € keys(h) is true iff h maps the key k.

k € keys(h) is merely convenient notation for a binary predicate. However, we
will exploit this notation in the following useful operations:

o Key sets keys(h) can be unioned (k; U ks), intersected (k1 N k2), and
complemented (k).
e The predicate init(h) is true iff h does not map any key.

Each is definable using the basic signature.
The axioms of Ty are the following:
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o Vr.z==x (reflexivity)
o Vryr=y — y==z (symmetry)
* Viyzr=yNy=z — =2 (transitivity)
o Vh,jk.j=k — get(h,j)=get(h, k) (hashtable congruence)
[ ]

Vh,j, k,v. j =k — get(put(h,k,v),j) =v

(read-over-put 1)

o Vh kv Vje€keys(h). j#k — get(put(h,k,v),j) = get(h, )
(read-over-put 2)

o Vh k.Vje€keys(h). j #k — get(remove(h,k),j) = get(h,j)
(read-over-remove)
Vh, k,v. k € keys(put(h, k,v)) (keys-put)
Vh, k. k & keys(remove(h, k)) (keys-remove)

Notice the similarity between the first six axioms of Ty and those of Ta. Key
sets complicate the (read-over-put 2) axiom compared to the (read-over-write
2) axiom, while keys sets and key removal require three additional axioms. In
particular, reading a hashtable with an unmapped key is undefined.

11.3.1 Hashtable Property Fragment
A hashtable property has the form
Vk. Flk] — Gk,

where F'[k] is the key guard, and GJk] is the value constraint. Key guards
are defined exactly as index guards of the array property fragment of Ta: they
are positive Boolean combinations of equalities between universally quantified
keys; and equalities and disequalities between universally quantified keys k
and other key terms. Value constraints can use universally quantified keys
k in hashtable reads get(h, k) and in key set membership checks. Finally, a
hashtable property does not contain any init literals.

Yy-formulae that are Boolean combinations of quantifier-free Y y-formulae
and hashtable properties comprise the hashtable property fragment of Th.

Example 11.12. Consider the following hashtable property formula:
F: VEk € keys(h). get(h,k) >0 .
Its key guard is trivial, while its value constraint is
k € keys(h) — get(h,k) >0 .
Suppose that F' annotates locations Ly and Lo in the following basic path:

@L1 : F
assume v > (;
put(h, s,v);
@Lg  F
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We want to prove that if F' holds at L, then it holds at L,. The resulting
verification condition is

(Vk € keys(h). get(h,k) >0) A v >0

YR80 (W € keys(put(h, 5, v)). get(put(h, s,v), k) > 0)

The key set keys(h) provides a mechanism for reasoning about the incremental
modification of hashtables. |

Example 11.13. To express equality between key sets, keys(hi) = keys(hs),
in T, write

Vk. k € keys(h1) < k € keys(ha) .
To express equality between hashtables, h1 = ho, write

keys(hi) = keys(h2) A Vk € keys(hy). get(hi, k) = get(ha, k) .

11.3.2 Decision Procedure

Given F' from the hashtable property fragment of Ty, the decision procedure
reduces its Th-satisfiability to Ta-satisfiability of a formula in the array prop-
erty fragment. The main idea of the reduction is to represent hashtables h of
F' by two arrays in the Ya-formula: an array h for the elements and an array
keys;, that indicates if a key maps to an element. In particular, keys; [k] = o in-
dicates that k is not mapped by h, while keys,, [k] # o (keys,,[k] = o) indicates
that h does map h to a value given by h[k].

Step 1

Construct F' A\ e £ o, for fresh constants e and o.

Step 2
Rewrite F; according to the following set of rules:

Flput(h,k,v)] = F[h'] A B =h{k<v) N keys,, = keys;, (k <o)
Flremove(h, k)] = F[h] A h=h'(k<hl[k]) A keys, = keys; (k<o)

for fresh variable k. In the second rule, h = h'/(k<h[k]) expresses that position
k of h' is undetermined since the mapping from k is being removed. Recall
that equality @ = b between arrays is defined by Vi. a[i] = bli].
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Step 3

Rewrite F» according to the following set of rules:

Flget(h, k)] = F[h[k]]

Flk € keys(h)] = Flkeys,[k] # o]
Flke KUKy = Flke K1 VEke Ko
Flke KinK;] = Flke K1 ANk € Ko

Flke K] = F[- (keK)]
Flinit(h)] = F[Vk. =(k € keys(h))]

where K, K7, and K5 are constructed from union, disjunction, and comple-
mentation of key set membership atoms. The final four rules define auxiliary
operations: the right-side of each is expressible in the hashtable property frag-
ment.

Step 4

Decide the Ta-satisfiability of Fj.

As in Sections 11.1 and 11.2, hashtable values may be interpreted in some
theory T" with signature X'. Then the above procedure is a decision procedure
precisely when there is a decision procedure for the array property fragment
of TAUT.

Example 11.14. Consider the following Xy-formula:

(Vk € keys(h). get(h,k) >0) A v >0

G Vhysv | T (VE € keys(put(h, s,v)). get(put(h, s,v),k) > 0)

To prove its Th-validity, prove the Th-unsatisfiability of the following:

F: (Vk € keys(h). get(h,k) >0) A v
A —(Vk € keys(put(h, s,v)). get(pu

Step 1 introduces e and o:
Fi: F N e # o,
Step 2 reduces hashtable modifications to arrays:

Fy: (Vk € keys(h). get(h,k) >0) A v>0
A —(Vk € keys(h'). get(h', k) > 0)
A W =h(s<v) A keys,, = keys,(s<e)
AN e#£o.

Step 3 completes the reduction:
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Fy: (k. keys,[k] £ o0 — h[k] = 0) A v >0
A (k. keys, [k] # o R'[k] > 0)
P 0 W = hls Q0 A (9 beyl] = by s )
N @£ o0,

F5 is Ta-unsatisfiable. In particular, keys;, = keys; (s < e) and b’ = h(s < v),
so that for all keys of h (k such that keys, [k] # o), h'[k] = h[k] > 0. For the
one new key s of b/, we know that h'[s] = h(s <v)[s] = v > 0. Therefore, no
key k of h' exists at which h[k] < 0, a contradiction. Hence, G is Ty-valid.
The decision procedure of Section 11.1 also proves the Ta-unsatisfiability
of F3. |

Theorem 11.15 (Sound & Complete). Consider (XqUX)-formula F from
the hashtable property fragment of TyUT. The rewriting procedure terminates,
and its output F3 of Step 3 is equisatisfiable to F' and in the array property
fragment of (TAUT).

Proof. Inspection shows that if F' is a (X U X)-formula from the hashtable
property fragment, then Fj is a Xa-formula from the array property fragment.

The rewrite system terminates: the rules of Step 2 and the first two rules
of Step 3 remove instances of (Xy U X)-literals and (Xy U X)-terms without
introducing more; and the final four rules of Step 3 clearly terminate with a
finite number of applications of the first two rules of Step 3.

We must show that F' has a satisfying (Ty U T')-interpretation precisely
when F3 has a satisfying (Ta U T')-interpretation. Suppose that (Ty U T')-
interpretation I satisfies F'. Construct the (Ta UT)-interpretation J satisfying
F3 as follows:

e if h maps k to v in I, set keys;,[k] = o in J and h[k] = v;
e otherwise, set keys; [k] = o and h[k] = v for some arbitrary value v.

This J satisfies the conjuncts added in Step 2; also, hlk] is the same value
under J as get(h, k) under I, and keys; [k] # o under J iff k € keys(h) under
I, showing the correctness of the first two rules of Step 3. The remaining rules
are auxiliary and reduce to the first two.

Similarly, a (Ta UT)-interpretation J satisfying F3 corresponds to a (Ty U
T')-interpretation I satisfying F'. Construct I as follows:

o if keys,[k] # o and h[k] = v in J, assert get(h, k) = v and k € keys(h) in I;
e otherwise, assert =(h € keys(h)) in I.

Again, the correspondence between the two sides of each rule is clear. |

11.4 Larger Fragments

Why does this chapter focus on the array property fragments of Ta and TZ?
Why not examine more expressive fragments? In fact, the following theorem
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states that extending the array property fragments in natural ways produces
fragments for which satisfiability is undecidable.

Theorem 11.16. Consider the following extensions to the array property
fragment of TZ (Ta, where appropriate):

Permit an additional quantifier alternation.

Permit nested reads (e.g., a1[az(i]], where i is universally quantified).
Permit array reads by a universally quantified variable in the index guard.
Permit general Presburger arithmetic expressions over universally quanti-
fied index variables (even just addition of 1: i+ 1) in the index guard or
in the value constraint.

Permit strict comparison < between universally quantified variables.
Augment the theory with a predicate expressing that one array is a permu-
tation of another.

For each resulting fragment, there exists an element theory T such that sat-
isfiability in the array property fragment of T¥ UT (Ta UT) is decidable, yet
satisfiability in the resulting fragment of TZ UT (TaUT) is undecidable.

Bibliographic Remarks refers the interested reader to texts that contain
the proof of this theorem.

11.5 Summary

This chapter presents several decision procedures for reasoning about array-
like data structures with some quantification. It covers:

e The array property fragment of Ta, which allows expressing properties
of arrays themselves, rather than just their elements. Elements may be
interpreted in some theory.

e The array property fragment of T%, which allows expressing properties of
arrays and subarrays with indices interpreted within 77.

e Quantifier instantiation as a basis for decision procedures, which allows
the direct application of decision procedures for quantifier-free fragments.

e Hashtables. The decision procedure rewrites a Xy-formula into a Xa-
formula in which each hashtable is represented by two arrays. Reductions
of this form extend decision procedures to reason about theories similar
to the originally targeted theory.

Reasoning about data structures is crucial for considering the correctness
of programs. The decision procedures of Chapter 9 for reasoning about re-
cursive data structures and arrays without quantifiers provide a means of
accessing elements of data structures. Additionally, equality in Tgrps extends
to data structures. The decision procedures for the array property fragments
of Tp and T? facilitate reasoning about whole or segments of arrays, not just
individual elements.
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Bibliographic Remarks

Theories of arrays have been studied for over four decades. McCarthy proposes
the axiomatization based on read-over-write in [58]. James King implemented
the decision procedure for the quantifier-free fragment as part of his thesis
work [50]. Several authors discuss the quantifier-free fragment of a theory
with predicates useful for reasoning about sorting algorithms [57, 43, 89).
Suzuki and Jefferson present a permutation predicate in a more restricted
fragment [89]. The approximation to reasoning about the weak permutation
predicate of Exercise 6.5 captures a similar fragment, though for a weaker form
of permutation. Stump, Barrett, Dill, and Levitt describe a decision procedure
for the quantifier-free fragment of an extensional theory of arrays [88]. Bradley,
Manna, and Sipma [9] and Bradley [6] explore the array property fragment,
including the proof of Theorem 11.16, that is the basis for the presentation of
this chapter.

Exercises

11.1 (DP for array property fragment of 7Tx). Apply the decision pro-
cedure for the array property fragment of T to the following Ta-formulae.

