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Abstract

We define the notion of location for regular expressions with shuffle by extending
the notion of position in standard regular expressions. Locations allow for the
definition of the sets Follow, First, and Last with their usual semantics. From
these, we construct an automaton for regular expressions with shuffle (Apog),
which generalises the standard position/Glushkov automaton. The sets men-
tioned above are also the foundation for other constructions, such as the Follow
automaton, and automata based on pointed expressions. As a consequence,
all these constructions can now be directly generalised to regular expressions
with shuffle, as well as their known relationships. Furthermore, we show that
the partial derivative automaton (App) is a right-quotient of the new position
automaton, Apos. In a previous work, an automaton construction based on po-
sitions was studied (Agppos), and here we relate Apog and Agpes. We extend the
construction of the prefix automaton Ap,. to the shuffle operator and show that
it is not a quotient of Apps. The position automaton has been generalised for
regular expressions with the intersection operator. Here we show that locations
can be used to define the same automaton. Shuffle and intersection can be seen
as two extreme cases of concurrency, namely pure interleaving and strict syn-
chronisation. Locations provide a unified framework that will allow, not only to
define position based automata constructions for these two operators, but also
for other operators expressing intermediate kinds of concurrency.
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1. Introduction

Regular expressions with shuffle provide succinct representations for mod-
elling concurrent systems [2, 3] or schema languages [4, 5]. Recently, sev-
eral automata constructions for expressions with shuffle operators were con-
sidered [6, 7, 8]. For the standard interleaving shuffle operator (L), Broda et
al. [6] defined the partial derivative automaton (App) and a position automaton
(Aspos), showing that App is a right-quotient of App,s. For standard regular
expressions there is a one-to-one correspondence between non initial states in
the position/Glushkov automaton [9] and occurrences of letters (positions) in
the expression. This is no longer true for Agpos. Moreover, unlike most con-
structions of position automata, the definition of Appes did not rely on the sets
First, Last, and Follow [6]. The former two sets characterise the positions of let-
ters that can, respectively, begin or end words of the language; while the latter
contains, for each position of a letter, the positions of letters that can follow
that position in words of the language. In order to define these sets for ex-
pressions containing the shuffle operator, we introduce novel and more complex
structures of positions, which we call locations. Locations are defined in such
a way that, given an expression with nested shuffles, it allows to specify how
far a word has advanced in each of the components (shuffles) of the expression.
Each location in First corresponds to a position of a letter that can begin a word
in the language. The positions that appear in a location in Last are the ones
that can end a word. In the same way, the members of Follow represent pairs of
positions of letters in which the second letter follows the first one in some word
of the language. From these sets, using locations, the definition of this position
automaton Apgog is similar to the usual one: each location is the label of a state,
and the incoming transitions of a state are labelled with letters corresponding
to positions in that location.

This new construction is presented in Section 3, where an upper bound for
the number of states of Appg in the worst case is given. In Section 4 it is
shown that the partial derivative automaton App is a right-quotient of Apog.
A comparison of Apog and Appes is considered in Section 5, where their average
number of states is discussed. Restricted to expressions without shuffle, both
constructions coincide with the standard position automaton. The same holds
for App [10]. Thus, the proofs in Section 4 are alternatives to show that,
for standard regular expressions, App is a quotient of Appg. In Section 6 a
generalization for the construction of the prefix automaton Ap. [11, 12] to the
shuffle operator is presented, and it is shown that Ap,. is not a quotient of
Apos. Some experimental results comparing the sizes of these constructions
are also reported.

The sets First, Last, and Follow are also the base for other constructions,
such as the Follow automaton [13], as well as (deterministic) automata based
on pointed expressions [14, 15, 16]. As a consequence, it is now straightforward
to extend those constructions to expressions with shuffle, solving a problem



stated by Asperti et al. [14]. Moreover, the known relationships between those
constructions [16] extend to expressions with shuffle. The resulting taxonomy
is presented in Section 7.

Language intersection can model strict synchronisation of concurrent sys-
tems. In Section 8 it is shown that locations can be used to define the position
automaton for regular expressions with intersection introduced by Broda et
al. [17, 1]. In this way, locations allow to obtain a uniform position based au-
tomaton construction for regular expressions with both shuffle and intersection
operators, and which can be extended to other concurrency operators.

In this paper we revise and present the full proofs of many results that
appeared in [1]. Subsection 5.1, Subsection 6.1, and Section 8 are new. Section 7
is substantially expanded and now includes more examples.