(a) Vi. a(k<e)i] # e
(b) alk] = blk] A ¥i. ali] # bi]
(c) alk] # blk] A ¥i. ali] = bli]

11.2 (DP for array property fragment of T7). Apply the decision pro-
cedure for the array property fragment of T% to the following X%-formulae.

(a) sorted(a, l,u) A all] > alu]
(b) sorted(a, l,u) A e <all] N —sorted(a(¢ —1<e),—1,u)

11.3 (DP for array property fragment of T/_%). Apply the decision pro-
cedure for the array property fragment of T2 to the following Y%-formula:

sorted(a(0<7)(5<9), 0, 5) A sorted(a{0<11){(5<13), 0, 5) .

11.4 (*Correctness of procedure for 7). Prove Theorem 11.11 using
the strategy suggested following the statement of the theorem.

11.5 (*Arrays with extensionality). Consider the extensional theory of
arrays T (see Section 3.6). Describe a decision procedure for the quantifier-
free fragment of T using the methods of this chapter. Hint: Does the index
set require a fresh A variable? Why or why not?
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Invariant Generation

It is easier to write an incorrect program than [to] understand a correct
one.

— Alan Perlis

Epigrams on Programming, 1982

While applying the inductive assertion method of Chapters 5 and 6 cer-
tainly requires insights from the programmer, algorithms that examine pro-
grams can discover many simple properties. This chapter describes a form
of static analysis called invariant generation, whose task is to discover
inductive assertions of programs. A static analysis is a procedure that oper-
ates on the text of a program. An invariant generation procedure is a static
analysis that produces inductive program annotations as output.

Section 12.1 discusses the general context of invariant generation and de-
scribes a methodology for constructing invariant generation procedures. Ap-
plying this methodology, Section 12.2 describes interval analysis, an invari-
ant generation procedure that discovers invariants of the form ¢ < v or v < ¢,
for program variable v and constant c. Section 12.3 describes Karr’s anal-
ysis, an invariant generation procedure that discovers invariants of the form
co +ciry + - + ¢y, = 0, for program variables x4, ...,x, and constants
C0yCly-+.4yCp.

Many other invariant generation algorithms are studied in the literature,
including analyses to discover linear inequalities co 4+ c1x1 + -+ - 4+ cpxn < 0,
polynomial equalities and inequalities, and facts about memory and variable
aliasing. Bibliographic Remarks refers the interested reader to example
papers on these topics.

12.1 Invariant Generation

After revisiting the weakest precondition and defining the strongest post-
condition in Sections 12.1.1 and 12.1.2, Section 12.1.3 describes the general
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(a) (b)

Fig. 12.1. (a) Weakest precondition and (b) strongest postcondition

forward propagation procedure for discovering inductive assertions. In
general, this procedure is not an algorithm: it can run forever without produc-
ing an answer. Hence, Section 12.1.4 presents a methodology for constructing
abstract interpretations of programs, which focus on particular elements of
programs and apply a heuristic to guarantee termination. Subsequent sections
examine particular instances of this methodology.

12.1.1 Weakest Precondition and Strongest Postcondition
Recall from Section 5.2.4 that a predicate transformer p is a function
p: FOL x stmts — FOL

that maps a FOL formula F € FOL and program statement S € stmts to a
FOL formula. The weakest precondition predicate transformer wp(F, S) is
defined on the two types of program statements that occur in basic paths:

e wp(F, assume ¢) < ¢— F, and
e wp(Fu], v:i=e) & Fle;

and inductively on sequences of statements Si;...;Sy:

wp(F, S1;...;5,) < wp(wp(F, Sp), S1;...;50-1) -

The weakest precondition wp(F, S) has the defining characteristic that if state
s is such that

s = wp(F, S)
and if statement S is executed on state s to produce state s’, then

s B F.
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In other words, the weakest precondition moves a formula backward over a
sequence of statements: for F' to hold after executing Si;...;S,, the formula
wp(F, Si;...;S,) must hold before executing the statements.

This situation is visualized in Figure 12.1(a). The region labeled F' is the
set of states that satisfy F'; similarly, the region labeled wp(F, S) is the set
of states that satisfy wp(F, S). Every state s on which executing statement
S leads to a state s’ in the F' region must be in the wp(F, S) region.

For reasoning in the opposite direction, we define the strongest post-
condition predicate transformer. The strongest postcondition sp(F, s) has
the defining characteristic that if s is the current state and

s = sp(F, 9)
then there exists a state sg such that executing S on sy results in state s and

So’:F

Figure 12.1(b) visualizes this characteristic. Executing statement S on any
state so in the F' region must result in a state s in the sp(F, S) region.
Define sp(F, S) as follows. On assume statements,

sp(F, assume ¢) < cAF,

for if program control makes it past the statement, then ¢ must hold.
Unlike in the case of wp, there is no simple definition of sp on assignments:

sp(Fv], v:=efv]) & . v=c[’] A FP'].

Let sp and s be the states before and after executing the assignment, respec-
tively. v¥ represents the value of v in state sg. Every variable other than v
maintains its value from sq in s. Then v = e[v°] asserts that the value of v
in state s is equal to the value of e in state sg. F[v°] asserts that so = F.
Overall, sp(F, v := e) describes the states that can be obtained by executing
v := e from F-states, states that satisfy F.

Finally, define sp inductively on a sequence of statements Sy;...;Sy:

sp(F, S1;...;50) < sp(sp(F, S1), So;...;5,) .
sp progresses forward through the statements.
Example 12.1. Compute

sp(i >n, i :=i+k)
< 3 i=i"+k A i®>n
S i—k>n

since i = 7 — k.
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Compute

sp(i > n, assume k > 0; i : =i+ k)
< sp(sp(i > n, assume k > 0), ¢ :==i+k)
< splk>0 Ai>n, i:=i+k)
& 3 i="+k A k>0 A i">n
S kE>0ANi—k>n

Example 12.2. Let us prove that
sp(wp(F, S), §) = F = wp(sp(F, 5), 5);

that is, the strongest postcondition of the weakest precondition of F' on state-
ment S implies F', which implies the weakest precondition of the strongest
postcondition of F' on S. We prove the first implication and leave the second
implication as Exercise 12.1.

Suppose that S is the statement assume c. Then

sp(wp(F, assume ¢), assume c)
< sp(c — F, assume c)
& ¢ N (e—F)
S c AN F
= F

Now suppose that S is an assignment statement v := e. Then

sp(wp(F[v], v := e[v]),

<

I

]
=
~

Recall the definition of a verification condition in terms of wp:
{F}S1;...;5.{G}: F = wp(G, S1;...;5,) .

We can similarly define a verification condition in terms of sp:
{F}S1;..58.{G} : sp(F, S15...55,) = G.

Typically, we prefer working with the weakest precondition because of its
syntactic handling of assignment statements. However, in the remainder of
this chapter, we shall see the value of the strongest postcondition.
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12.1.2 *General Definitions of wp and sp

Section 12.1.1 defines the wp and sp predicate transformers for our simple
language of assumption (assume ¢) and assignment (v := e) statements. This
section defines these predicate transformers more generally.

Describe program statements with FOL formulae over the program vari-
ables z, the program counter pc, and the primed variables 2’ and pc'.
The program counter ranges over the locations of the program. The primed
variables represent the values of the corresponding unprimed variables in the
next state. For example, the statement

L;: assume c;
Lj :

is captured by the relation
pilpc,z,pc 2’ pc=L; AN pd =Lj N c AN 2’ ==x. (12.1)

To execute this statement, the program counter must be L; and ¢ must be
true. Executing the statement sets the program counter to L; and leaves the
variables x unchanged. Similarly, the assignment

L;: x; = e
le

is captured by the relation
palpe,x,pc &']: pc=L; AN pd =L; N z;=e A pres(z\ {z;}), (12.2)

where pres(V'), for a set of variables V, abbreviates the assertion that each
variable in V' remains unchanged:

/\ v =w.

Formulae (12.1) and (12.2) are called transition relations. The expressive-
ness of FOL allows many more constructs to be encoded as transition relations
than can be encoded in either pi or the simple language of assumptions and
assignments.

Let us consider the weakest precondition and the strongest postcon-
dition in this general context. For convenience, let y be all the variables of
the program including the program counter pc. The weakest precondition of
F over transition relation ply, '] is given by

wp(F, ply,']) < Yy ply,y'] — Fly'].

Notice that free(wp(F, p)) = y. A satisfying y represents a state from which all
p-successors, which are states y’ that p relates to y, are F-states. Technically,
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such a state might not have any successors at all; for example, p could describe
a guard that is false in the state described by y.
Consider the transition relation (12.1) corresponding to assume c:

wp(F, pc=L; AN pd =L; N ¢ N 2’ =x)
& Vpd, o' pc=L; N pd =L; N ¢c A2’ =x — Flpd,a]
& pec=L; N ¢ — F[Lj,x]

Disregarding the program counter, we have recaptured our original definition
of wp on assume statements:

wp(F, assume ¢) & c¢— F.
Similarly,

wp(F, pc=L; A pd =L; N z=e A pres(z\ {z;}))
& Vpd, o' .pc=L; N pd =L; N 2 =e A pres(z\ {z;})
- F[pcl7x/17"'a‘r27"'axln]

& pe=L; — F[Lj,z1,...,e,...,2,]
Again, disregarding the program counter reveals our original definition:
wp(Fv], v:i=r¢€) & Fle].
The general form of the strongest postcondition is the following;:

sp(F, p) < Fyg. plyo,yl N Flyo) -

Notice that free(sp(F, p)) = y. It describes all states y that have some
p-predecessor y, that is an F-state; or, in other words, it describes all p-
successors of F-states.

Exercise 12.2 asks the reader to specialize this definition of sp to the case
of assumption and assignment statements. Exercise 12.3 asks the reader to
reproduce the arguments of Example 12.2 and Exercise 12.1 in this more
general setting.

12.1.3 Static Analysis

We now turn to the task of generating inductive information about programs.
Throughout this chapter, we consider programs with just a single function.
Exercise 12.6 asks the reader to generalize the methods to treat programs
with multiple, possibly recursive, functions.

Consider a function with locations £ forming a cutset including the initial
location Ly. A cutset is a set of locations such that every path that begins and
ends at a pair of cutpoints — a location in the cutset — without including
another cutpoint is a basic path. An assertion map
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w: L — FOL

is a map from the set L to first-order assertions. Assertion map g is an induc-
tive assertion map, also called an inductive map, if for each basic path

Si;
SJ‘;
Lj: @ pu(Ly)

for L;, L; € L, the verification condition

{W(Li)} S S5 {n(Ly)} (12.3)

is valid. The task of invariant generation is to find inductive assertion maps
u. Viewing each p(L;) as a variable that ranges over FOL formulae, the task
of invariant generation is to find solutions to the constraints imposed by the
verification conditions (12.3) for all basic paths. To avoid trivial solutions,
we require that at function entry location Lo with function precondition Fyye,
Fpre = /,L(Lo)

How can we solve constraints (12.3) for 4?7 One common technique is to
perform a symbolic execution of the function using the strongest postcondi-
tion predicate transformer. This process is also called forward propagation
because information flows forward through the function. The idea is to rep-
resent sets of states by formulae over the program variables. sp provides a
mechanism for executing the function over formulae, and thus over sets of
states.

Suppose that the function has function precondition Fjy. at initial location
Lg. Define the initial assertion map pu: let

w(Lo) = Fpre , andfor L € L\ {Lo}, p(L):= L.

This configuration represents entering the function with some values satisfying
its precondition.

Maintain a set S C L of locations that still need processing. Initially, let
S ={Lo}. Terminate when S = 0.

Suppose that we are on iteration ¢, having constructed the intermediate
assertion map p. Choose some location Lj; € S to process, and remove it from
S. For each basic path

Lj: @ p(Ly)
Sj;
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let FORWARDPROPAGATE Fyre £ =
S = {Lo};
#(Lo) = Fpre;
w(L) == 1L for L€ L\{Lo};
while S # 0 do
let L; = CHOOSE S in
S =5\ {L;};
foreach Lj € succ(L;) do
let I = sp(u(Lj), Sj;...;Sk) in
if F'# p(Lk)
then u(Ly) := pu(Ly) V F;
S:=5U {Lk};
done;
done;

I

Fig. 12.2. FORWARDPROPAGATE

Lk @) /J,(Lk)

starting at L;, compute if
sp(u(Ly), Siie-iS) = pl(l) (12.4)

If the implication holds, then sp(u(Lj), Sj;...;Sk) does not represent any
states that are not already represented by (L), so do nothing. Otherwise,
set

w(Lk) == p(Le) vV sp(u(Ly), Sji---;8%) -

In other words, assign u(Ly) to be the union of the set of states represented
by sp(i(Lj), Sj; . ..;Sk) with the set of states currently represented by p(Lg).
Additionally, add Ly to S so that future iterations propagate the effect of the
new states. For all other locations L, € £, assign p(L¢) := u(Lyg).

This procedure is summarized in Figure 12.2. Given a function’s precon-
dition Fye and a cutset L of its locations, FORWARDPROPAGATE returns the
inductive map p if the main loop finishes. In the code, Ly € succ(L;) is a
successor of L; if there is a basic path from L; to L.

If at some point S is empty, then implication (12.4) and the policy for
adding locations to S guarantees that all VCs (12.3) are valid, so that pu is
now an inductive map. For the initialization of y ensures that

Fore = w(Lo) ,
while the check in the inner loop and the emptiness of S guarantees that

sp(u(L;), Sji-..5Sk) = (L),
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which is precisely the verification condition

{n(Ly)}Sjs 5 Si{p(Li) } -
However, there is no guarantee that S ever becomes empty.

Example 12.3. The forward propagation procedure is an algorithm when
analyzing hardware circuits: it always terminates. In particular, if a circuit
has n Boolean variables, then the set of possible states has cardinality 2".
Since each state set u(L;) can only grow, it must eventually be the case
(within |£| x 2™ iterations) that no new states are added to any p(L;), so S
eventually becomes empty. |

12.1.4 Abstraction

Two elements of the forward propagation procedure prohibit it from termi-
nating in the general case. First, as we know from Chapter 2, checking the
implication

sp(u(Ly), Sj5...; k) = w(Ly)

of the inner loop is undecidable for FOL. Second, even if this check were
decidable — for example, if we restricted p(Ly) to be in a decidable theory or
fragment — the while loop itself may not terminate, as the following example
shows.

Example 12.4. Consider the following loop with integer variables i and n:

@QLp:1=0 A n>0;
while

@Lli?

(i<n){

1 =141
}

There are two basic paths to consider:
(1)

QLp: i=0 A n>0;

QLqy:7;

and
(2)
QLqy:7;
assume ¢ < 1;
1:=1+1;
QLqy:7;
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To obtain an inductive assertion at location L, apply the procedure of
Figure 12.2. Initially,

wlo) & i=0 A n>0

Following path (1) results in assigning

w(Ly) :==pu(Ly) V (i=0 A n>0).
w(L1) was L, so that it becomes

wlly) & i=0An>0.

On the next iteration, following path (2) yields

w(Ly) := u(Ly) V sp(u(Ly), assume i <m; i:=i+1).
Currently u(L1) < i=0 A n >0, so

F:sp(i=0An>0, assume i <mn; 4 :=1+1)
& spli<n Ai=0An>0,i:=i+1)
e 3 i="+1 Ai%<n Ai"=0An>0
S 1=1An>0.

Since the implication

i=1 An>0=i=0An>0
~ ~ 4 ~ -~

~
F w(L1)
is invalid,
wlly) & (=0 An>0)V (i=1 A n>0)
- ~ 4
F

at the end of the iteration.
At the end of the next iteration,

wli) © (i=0An>0)V (i=1An>0)V (i=2An>1),
and at the end of the kth iteration,

wlly) & (=0 An>0)V (i=1An>1)
VoV (iz=k An>k).

Because the implication

@
Il
~

e >
3
v
o~

(i=0An>0)V (i=1A

S
Y

VooV (i=k—1An>k—-1)
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is invalid for any k, the main loop of FORWARDPROPAGATE never finishes.
However, it is obvious that

0<i<n
is an inductive annotation of the loop. |

The problem is that FORWARDPROPAGATE attempts to compute the exact
set of reachable states. A state s is reachable if s appears in some compu-
tation. Inductive annotations usually over-approximate the set of reachable
states: every reachable state s satisfies the annotation, but other unreachable
states can also satisfy the annotation. Cleverly over-approximating the reach-
able state set can force the main loop of FORWARDPROPAGATE to terminate.

The method of abstract interpretation addresses these problems. An
abstract interpretation makes two compromises to guarantee termination.
First, it manipulates an artificially constrained form of state sets so that
implication checking is decidable. The constrained form cannot express every
possible state set. Rather, the form is chosen to focus on a particular aspect of
programs, such as relationships among numerical variables or aliasing in pro-
grams with pointers. Second, it introduces a heuristic step, called widening,
in which it guesses a limit over-approximation to a sequence of state sets. We
describe how to construct an abstract interpretation in six steps.

Step 1: Choose an abstract domain D.

In the first step, we choose the form of state sets that the abstract interpreta-
tion manipulates. The abstract domain D is a syntactic class of X-formulae
of some theory T'; each member X-formula represents a particular set of states
(those that satisfy it). In Section 12.2, the interval abstract domain D,
consists of conjunctions of Xg-literals of the forms

c<v and wv<c,

for constant ¢ and program variable v. In Section 12.3, we fix Karr’s abstract
domain Dy to consist of conjunctions of Xp-literals of the form

co+crrr+ -+ epry =0,

for constants cg, c1, ..., c, and program variables x1,...,z,.

Step 2: Construct a map from FOL formulae to D.

It is useful to glean as much information from existing annotations, such as the
function precondition, as possible. Additionally, Step 3 requires interpreting
conditions of assume statements in D. Hence, define a function

vp: FOL— D
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to map a FOL formula F to element vp(F') of D. For example, the assertion
F:i=0An>0

at Lg of the loop of Example 12.4 can be represented in the interval abstract
domain by

vp(F): 0<i Ai<0 AO0<n
and in Karr’s abstract domain by
I/DK(F) :1=0

with some loss of information.
The map should have the property that for any F,

F = VD(F) .

Step 3: Define an abstract sp.

Define an abstract strongest postcondition operator spp for assumption
and assignment statements such that

sp(F, S) = spp(F, S) and spp(F, S)e D

for statement S and F' € D.
Consider first the statement assume c¢. Conjunction is used in computing
the strongest postcondition of assumption statements:

sp(F, assume ¢) & cAF .

Define abstract conjunction Mp for this purpose such that
FiNFy, = FinpF, and FiMNp Fy, e D

for F1, Fy € D. Then for F € D,
spp(F, assume ¢) < vp(c) Mp F .

Often, the abstract domain D consists of conjunctions of literals of some form,;
in this case, Mp is just the usual conjunction A.

Defining sp for assignment statements is more complex. For suppose that
we use the standard definition

sp(Fv], v :=e[v]) < Elvo. v=-ep’ A F['],

~ -
G

which requires existential quantification. Then, later, when we compute the
validity of an implication
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G = wl),

(L) can contain existential quantification, resulting in a quantifier alterna-
tion. However, most decision procedures apply only to quantifier-free formulae,
including the procedures of Chapters 8-10. Therefore, introducing existential
quantification in sp is undesirable.

We look at specific instances in Sections 12.2 and 12.3.

Step 4: Define abstract disjunction.

Disjunction is applied in FORWARDPROPAGATE to grow the formulae u(L)
representing the state sets at locations L € L. Define abstract disjunction Lip
for this purpose, such that

FivF, = FiupF;, and FiUp Fr e D

for F1,F> € D.
Unlike conjunction, exact disjunction is usually not represented in the
domain D. We examine specific instances in Sections 12.2 and 12.3.

Step 5: Define abstract implication checking.

On each iteration of the inner loop of FORWARDPROPAGATE, validity of the
implication

sp(u(Ly), Sj;...; k) = u(Ly)

is checked to determine whether u(Ly) has changed. A proper selection of
D ensures that this validity check is decidable. Additionally, some domains
admit a simpler check than querying a full decision procedure, as we see in
Sections 12.2 and 12.3.

Step 6: Define widening.

While some abstract domains D and abstract strongest postconditions spp,
guarantee that the forward propagation procedure terminates, defining an
abstraction is not sufficient to guarantee termination in general; we exhibit
such a case in Example 12.10 of Section 12.2. Thus, abstractions that do not
guarantee termination are equipped with a widening operator \/p.

A widening operator v/ p is a binary function

VDIDXD—>D
such that

F1VF2 = FlvDFQ.
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let ABSTRACTFORWARDPROPAGATE Fyre £ =
S = {Lo};
1(Lo) = 0 (Fre);
w(L) == 1L for L € L\ {Lo};
while S # 0 do
let L; = CHOOSE S in
S =S\ {L;};
foreach Lj € succ(Lj) do
let I = spp(u(Ly), Sj;...;Sk) in
if F'# p(Lk)
then if WIDEN()
then pu(Ly) == p(Lk) Vo (u(Lr) Up F);
else u(Ly) := u(Lix) Up F;
S:=5U {Lk};
done;
done;

s

Fig. 12.3. ABSTRACTFORWARDPROPAGATE

for Fy, Fy € D. It obeys the following property. Let F}, F5, F3, ... be an infinite
sequence of elements F; € D such that for each 4,

F, = Fi1.

Define the sequence
Gi=F and Gi1=G;Vp Fiy1 .

Notice that F; = G;. For some i* and for all ¢ > i*,
G; & Gy .

That is, the sequence G; converges even if the sequence F; does not converge.
Intuitively, the widening operator “guesses” an over-approximation to the
limit of a sequence of formulae. Of course, a widening operator could always
return T; however, better widening operators make more precise guesses.

A proper strategy of applying widening guarantees that the forward prop-
agation procedure terminates.

Abstract Forward Propagation

Figure 12.3 applies the operators defined in these six steps in the abstract
forward propagation algorithm. Given a function’s precondition Fj. and
a cutset L of its locations, ABSTRACTFORWARDPROPAGATE returns the in-
ductive map . When WIDEN() determines that widening should be applied,
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(L) is updated to be the widening of p(Ly) and u(Lg)Up F. A proper defini-
tion of WIDEN() ensures that the procedure terminates. For example, a simple
strategy is that after some predetermined number of iterations, WIDEN() al-
ways evaluates to true.

Subsequent sections examine instances of this framework.

12.2 Interval Analysis

In this section, we describe the interval abstract interpretation, which
finds inductive assertions that are conjunctions of Xgp-literals of the forms

v<c¢ and c<w,

for ¢ € Q. This analysis is useful for generating simple bounds on variables.
Although the abstract domain reasons about rational variables, the analysis
is applicable to integer variables: the generated invariants hold whether the
program variables range over integers or rationals. Our presentation is fairly
simple; one could improve some of the operations to provide better invariants.

Example 12.5. In the loop

@QLy:1=0 A n>0;
while

@Lli?

(1<n){

1 =141
}

the interval analysis discovers the inductive invariant 0 <i A 0 <n at L;. &

Step 1: Construct the domain D.
Fix the domain D to consist of 1L, T, and conjunctions of literals of the form
c<v and v<c,

for ¢ € Q and (program) variable v. Throughout our discussion, we assume
that formulae are maintained in a canonical form according to the following
rules:

Simplify L A F to L.

Simplify T A F to F.

Simplify ¢; < v A c2 < v to max(cy,c2) < v.
Simplify v <1 A v < ¢g to v < min(eq, e2).
If ¢1 > co, simplify ¢ <v A v < ¢y to L.
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Maintaining formulae in canonical form guarantees that no two syntactically-
unequal formulae in canonical form are equivalent.

While the domain is a syntactic class of Xg-formulae, we can represent
elements in a way that is suitable for computation. A useful representation is
based on interval arithmetic. Let [¢, u] represent the interval from ¢ to u,
inclusive. The sum of two intervals is

[01,u1] + [l2,u2] = [€1 + €2, u1 + ug] .

The sum of an interval and a scalar ¢ is found by treating c as the interval
[e, c].
For scalar multiplication, compute

[el, cu) ife>0
clt,u] =< [0,0] ife=0
[cu, cf) ifc<0

It is convenient to allow lower and upper bounds to be —oo or co. Define
—x0+c=—-0, c0t+tc=00, c-—o0=-00, and c-00 =00
for ¢ > 0, and
—x+c=—-0, co0t+tc=0, c-—o0=00, and c-00=—00,
for ¢ < 0. Also, define the empty interval as
[00, —oc] 5

multiplying it by scalar ¢ or summing it with other intervals yields the empty
interval.
Consider set operations:

e Interval intersection:

[fl, ul] M [fg, UQ]

| o0, =] if max (41, £2) > min(uy, uz)
| [max(€1, £2), min(ug,usz)] otherwise

Intersection is exact: the computed interval represents the set that is the
set intersection of the two sets represented by the given intervals.
e Interval union:

[fl,ul] U [EQ,U/Q] = [min(ﬁl,fg), max(ul,uQ)}

The result is called the interval hull. It over-approximates the true union:
the computed interval represents a set that may include more elements
than the set union of the two sets represented by the given intervals.
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For predicates,
(1, ur] < [lo,ug] if b1 <wua
and
[l1,u1] = [la,uz] if [€1,u1] M [l2, us] # [00, —o0] .

Like interval union, these predicates are over-approximations: if any pair of
points in [¢1,u1] and [¢2, us] satisfy the predicate, then the predicate holds on
the intervals.

These definitions are enough to define interval arithmetic over linear arith-
metic. For example, let each variable x; range in the interval [¢;, u;]. Then

co+cC1x1 + -+ CnTy ,
for ¢; € Q, ranges in the interval
co+cilly,ur] + - enlln, un] -

The correspondence of interval arithmetic with D) is the following. F' € Dy,
which is a conjunction of literals of the form ¢ < v and v < ¢, asserts that
x; € [€;,u;], for variable z;, where

e /;=o00and u; = —oo if F' is the formula L;
o /(;=difd < x;is a literal of F, and ¢; = —oc otherwise;
o u; =cif x; <eisa literal of F, and u; = co otherwise.

Example 12.6. The formula
F:0<iNi<0AN0<n

is an element of D;. It asserts that ¢ € [0,0] and n € [0, oo]. Given F, compute
i+ 2n =[0,0] + 2[0, 00] = [0, 0] ,

and

i —2n= [07 0] + 72[07 OO] = [07 O] + [700, 0] = [7007 0] :

Step 2: Construct the map vp,.
Define the map vp, as follows. Consider literal F'; then

it F < L
/\vgs HF & av=0»>
HF & av<b
HfF < b<av
otherwise

I/DI(F) -

—Je oo o
INIAIA
ISESES S~



328 12 Invariant Generation

for a,b € N such that a > 0. Define

VD, (/\Fz> = /\VD|(Fi) .

This definition of vp, is not as precise as it could be. For consider the case
in which we know GG € Dy; then it is possible to evaluate the truth-value of,

for example,

H: CO+C1$1+"'+cnxn§O7

even when n > 1. Define vp, (H, G) to equal the interval evaluation (either T or
1) of H in the context of G. For all other literals F, define vp, (F, G) = vp,(F).
When F' has several literals, it is sometimes more precise to compute

VDl(F7 G/\VD|(F)) s

which uses as much information from F' as possible.

Example 12.7. Consider
F:i=0An>0A j+2n
~ ~
H

<4.
-

Then
U (F)=0<i Ai<0 AO<m.
Note that vp,(H) = T. Now, given
G:5<j,
compute G A vp,(F):
G':5<j AN0<iANi<O0AO0<n.
Then compute
vp,(H,G") = L

since in the context G’,

J =+ 2n = [5,00] +2[0, 00] = [5,00] £ [4,4] .

Hence,
VD.(F; G A VD|(F)) =1.

Compare this result to the weaker vp, (F).
Simply computing vp, (F, G) yields

vp(F,G): 0<i AN i<0 A O0<n,
since in the context G,

j+2n =[5, 00] + 2[—00, 0] = [—00, 0] <

[4,4] .
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Step 3: Define sp.

Conjunction is natural in Dy, so Mp, is simply normal conjunction A.
For assume statements, define

spp, (F, assume ¢) < vp (¢, F)ANF .

That is, compute the element of D) corresponding to ¢ in the context F', and
conjoin it to F.

If ¢ is a conjunction of several literals, the following may compute a more
precise formula:

spp,(F, assume c¢) < vp(c, F Avp(c)) N F .
It uses information from ¢ to form a more precise context.
Example 12.8. Consider

F:0<tAN1<0AN0<n.
Compute

spp, (F, assume i < n)
< vp(i<n, 0<i ANi<0AO0<n Avp(i<n)) ANF
< vp(i<n, 0<i Ai<0A0<n) AF
< [0,0] <[0,00] A F
s F

The context F' asserts that ¢ € [0,0] and n € [0, 0o}, resulting in the compari-
son of intervals of the fourth line. |

Assignment statements are handled via interval arithmetic. Compute
spp, (F, v := e) as follows. Let G' be the conjunction of all the literals of
F except those referring to v (at most two refer to v: ¢; < v and v < ¢). If
e is a linear expression, let [/, u] be the interval evaluation of e in the context
F, and

spp,(F, vi=e) & L<v ANv<u A G,

where —oo < v and v < oo both simplify to T. If e is not a linear expression,
then let

spp,(F, vi=e) & G .

According to G, v can have any value.
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Example 12.9. Consider
F:0<iNi<O0ANO0<n.

To compute spp, (F, i := i+ 1), let G be the literals of F' not involving 4,
G: 0<n,

and compute the interval evaluation of ¢ + 1 in context F":
i+1=[0,0]+[1,1] =[1,1].

Then

spp,(F, i:=i+1) & 1<i Ai<1AO0<n.

Step 4: Define interval disjunction, Lip,.

Define Fy Up, F: as follows. For each variable x, let F assert that « € [¢1, u;]
and F; assert that x € [¢a, us]. Then Fy Up, Fy asserts that x is in the interval
hull of [¢1, u1] and [l2, us]: x € [¢1,u1] U [€2, us]. The interval hull is defined in
Step 1.

Step 5: Define interval implication checking.

Validity of the Xg-formula F' — G is decidable for F, G € D,. However, we can
define a more efficient check: let F' assert x; € [¢;, u;] and G assert x; € [m;, v;]
for each variable z;. Then F = G iff for each x;

[li,ui] C [mi,vi] ,  de,my <l AN uy <wy.

Step 6: Define interval widening, </ p,.

Interval analysis does not naturally terminate, as the following example illus-
trates.

Example 12.10. Consider again the loop

@Lo:izo A n20,
while
@Lli?
(i <n){
1:=1+1;

}
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of Example 12.4 with paths

(1)
QLp: i=0 A n>0;
QL : 7,

and
(2)
QLqy: 7
assume ¢ < n;
=14+ 1;
QL4 : 7,

Initially,

wlo) © vp(i=0An>0) & 0<i ANi<0AO0<n.

After one iteration, following path (1), pu(L1) < p(Lo).
Following path (2) on the next iteration yields

w(L1) := u(L1) Up, spp,(u(L1), assume i <n; i :=1i+1).
Currently u(L1) & 0<i A i<0 A 0<n,so

sp(0<i AN i<0 A 0<n, assumei<mn; i: =1+ 1)
& sp(0<i Ai<OAO0<n, i=itl)
S 1<t ANi<1T AO0Ln

Then the new u(Lq) is

p(L1) == p(L1) Up, spp,(--+)
& (0<i Ai<0AO0<n) Up (1<iAi<1l A 0<n)
S 0<i AN 1<1 AN0<Zn

Since the implication

0<t ANi1<1 AN0LZn = 0<K z/\z<0/\0<n
~ ~ - N~ -
new u(Ly) old w(L1)

is invalid,
wlly) & 0<i ANi<1 AO0<n

at the end of the iteration.
At the end of the kth iteration,

wli) © 0<i ANi<k AN0<n.

331
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It is never the case that the implication
0<i Ni<kANO0O<n =0<iANi<k-1A0<n

is valid, so the main loop of ABSTRACTFORWARDPROPAGATE never finishes.
|

Hence, we need to define a widening operator s/ p,. First, for any F' € D,
FVDIJ_<:>F and J—VD|F<:>F-

Otherwise, let F,G € Dy be other than L. For each variable v, suppose that
F asserts v € [{1,u1] and G asserts v € [l2,us]. Then F 5/p, G asserts that
v € [£,u], where

o (= —00if b3 < {1, and otherwise £ = /1;
e u = o0 if ugs > u1, and otherwise u = u;.

Intuitively, F'<7p, G drops bounds that grow from F to G. Since at most only
twice as many finite bounds as variables exist, widening can only be applied
a finite number of times before all bounds become stable.

Example 12.11. On the kth iteration (for some small k, say, k& = 3) of the
analysis in Example 12.10, compute

w(L1) := w(L1) Vp, (u(L1) Up, spp,(u(L1), assume i <n; i:=i+1)).
That is,

0<iANi<k—1A0<n)vp (0<iAi<k A 0<n)
& 0<iA0<n

because the upper bound on 7 increases from k — 1 to k. Then
wlly) & 0<i AN0<n.

While this new p(L;) does not imply the previous one,
0<i ANO0<n A 0<iANi<k—-1A0<n,

one more iteration yields the same (L), finishing the analysis. Thus,
0<i AN0<n

is an inductive assertion at L.
Unfortunately, the interval abstract domain is incapable of representing
the more interesting invariant i < n. | |
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12.3 Karr’s Analysis

Karr’s analysis discovers inductive assertions of the form
cotazr+-+cepan =0,

for ¢; € Z and program variables x;. Such assertions are called affine asser-
tions. They are useful for tracking the relationship among program variables
and loop counters. Karr’s analysis can be implemented efficiently, with run-
ning time polynomial in the program size.

In this section, we present a simplified version of the analysis that Michael
Karr originally proposed. In particular, our analysis ignores guards of loops
and if statements. We use the notation and concepts from Section 8.2.

Example 12.12. Consider the loop
QLy: T;
i :=0;
Jj=0;
k :=0;
while
@L1 2 ?
() {
k:=Fk+1;
if (%) i =i+ 1;
else j:=j+1;

}

The guard * denotes nondeterministic choice: either branch can be taken.

Karr’s analysis discovers the inductive invariant i + j = k at L. |

Step 1: Construct the domain Dg.

Dy consists of 1, T, and conjunctions of literals of the form
co+cixr+ - +epxy, =0,

which define affine spaces. An affine space is a point, a line, a plane, etc. An
affine space can be specified by a set of equations

Axr =b, abbreviating /\ a1 r1+ -+ aipT, = b; ,

7

so that the space is given by points v satisfying Av = b; or by a finite set of
points V = {v1,..., vk}, so that the space is given by

affine(V) = {Z AiU; : Z/\i = 1} ,
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that is, the set of affine combinations of vectors in V. An affine combination
of vectors V' is a weighted sum

Z A;v; such that Z)‘i =1.

K3

For example, the affine combination of two disjoint points is a line passing
through both. These two representations are the constraint representation
and the vertex representation, respectively.

Example 12.13. The affine space represented in constraint form by
i+j=k

has vertex representation

0 1 0
O, (0, |1 )
0 1 1

where vectors represent values for [z J k]T. Confirm that each vertex satisfies
i+j=k.

The point
1 0 1 0
1{=CFnfol+@) (0] +@1)|1
2 0 1 1

is in the affine space because Ay + Ay + A3 = —1+ 1+ 1 = 1: it is an affine
combination of the vertices. |

The vertex representation is best suited for the version of Karr’s analysis
that we present. Recall, though, that the abstract domain is really the set of
Yp-formulae that are conjunctions of literals of the form

co+cixr+---+cpxry, =0

The vertex representation of domain elements is convenient for computation.

Step 2: Construct the map vp,.

This step is trivial, as this version of Karr’s analysis does not use information
from annotations or assumption statements. Hence,

VDK(F) =T.
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Step 3: Define sp.
Let
spp, (I, assume c¢) < F

for any F' and c. That is, ignore assumption statements. Ignoring assump-
tion statements is not a terrible loss in precision: at best, only affine guards
¢ : Az = b could be interpreted within Dg. Such guards are uncommon in
practice.

Consider assignment xj, := e, where e is an affine expression

ept+ei1xry + -+ epln ,

for e; € Q. Construct the affine transformation

1 0
1 0
. Z1
Ax +b: ) : +
€1 €2 €En ) €0
Tn
- 1_ _0_

where the row with e is the kth row, corresponding to zj, and the rest of
the matrix is the identity matrix. Abbreviate this transformation with the
notation [z = €].

Now consider an affine space F' represented by a set of vertices V. To
compute the effect of applying the assignment zy := e, apply [z := €]:

[z := e = [z := e]affine(Vp) = affine{Jay :=eJv : veEVp}.

The transformed affine space is given by applying [z := €] to each of the
vertices of Vi. Then

spp, (F, 2 :=¢) & [zp :=e]F
for affine expression e.
Example 12.14. Consider the affine space given by vertex representation

V= 0 ,
1

for variables [Z yi k]T, and assignment i := 2i + j + 3. The assignment corre-
sponds to transformation
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210 ) 3
010 71+ 10
001 k 0
Then
210 1 3 5
[i :=2i+j+3]V = 010 0O+ 10 = 0
001 1 0 1

For assignments x; := e in which e is not an affine expression, define the
affine hull Up, of two affine spaces F} and F» with vertex representations V/
and W, respectively, as

F1UDKF2: Z/\ﬂ}i—i-zujwj : Z/\i—i-zlujzl

To implement this definition, simply let U = V U W be the vertex represen-
tation of Fi Up, F». Then

Fy Up, F» = affine(U) = {Z}Vui : Z)‘i _ 1} ’

which is equivalent to the definition in terms of V and W, as desired. For
example, the affine hull of two disjoint points is a line; and the affine hull of a
line and a point not on the line is a plane. Clearly, the affine hull vastly over-
approximates the union of two affine spaces; however, it is the most precise
affine space that includes their union.

Now define

SpDK(F7 xk) = e) ~ [[xk; = OHF |_|DK [[xk: = ]_HF

when e is not an affine expression. In the new affine space, x; can have any
value. Exercise 12.5 asks the reader to prove this claim.

Example 12.15. Consider affine space given by vertex representation

V= 0 ,
1

for variables [i j k]T, and non-affine assignment i := f(i, j, k). Compute
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[i :=0]V Up, [i:=1]V

[0007 [1 0 0007 1 1
=<lo1ofl o +]of>ulforo| o]l +]0O
001 |1 0 001 |1 0
[0] 1
= 0 U 0
|1 1
[0] 1
= 0], |0
| 1] 1

The final set of vertices represents the set of states in which j =0, k = 1, and
1 is any value. |

Step 4: Define affine disjunction, Lip,.

The affine hull Lip,, defined in Step 3, over-approximates disjunction.

Step 5: Define affine implication checking.

For Fi, F> € Dy, whether F; = F5 is decidable. But a more efficient test
relies on the vertex representations V and W of F; and F5, respectively. For
each v € V, check if v € affine(W): determine if there is a A such that

sz/\jwj and Z/\j =1.
J J

In other words, determine if there is some affine combination of the elements
of W that equals v. More concisely, determine if there is some A such that,
for Ay a matrix with columns w € W,

A
[1?])\:[1{} ; that is, 1"A=1 and Awd=v.

This query can be decided efficiently using algorithms for solving linear equa-
tions, such as Gaussian elimination.

Then Fy = F; iff for all v € V', v € affine(W).

Example 12.16. Consider affine space F given by vertex representation

V=1 |1
2

and affine space Iy given by vertex representation
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0 1 0
w=<1lo|, lof, |1
0 1 1

Is the implication F; = Fj valid? Yes, as

1 0 1 0
=) (0] +@) (0] +(1) (1
2 0 1 1
and —14+ 14 1 =1, so the vertex is in affine(V3). |

Step 6: Define affine widening.

With each growth of a u(L), its dimension increases by at least 1 by definition
of the affine hull. As each (L) can be at most n-dimensional, for n the number
of program variables, the procedure ABSTRACTFORWARDPROPAGATE termi-

nates even without the use of widening. Hence, we do not define a widening
operator.

Example 12.17. Consider the loop

QLg: T;
1= 0;
j =0
k= 0;
while
@Ll 27
(%) {
k:=Fk+1;
if (%) 4 :=1i41;
else j:=j+1;

}

which has three basic paths:

(1)

@L()ZT,
1:=0;
J=0;
k= 0;

which is summarized by transformation
000 i 0
71: 1000 it+10} ,
000 k 0
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(2)
QLqy: 7
k=k+1;
1:=14+1;
@Lll?'

)

which is summarized by transformation

i 1
n: I3+ 1]0
k 1
where, recall, I is the identity matrix, and
(3)
QL : 7,
k=k+1;
J=J+L
QL : 7,

which is summarized by transformation

i 0
s I+ |1
k 1

339

Initially, pu(Lo) < T, so its vertex representation is the set of unit vectors

1 0 0 0
Of, (1|, O], [0 ;
0 0 1 0

while u(L1) < L, represented by @). Then

0
u(L1) »= p(L1) Up, mip(Lo) =0 U ¢ [0
0

For the next iteration, consider the two transitions 79 and 73:

0 0
p(L) == p(L1) Up, mopu(Ly) =< [0 pUqT2 |0
| 0| 0

0] [1

= 0, |0

0 1

Next,
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w(Lh) == pw(Ly) Up, mp(ll) =

The new vertex [0 1 1]T is obtained from 73 [0 0 O]T

o) [1 0 1]T as well; however

1 1 0 1 0
mlo|l=[1l=CDlol+@]ol+@) |1
1 2 0 1 1

and —1+ 141 = 1. Hence, [1 1 Q]T is redundant.

On the next iteration, we obtain convergence. For

0 1
7’30,7’30
0 1
0
1
1

. Note that 73 is applied

0 1 1 2 0 1
2|0 =0, =|0[=]0=(-1)|0|+(2)]|0],
1 0] | 1] 1 2 0 1
and
(0] (1] 0 1 0
|l =(1|=(-1)(0|+@Q)|0|+(1)]|1],
| 1] | 2] 0 1 1
so that 7o does not modify u(L1). Additionally,
(0] [0] 1 0 1 0
310 =|1 0 = 1 =(=1) 0|+ |0 +(1)|1],
o] 1] 1 0 1 1
and
0 0 0 0
3|l =(2|=(-1) (0] +(2)|1],
1 2 0 1

so that 75 does not modify p(L), either.

Hence, the final vertex representation of p(Lq) is

0 1 0
v=<1lol, o], |1
0 1 1

To obtain the constraint representation of this affine space, solve
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a
(VT -1]| " | =0;
an
b
that is,
000 —1 Zl 0
101 -1 2l =10
011 -1 ‘23 0

In this case, we find the inductive assertion
i+j=k

at Ll. |

12.4 *Standard Notation and Concepts

Our presentation of abstract interpretation differs markedly from the stan-
dard presentation in the literature. To facilitate the reader’s foray into the
literature, we discuss here the standard notation and concepts and relate it
to our presentation. The main idea is to describe an abstract interpretation
in terms of a set of operations over two lattices.

Lattices

A partially ordered set (5, <), also called a poset, is a set .S equipped with
a partial order =, which is a binary relation that is

o reflexive: Vs € S. s < s;
e antisymmetric: Vsq,82. 51 X 52 A 83 281 — §1 = S9;
e transitive: Vsy, 80,53 € 5. 51 <s3 A s3 Xs3 — 81 = S3.

A lattice (S,U,M) is a set equipped with join LI and meet I operators
that are

e commutative:
— Vs1,89. 81 Usg =598,
— Vs1,89. 51183 =820 87;
e associative:
—  Vsq, 89, 83. 81U(52L|$3) = (81L|82)|_|83,
— Vs1,892,83. 811 (s2Msg) = (s1M82) M ss;
e idempotent:
- Vs.sUs=s,
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U us
S1 S2 : 83 LSy S1 S2 : 83 Lsy
S S \84
3\ _— 4 G?K /
Se : S3[1584 Se : 83154

St S8
~
s

(a) (b)

Fig. 12.4. (a) A complete lattice with (b) monotone function f

Vs. sMs=s.

Additionally, they satisfy the absorption laws:

o Vs1,89. 81 U (s1Ms2) = s1;
L] VSl,SQ. Sl|_|(81u52)181.

One can define a partial order < on S:
Vs1,82. 81 X 83 <« S§1 = 8101589,
or equivalently
Vs1,82. 81 = 83 <> So =81 sy .

A lattice is complete if for every subset S’ C S (including infinite sub-
sets), both the join, or supremum, LIS’ and the meet, or infimum, M5’ exist.
In particular, a complete lattice has a least element NS and a greatest element
LS. Figure 12.4(a) visualizes a complete lattice.

A function f on elements of a lattice is monotone in the lattice if

Vs1,82. 51 252 — f(s1) = f(s2) .

A fixpoint of f is any element s € S such that f(s) = s. The dashed lines
of Figure 12.4(b) visualize the iterative application of monotone function f
from MS until it reaches the fixpoint s3.

The following theorem is an important classical result for monotone func-
tions on complete lattices.

Theorem 12.18 (Knaster-Tarski Theorem). The fizpoints of a monotone
function on a complete lattice comprise a complete lattice.
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Since complete lattices are nonempty, a fixpoint of a monotone function on a
complete lattice always exists. More, the Knaster-Tarski theorem guarantees
the existence of the least fixpoint and the greatest fixpoint of f, which are
the least and greatest elements, respectively, of the complete lattice defined
by f’s fixpoints.

Abstract Interpretation

An important complete lattice for our purposes is the lattice defined by the
sets of a program P’s possible states S: the join is set union, the meet is set
intersection, and the partial order is set containment. The greatest element
is the set of all states; the least element is the empty set. The lattice is thus
represented by (2°,U,N), where 2° is the powerset of S. Call this lattice Cp.

Treat P as a function on S: P(s) is the successor state of s during execu-
tion. Define the strongest postcondition on subsets S’ of states S and program
P:

sp(S', P) & (P(s) : seS'},
which we abbreviate as P(S’). Now define the function

Fp(s) s ups);

Fp is a monotone function on Cp. Hence, by the Knaster-Tarski theorem, the
least fixpoint of Fp exists on Cp: it is the set of reachable states of P. The
lattice Cp and the monotone function Fp define the concrete semantics of
program P. For this reason, the elements 2 of Cp comprise the concrete
domain.

The FORWARDPROPAGATE algorithm of Figure 12.2 can be described as
applying F'p to the set of states satisfying the function precondition until the
least fixpoint is reached.

However, the least fixpoint of Fp usually cannot be computed in practice
(see Section 12.1.4). Therefore, consider another lattice, Ap : (A, L, M), whose
elements A are “simpler” than those of Cp. Its elements A might be intervals
or affine equations, for example, and thus comprise the abstract domain.
Define two functions

@:2° > A and y:A4—29,

the abstraction function and the concretization function, respectively.
These functions should preserve order:

V51,59 C 5.5 C S — afSh) = a(S:),
and

Vai,az € A. a1 <az — v(a1) C y(az) .
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A monotone function F'p on Ap is a valid abstraction of Fp if
Va € A. Fp(y(a)) € v(Fr(a)) |

that is, if the set of program states represented by abstract element Fp(a)
is a superset of the application of Fp to the set of states represented by
abstract element a. One possible abstraction is given by applying Fp to the
concretization of a and then abstracting the result:

Fp(a) = a(Fp(1(a))) .

A valid abstraction F'p provides a means for approximating the least fixpoint
of Fp in Cp: the concretization y(a) of any fixpoint a of F'p in Ap is a superset
of the least fixpoint of Fp in Cp.

Lattice Ap need not be any better behaved than Cp, though. A well-
behaved lattice satisfies the ascending chain condition: every nondecreas-
ing sequence of elements eventually converges. Consequently, computing the
least fixpoint of a monotone function in such a lattice requires only a finite
number of iterations. The lattice defined by the affine spaces of Karr’s analysis
trivially satisfies this condition: it is of finite height because the number of
dimensions is finite. But, for example, the lattice defined by intervals does not
satisfy the ascending chain condition. In this case, one must define a widening
operator on the abstract domain.

Relating Notation and Concepts

In our presentation, we take as our concrete set not 2% but rather FOL rep-
resentations of sets of states. The concrete lattice is thus (FOL,V,A) with
partial order =. This lattice is not complete: there need not be a finite first-
order representation of the conjunction of an infinite number of formulae. But
not surprisingly, there need not be a finite represention of a set of infinite
cardinality, either, so the completeness of C'p is not of practical value.

Our abstract domains are given by syntactic restrictions on the form of
FOL formulae. The abstraction function is vp, and the concretization function
is just the identity. spp is a valid abstraction of sp, and both are monotone
in their respective lattices.

12.5 Summary

This chapter describes a methodology for developing algorithms to reason
about program correctness. It covers:

e Invariant gemeration in a general setting. The forward propagation al-
gorithm based on the strongest postcondition. The need for abstraction.
Issues: decidability and convergence. Abstract interpretations.
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e Interval analysis, an abstract interpretation with a domain describing in-
tervals. It is appropriate for reasoning about simple bounds on variables.

e Karr’s analysis, an abstract interpretation with a domain describing affine
spaces. It discovers equations among rational or real variables.

e Notation and concepts in the standard presentation of abstract interpre-
tation.

This chapter provides just an introduction to a widely studied area of research.

Bibliographic Remarks

We present a simplified version of the abstract interpretation framework of
Cousot and Cousot, who also describe a version of the interval domain that
we present [20].

Karr developed his analysis a year before the abstract interpretation frame-
work was presented [46]. For background on linear algebra, see [42]. Our pre-
sentation of Karr’s analysis is based on that of Miiller-Olm and Seidl [63].

Many other domains of abstract interpretation have been studied. The
most widely known is the domain of polyhedra, which Cousot and Halbwachs
describe in [21]. Exercise 12.4 explores the octagon domain of Miné [61]. As an
example of a non-numerical domain, see the work of Sagiv, Reps, and Wilhelm
on shape analysis [96].

Exercises

12.1 (wp and sp). Prove the second implication of Example 12.2; that is,
prove that

F = wp(sp(F, S), ).

12.2 (General sp). Compute sp(F, p1) and sp(F, p3) for transition relations
p1 and p2 of (12.1) and (12.2), respectively. Show that disregarding pc reveals
the original definition of sp.

12.3 (General wp and sp). For the general definitions of wp and sp, prove
that

sp(wp(F, S), S) = F = wp(sp(F, S), S) .

12.4 (Octagon Domain). Design an abstract interpretation for the octagon
domain. That is, extend the interval domain to include literals of the form

c<vy4+v,v1+va<c,c<v—v2, and v —va<c.

Apply it to the loop of Example 12.4. Because ¢ and n are integer variables,
the loop guard ¢ < n is equivalent to ¢ < n — 1.
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12.5 (Non-affine assignments). Consider affine spaces F' and
G: [zr :=0]F Up, [zx :=1]F .

Prove the following:

(@) If [z a2y €F, then [x1---m---2,] € G for all m € R.
(b) If [x1 - ak - 2y] € G, then [z1---m---2,] € F for some m € R.

Hint: Use the definition of the affine hull.
12.6 (* Analyzing programs).

(a) Describe how to use ABSTRACTFORWARDPROPAGATE to analyze pro-
grams with many functions, some of which may be recursive. Hints: First,
include a location in each function to collect information for the function
postcondition. Consider that this information might include function vari-
ables other than v and the parameters, so define an abstract operator
elim to eliminate these variables. Then recall that function calls in basic
paths are replaced by function summaries constructed from the function
postconditions. Therefore, ABSTRACTFORWARDPROPAGATE need not be
modified to handle function calls. But in which order should functions be
analyzed? What about recursive functions?

(b) Describe an instance of this generalization for interval analysis. In partic-
ular, define elim.

(c) Describe an instance of this generalization for Karr’s analysis. In partic-
ular, define elim.
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Further Reading

Do not seek to follow in the footsteps of the men of old; seek what they
sought.

— Matsuo Basho

Kyoroku Ribetsu no Kotoba, 1693

In this book we have presented a classical method of specifying and verify-
ing sequential programs (Chapters 5 and 6) based on first-order logic (Chap-
ters 1-3) and induction (Chapter 4). We then focused on algorithms for au-
tomating the application of this method: decision procedures for reasoning
about verification conditions (Chapters 7-11), and invariant generation pro-
cedures for deducing inductive facts about programs (Chapter 12). This ma-
terial is fundamental to all modern research in verification. In this chapter,
we indicate topics for further reading and research.

First-Order Logic

Other texts on first-order logic include [87, 31, 55]. Smullyan [87], on which
the presentation of Section 2.7 is partly based, concisely presents the main
results in first-order logic. Enderton [31] provides a comprehensive discussion
of theories of arithmetic and Gédel’s first incompleteness theorem. Manna and
Waldinger [55] explore additional first-order theories.

Decision Procedures

We covered three forms of decision procedures: quantifier elimination (Chap-
ter 7) for full theories, decision procedures for quantifier-free fragments of
theories with equality (Chapters 8-10), and instantiation-based procedures
for limited quantification (Chapter 11). New decision procedures in each of
these styles are discovered regularly (see, for example, the proceedings of the
IEEFE Symposium on Logic in Computer Science [51]).
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Proofs of correctness in Chapters 7 and 11 appeal to the structure of
interpretations. Model theory studies logic from the perspective of models (in-
terpretations), and decision procedures can be understood in model-theoretic
terms. Hodges covers this topic comprehensively [40].

The combination result of Chapter 10 is not the only one known, although
it is the simplest general result. For example, Shostak’s method treats a sub-
class of fragments with greater speed [84, 78]. Current efforts aim to extend
combination methods to require fewer or different restrictions [93, 99, 94, 4].
However, most theories cannot be combined in a general way, particularly
when quantification is allowed, so logicians develop special combination pro-
cedures [100].

Decision procedures for PL (“SAT solvers”) and combination procedures
(“SMT”, for SAT Modulo Theories) have received much practical attention
recently, even in the form of annual competitions [81, 86]. Motivating appli-
cations include software and hardware verification.

Automated Theorem Proving

While satisfiability /validity decision procedures have obvious advantages —
speed; the guarantee of an answer in theory and often in practice; and, typi-
cally, the ability to produce counterexamples — not all theories or interesting
fragments are decidable. For example, reasoning about permutations of arrays
is undecidable in certain contexts (see Exercise 6.5 and [77, 6]), yet we would
like to prove, for example, that sorting functions return permutations of their
input.

Because FOL is complete, semi-decision procedures (see Section 2.6.2) are
possible: the procedure described before the proof of Lemma 2.31 is such a
procedure. More relevant are widely-used procedures with tactics [76, 67, 47].
Recent work has looked at effectively incorporating decision procedures into
general theorem proving [48]. The specification language for verified program-
ming is more expressive using these procedures. However, proving verification
conditions sometimes requires user intervention.

FOL may not be sufficiently expressive for some applications. Second-order
logic extends first-order logic with quantification over predicates. Despite be-
ing incomplete, researchers continue to investigate heuristics for partly au-
tomating second-order reasoning [67]. Separation logic is another incomplete
logic designed for reasoning about mutable data structures [75].

Static Analysis

Static analysis is one of the most active areas of research in verification. Clas-
sically, static analyses of the form presented in Chapter 12 have been studied
in two areas: compiler development and research [62] and verification [20].
Important areas of current research include fast numerical analyses for
discovering numerical relations among program variables [80], precise alias
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and shape analyses for discovering how a program manipulates memory [96],
and predicate abstraction and refinement [5, 37, 16, 24].

Static analyses of the form in Chapter 12 solve a set of implications for
a fixpoint (an inductive assertion map is a fixpoint) by forward propagation.
Other methods exist for finding fixpoints, including constraint-based static
analysis [2, 17].

Static analyses also address total correctness by proving that loops and
functions halt [18, 7, 8]. Their structure is different than the analyses of Chap-
ter 12 as they seek ranking functions.

Concurrent Programs

We focus on specifying and verifying sequential programs in this book. Just as
concurrent programs are more complex than sequential programs, specifica-
tion and verification methodologies for concurrent programs are more complex
than for sequential programs. Fortunately, many of the same methods, includ-
ing the inductive assertion method and the ranking function method, are still
of fundamental importance in concurrent programming. Manna and Pnueli
provide a comprehensive introduction to this topic [53, 54]. Milner describes a
calculus of concurrent systems in which both the system and its specification
is written [60].

Temporal Logic

Because functions of pi do not have side effects, specifying function behavior
through function preconditions and postconditions is sufficient. However, re-
active and concurrent systems, such as operating systems, web servers, and
computer processors, exhibit remarkably complex behavior. Temporal logics
are typically used for specifying their behavior.

A temporal logic extends PL or FOL with temporal operators that ex-
press behavior over time. Canonical behaviors include invariance, in which
some condition always holds; progress, in which a particular event eventually
occurs; and reactivity, in which a condition causes a particular event to occur
eventually.

Temporal logics are divided into logics over linear-time structures (Linear
Temporal Logic (LTL)) [53]; branching-time structures (Computational Tree
Logic (CTL), CTL") [14]; and alternating-time structures (Alternating-time
Temporal Logic (ATL), ATL") [3].

Model Checking

A finite-state model checker [15, 74] is an algorithm that checks whether finite-

state systems such as hardware circuits satisfy given temporal properties.
An explicit-state model checker manipulates sets of actual states as vectors

of bits. A symbolic model checker uses a formulaic representation to represent
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sets of states, just as we use FOL to represent possibly infinite sets of states
in Chapters 5 and 6. The first symbolic model checker was for CTL [12]; it
represents sets of states with Reduced Ordered Binary Decision Diagrams
(ROBDDs, or just BDDs) [10, 11].

LTL model checking is based on manipulating automata over infinite
strings [95]. A rich literature exists on such automata; see [91] for an in-
troduction.

Predicate abstraction and refinement [5, 37, 16, 24] has allowed model
checkers to be applied to software and represents one of the many intersections
between areas of research (model checking and static analysis in this case).

Clarke, Grumberg, and Peled discuss model checking in detail [14].
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abstract forward propagation algorithm
324

abstract interpretation 312,321

abstract strongest postcondition 322

ABSTRACTFORWARDPROPAGATE
[function] 324

abstraction function 343

ack left zero [axiom] 106

ack right zero [axiom] 106
ack successor [axiom| 106
adjacent vertices 218
admits (quantifier elimination) 184
affine assertion 333
affine combination 334
affine hull 336
affine space 333
affine transformation 335
algorithm 54
ancestor (semantic argument) 12
annotation 118
assertion 122
function call assertion 131
function postcondition 118
function precondition 118
loop invariant 121
runtime assertion 122
antecedent 4
antisymmetric 341
antisymmetry [axiom] 81,82
application programming interface

175
arguments 115
arity 4

binary 4
unary 4

arrangement 273

array congruence [axiom]

array predicate
bounded equality 168
partitioned 127
sorted 120

88,263
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weak permutation 170, 174
array property 292,300
array property fragment 292, 300
arrays, theory of 87,291
ascending chain condition 344
assertion 122
assertion map 316
assignment (interpretation) 39
assignment statement 126
associative 341
assume statement 126
at least one root [axiom]| 81, 82
atom 4, 36
atom [axiom] 85, 86, 259
augmented matrix 211
axiom schema 71
axioms 69

+ associativity 80, 81, 83

+ commutativity 80, 81, 83

+ identity 80, 81, 83

+ inverse 80, 81, 83

+ ordered 81,83

- associativity 80, 81

- commutativity 80, 81

- identity 81

- inverse 81

- left identity 80

- ordered 81

- right identity 80

ack left zero 106

ack right zero 106

ack successor 106

antisymmetry 81, 82

array congruence 88, 263

at least one root 81, 82

atom 85, 86, 259

concat. atom 98

concat. list 98

construction 85, 86, 259

distributivity 81

divides 187

divisible 83

erps successor 96

erps zero 96

exp. successor 96

exp. zero 96

extensionality 89, 293

flat atom 98

flat list 98

function congruence 71,242
hashtable congruence 305
induction 73,75

keys-put 305

keys-remove 305

left distributivity 80

left projection 85, 259
length atom 102

length list 102

plus successor 73,75

plus zero 73,75

predicate congruence 71,243
projection 86

quotient less 100
quotient successor 100
read-over-put 1 305
read-over-put 2 305
read-over-remove 305
read-over-write 1 88, 263
read-over-write 2 88, 263
reflexivity 71, 242, 305
remainder less 100
remainder successor 100
reverse atom 98

reverse list 98

right distributivity 80
right projection 85,259
separate identities 81
square-root 81

successor 73,75
symmetry 71,242, 305
times successor 73

times zero 73
torsion-free 83

totality 81,82

transitivity 71, 81, 82,242, 305
two 270

zero 73,75

base case 96, 98

basic path 125, 316

basis 211

BCP 28

Bell numbers 275

binary 4

BinarySearch [program] 115-176
Boolean connectives 4

bound variable 36

bounded equality 168



branch (semantic argument) 12
BubbleSort [program] 116-176

canonical form 325
cardinality 39
CCPAR [function] 255
characteristic formula 63
class
congruence 245
equivalence 245
clause 21
closed (semantic argument) 12
closed formula 37
CNF  see conjunctive normal form
co-NP 55
commutative 341
Compactness Theorem 61
complete 70
complete (lattice) 342
complete (proof method) 56
complete (theory) 70
complete induction 95,99
complete induction principle 100
composition (substitution) 18
computation 142
concat. atom [axiom] 98
concat. list [axiom| 98
concrete domain 343
concrete semantics 343
concretization function 343
congruence class 245
representative 252
congruence closure 244, 247
algorithm 248
parents 253
congruence closure parents 253
congruence relation 72,243, 245
congruence-closure algorithm 241
CONGRUENT [function] 255
conjunctive fragment 208
conjunctive normal form 21
consequent 4
consistent 70
constant 35
constraint 206
constraint representation (affine space)
334
constraint representation (polyhedron)
238

Index 359

construction [axiom)]
constructor 259
contrapositive 89
convex 276
convex hull 239
convex space 218,238
convex theory 276
Cooper’s method 187
divisibility predicate 186
left elimination 194
left infinite projection 189
periodicity property 189
right elimination 194
right infinite projection 194
triangular form 197
Craig Interpolation Lemma 61, 284
cutpoint 316
cutset 316
cycle (graph) 251
cylindrical algebraic decomposition 82

85, 86, 259

DAG  see directed acyclic graph

De Morgan’s Law 19

decidable 54,70

decision procedure 21

deduction (semantic argument) 10

descendant (semantic argument) 12

dimension 211

direct descendant (semantic argument)

12

directed acyclic graph 251

disjoint (partition) 246

disjunctive normal form 20

distributivity [axiom] 81

divides [axiom] 187

divisibility predicate 186

divisible [axiom| 83

DNF  see disjunctive normal form

domain (interpretation) 39

domain (substitution) 16

DPLL decision procedure 28
Boolean constraint propagation 28
unit clause 29
unit resolution 29

dual optimization problem 215

echelon form 212
edge (graph) 251
elementarily equivalent 83
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elementary algebra see reals, theory of
elementary recursive 90
elementary row operations
entry function 142
equality with uninterpreted functions
see equality, theory of
equality, theory of 71,241
equationally satisfied 215
equisatisfiable 24
equivalence class

211

245

equivalence closure 247
equivalence relation 71,242, 245
equivalent 14,70

weakly 284
EUF  see equality, theory of

existential closure 37
existential quantifier 36
exp, successor [axiom| 96
exp, zero [axiom| 96
exp. successor [axiom]| 96
exp. zero [axiom] 96
extensionality 85,293
extensionality [axiom] 89, 293
falsifying interpretation 10
Ferrante and Rackoff’s method 200
left infinite projection 201
right infinite projection 201
field, theory of 80
FIND [function] 254
finished (semantic argument) 13
first-order arithmetic see Peano
arithmetic
first-order logic
atom 36
constant 35
formula 36
closed 37
existential closure 37
universal closure 37
function 36
interpretation 39
assignment 39
domain 39
variant 41
literal 36
predicate 36
propositional variable 36
quantifier 36

4,35

bound variable 36
existential 36
quantified variable 36
scope 36
universal 36
satisfiable 42
semantics 39
subformula 37
strict 37
substitution 46
subterm 37
strict 38
term 35
valid 42
variable 35
bound 37
free 37
first-order theory
fixpoint 342
flat atom [axiom] 98
flat list [axiom] 98
FOL  see first-order logic
formal parameters 115
formula 4, 36, 69
closed 37
existential closure 37
universal closure 37
formula schema 48
placeholder 48
side condition 48
valid 49
formula template 16
forward propagation

see theory

312, 317

FORWARDPROPAGATE [function] 318
fragment 70
array property 292, 300
conjunctive 90, 208
hashtable property 292, 305
pure equality 284
quantifier-free 70
free variable 37
function 36
function call assertion 131
function congruence [axiom] 71,242
function postcondition 118
function precondition 118
functions
ABSTRACTFORWARDPROPAGATE
324
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CCPAR 255 induction [axiom] 73,75
CONGRUENT 255 inductive 143
FIND 254 inductive assertion map 317
FORWARDPROPAGATE 318 inductive assertion method 113,124,
MERGE 256 143
NODE 254 inductive definition 7
UNION 254 inductive hypothesis 96, 98, 100, 103,
WIDEN 324 109
inductive map see inductive assertion
Gaussian elimination 211 map
echelon form 212 inductive step 96, 98
elementary row operations 211 infimum see meet
global optimum 218 InsertionSort [program] 150, 174, 176

graph 251 integer-indexed arrays, theory of 300

directed 251
directed acyclic 251
edge 251

node 251

graph coloring 33
greatest fixpoint 343

integers, theory of 73,76, 183
intended interpretation 74
interpolant 61
interpretation 6, 39, 70
assignment 39
domain 39

group falsifying 10
torsion-free, theory of 83 intended 74, 75,77
group, theory of 80 variant 41

interpreted 71

intersection [program] 175,176
interval abstract domain 321
interval analysis 311

interval arithmetic 326
interval hull 326

invariant 143

invariant generation 311
invertible matrix 213

has equality 284

hashtable congruence [axiom] 305
hashtable property 305

hashtable property fragment 292, 305
hashtables, theory of 291

Hintikka set 60

Hintikka’s Lemma 60

Hoare triple 137

hull irreflexive 112
affine 336
convex 239 join 341

interval 326
Konig’s Lemma 59
Karr’s abstract domain 321
identity matrix 210 Karr’s analysis 311, 333
implies 15 key guard 305
weakly 284 key set 304
index guard 292, 300 keys-put [axiom] 305
index set 295 keys-remove [axiom] 305
induction 95
complete 95,99 Léwenheim’s Theorem 60
lexicographic well-founded 104 Lowenheim-Skolem Theorem 61
stepwise 95, 96, 98 lattice 341
structural 60, 95, 108 complete 342
well-founded 95, 102 least fixpoint 343

idempotent 341
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left distributivity [axiom] 80
left elimination 194
left infinite projection

Cooper’s method 189

Ferrante and Rackoff’s method 201
left projection [axiom] 85, 259
left projector 259
length atom [axiom] 102
length function 142
length list [axiom] 102
lexicographic relation 103
lexicographic well-founded induction

104

line (semantic argument) 12
linear equation 211
linear inequality 214
LinearSearch [program]
lists, theory of 84
literal 4, 36
local optimum 218
logical connectives 4
loop invariant 121

115-176

matrix 209

augmented 211

identity 210

invertible 213

nonsingular 213

square 211

triangular form 211
matrix-matrix multiplication 210
matrix-vector multiplication 210
meet 341
MERGE [function] 256
merge [program] 174,177
MergeSort [program] 174
minimal disjunction 283
modus ponens 13
monotone function 342
ms [program| 174,177

N-O see Nelson-Oppen combination
method

negation normal form 19

Nelson-Oppen combination method
269, 270

arrangement 273
NNF  see negation normal form
NODE [function] 254

node (graph) 251
nondeterministic-polynomial time 54
nonsingular matrix 213
normal form 18

conjunctive 21

disjunctive 20

negation 19

prenex 52
null space 213

objective function 206, 214

open (semantic argument) 13

optimization problem 206,214
constraint 206
constraints 214
dual 215,216
objective function
primal 216

order 55

order (group) 83

ordered field, theory of 81

206, 214

parent (semantic argument) 12
partial correctness 113
partial order 341
partially correct 124
partially decidable see semi-decidable
partially ordered set 341
partition 246
partition [program]
partitioned 127
path 124

basic 125, 316
Peano arithmetic, theory of 73,96
periodicity property 189
pivot rule 236
PL  see propositional logic
placeholder (formula schema) 48
plus successor [axiom] 73,75
plus zero [axiom] 73,75
PNF  see prenex normal form
polyhedra

vertex enumeration algorithm 239
polyhedron 214, 238

constraint representation 238

ray 238

vertex representation 238
polynomial time 54
poset  see partially ordered set

164-176



precondition method 156

predicate 36

predicate calculus see first-order logic

predicate congruence [axiom] 71,243

predicate logic  see first-order logic

predicate transformer 136,312
strongest postcondition 312-316
weakest precondition 136, 312-316

premise (semantic argument) 10

prenex normal form 52

Presburger arithmetic, theory of 73,

75

primed variables 315

program 142

program annotation 113

program counter 135,315
programs

abs 173

BinarySearch  115-176
BubbleSort  116-176
InsertionSort 150, 174, 176
intersection 175,176
LinearSearch 115-176
merge 174,177
MergeSort 174

ms 174,177

partition 164-176
gsort 164-176
QuickSort  164-176
random 164-176
subset 175,176

union 175,178,179

progress property 113
projection [axiom] 86
projector 259
proof rules (semantic argument) 10
proof tactics 22
propositional calculus
tional logic
propositional logic 4
atom 4
Boolean connectives 4
DPLL decision procedure 28
Boolean constraint propagation 28
unit clause 29
unit resolution 29
equivalent 14
formula 4
implies 15

see proposi-

Index 363

interpretation 6

falsifying 10

literal 4

logical connectives 4
resolution

resolvent 27

resolution decision procedure 27
satisfiable 8

semantic argument method 10
semantics 6

subformula 5

strict 5
substitution 16
syntax 4

truth symbols 4

truth table 6

truth values 6
truth-table method 9
valid 8

variables 4
propositional variable 36
pure equality fragment 284

QE see quantifier elimination
gsort [program| 164-176
quantifier 36

bound variable 36

existential 36

quantified variable 36

scope 36

universal 36
quantifier alternation 208, 291
quantifier elimination 82, 183, 184

admits 184

integer arithmetic

method
rational arithmetic
Rackoff’s method

quantifier elimination procedure 183
quantifier instantiation 291
quantifier-free fragment 70, 208
QuickSort [program] 164-176
quotient 246
quotient less [axiom] 100
quotient successor [axiom] 100

see Cooper’s

see Ferrante and

random [program] 164-176
range (substitution) 16
ranking function 114,144



364 Index

ranking function method 114

rationals, theory of 79,82, 183, 207

RDS see recursive data structures,
theory of

reachable state 321

read-over-put 1 [axiom| 305

read-over-put 2 [axiom| 305

read-over-remove [axiom] 305

read-over-write 1 [axiom] 88,263

read-over-write 2 [axiom]| 88,263

real closed field, theory of 81

reals, theory of 79, 80

recursive see decidable, recursive

recursive data structures, theory of 84

recursively enumerable see semi-
decidable
refinement (relation) 246
reflexive 245, 341
reflexivity [axiom] 71,242, 305
relation
congruence 72,243,245
equivalence 71,242, 245

lexicographic 103
well-founded 102
remainder less [axiom] 100
remainder successor [axiom| 100
renaming (substitution) 46
representative (congruence class) 252
resolution
resolvent 27
resolution decision procedure 27
resolvent 27
reverse atom [axiom| 98
reverse list [axiom] 98
right distributivity [axiom] 80
right elimination 194
right infinite projection
Cooper’s method 194
Ferrante and Rackoff’s method 201
right projection [axiom] 85,259
right projector 259
ring, theory of 80
runtime assertion 122
runtime error 122

safe (substitution) 47
safety property 113
satisfiable 8,42, 70
schema (substitution) 48

scope 36
semantic argument method 10
ancestor 12
branch 12
closed 12
deduction 10
descendant 12
direct descendant 12
finished 13
line 12
open 13
parent 12
premise 10
proof rules 10
derived 13
semantics 6,39
semi-decidable 54
separate identities [axiom] 81
side condition (formula schema) 48
signature 69
simplex method 207, 218
simultaneously satisfiable 61
sorted 120
sound 56
source (edge) 251
space
affine 333
vector 210
specification 113
square matrix 211
square-root [axiom] 81
stably infinite 270
state 135
statement
assignment 126
assume 126
static analysis 311
interval analysis 311, 325
Karr’s analysis 311, 333
stepwise induction 95, 96, 98
stepwise induction principle
strengthened hypothesis 97
strict subformula 5
strict subformula relation 108
strict subterms 38
strongest postcondition 312-316
abstract 322
structural induction 95,108
structural induction principle 109

96, 98



subformula 5,37
strict 5,37
subformula ordering 8
subset [program| 175,176
substitution 16, 46
composition 18
domain 16

range 16

renaming 46

safe 47

schema 48

variable 17
subterm 37

set 247

strict 38

subterm set 247
successor [axiom] 73,75
successor location 318
supremum See join
symbolic execution 317
symmetric 245
symmetry [axiom] 71,242, 305
syntax 4

target (edge) 251
term 35
theory 69
axioms 69
complete 70
consistent 70
convex 276
decidable 70
equivalent 70
formula 69
fragment 70
conjunctive 90
quantifier-free 70
has equality 284
interpretation 70
intended 74,75,77
satisfiable 70
signature 69
stably infinite 270
valid 70
theory of
abelian group 80, 83
arrays 87,291
equality 71,241
field 80

Index 365

group 80
torsion-free 83
hashtables 291
integer-indexed arrays 300
integers 73, 76,183
lists 84
ordered field 81
Peano arithmetic 73, 96
Presburger arithmetic 73,75
rationals 79, 82, 183, 207
real closed field 81
reals 79, 80
recursive data structures 84
ring 80
total order 81, 83
theory of rationals 79
theory of reals 79
times successor [axiom] 73
times zero [axiom] 73
torsion-free 83
torsion-free [axiom| 83
total (partition) 246
total correctness 113, 143
total order, theory of 81,83
totality [axiom] 81,82
transition relation 315
transitive 245, 341
transitivity [axiom] 71, 81, 82, 242, 305
transpose 209
triangular form (Cooper’s method)
197
triangular form (matrix) 211
truth symbols 4
truth table 6
truth values 6
truth-table method 9
Turing machine 54
Turing-decidable see decidable
Turing-recognizable see semi-
decidable
two [axiom] 270

unary 4

undecidable 54

UNION [function] 254

union [program| 175,178,179
union-find algorithm 254
unit clause 29

unit resolution 29
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unit vector 210
universal closure 37
universal quantifier 36
unsatisfiable core 237

valid 8,42,49,70
valid (formula schema) 49
valid abstraction 344
value constraint 292, 300, 305
variable 35

bound 37

free 37
variable (substitution) 17
variable vector 209
variables 4
variant interpretation 41
VC  see verification condition
vector 209

unit 210
vector space 210

basis 211

dimension 211
vector-vector multiplication 209

verification condition 124, 136, 137

verifying compiler 114

vertex 214

defining constraints 214

vertex enumeration algorithm 239

vertex representation (affine space)
334

vertex representation (polyhedron)
238

weak permutation 170, 174

weakest precondition 136,312-316
weakly equivalent 284

weakly implies 284

well-founded induction 95,102
well-founded induction principle 103
well-founded relation 102

WIDEN [function] 324

widening 321

widening operator 323

zero [axiom] 73,75