2. Preliminaries

The set of standard regular expressions over an alphabet ¥, denoted by RE,
contains () plus all terms generated by the grammar

a—e|lo|(at+a)|(a-a)|a* (ocek). (1)

Note that most of the time the concatenation operator - is omitted. The language
associated with an expression a € RE is denoted by L(«) and is inductively
defined as follows for a, 8 € RE: L(0) =0, L(e) = {e}, L(o) = {c}, L{a+ ) =
L(@)UL(B), £(a-B) = L{a)L(B) = {wv | w € L(a) Av € L(B)}, and L(a*) =
L(a)* = U,en(£(@)™). The empty word is denoted by . We define (a) by
e(a) =¢eif € € L(a), and () = () otherwise. Given a set of expressions S, the
language associated with S is £(S) = |J,cg £(a). Moreover, we consider S =
Se = S and S = SO = 0, for any set S of expressions (or other objects). The
alphabetic size |alx is its number of letters. We denote the subset of ¥ containing
the symbols that occur in a by ¥,. A nondeterministic finite automaton (NFA)
is a quintuple A = (Q, X, 6,1, F) where @Q is a finite set of states, ¥ is a finite
alphabet, I C @ is the set of initial states, F' C @ is the set of final states,
and § : Q x ¥ — 2% is the transition function. If |[I| = 1 and |§(g,0)| < 1, for
all ¢ € Q,0 € X, A is deterministic (DFA). The language of A is denoted by
L(A) and two automata are equivalent if they have the same language. Given
an automaton A = (Q,X, 4,1, F) its reversal is AR = (Q,3,6%, F,I), where
R(q,0) = {p | q € 6(p,o)}, and L(AR) = L(A)R, which is the language
obtained by reversing the words in £(A). Two automata A; = (Q1,%, 61,11, F1)
and As = (Q2, X, 02, I, Fy) are isomorphic, A1 ~ As, if there is a bijection ¢ :
Q1 — Qy such that p(I)) = I, p(F1) = Fy, and ¢(01(q1,0)) = d2(p(q1), ),
for all ¢; € Q1, o0 € . An equivalence relation = defined on the set of states
Q is right-invariant w.r.t. A if and only if = C (Q\ F)?U F? and if p=g, then
Vo € X, p' € §(p,o), 3¢ € §(q,0) such that p'=¢/, for all p,q € Q. If = is
a right-invariant relation on @, the right-quotient automaton A/ = is given by
A/l==(Q/=,%,§/=,1/=,F/=), where §/=([p|,0) = {[q] | ¢ € d(p,0) }.
Then, £ (A/=) = L(A). An equivalence relation on Q is left-invariant w.r.t. A
if it is right-invariant w.r.t. A®.



The Position Automaton. Given a € RE, one can mark each occurrence of
a letter o with its position in «, reading it from left to right. The resulting
regular expression is a marked regular expression @ with all letters occurring
only once (linear) and belonging to ¥5. Each position i € [1, |a|s] corresponds
to the symbol o; in @, and thus to exactly one occurrence of ¢ in a. For
instance, if « = a(bb + aba)*b, then @ = ay(babs + asbsag)*b7. The same
notation is used for unmarking, @ = «a. Let Pos(a) = {1,2,...,]a|s}, and
Posy(a) = Pos(a) U {0}. Positions were used by Glushkov [9] to define an NFA
equivalent to «a, usually called the position or Glushkov automaton, Apos(a).
Each state of the automaton, except for the initial one, corresponds to a position,
and there exists a transition from ¢ to j by o such that o; = o, if 0; can be
followed by o; in some word represented by @&. The sets of positions that are
used to define the position automaton for a given a and ¢ € Pos(«), are

First(@) = {i|(BweX%) (oyw € L(@)) },
Last(@) = {i|(Bwex%) (wo; € L(@)) },
Follow(a,i) = {j| (3u,v € %) (uoio;v € L(@)) }.

For the sake of readability, whenever an expression « is not marked, we take
f(a) = f(@), for any function f € {First, Follow, Last, Pos}, as well as for other
functions which we will define later (e.g. Loc, p2loc), that have marked expres-
sions as arguments. We define the position automaton using the approach in
Broda et. al [16], where the transition function is expressed as the composition
of functions Select and Follow. Given a letter o and a set of positions S, the
function Select selects the subset of positions in S that correspond to letter o.
Formally, given S C Pos(«) and o € X, let

Select(S,0) ={i|i€ SAT;,=0}.
Then, the position automaton for « is
Apos(a) = (Posp(a), X, dpos, 0, Lastg(a)),

where Lastg(a) = Last(a) Ue(a){0} and dpos(i,0) = Select(Follow(c, i), o), for
i € Posp(a) and o € X.

Regular Expressions with Shuffle. Given an alphabet X, the shuffle of two words
in ¥* is the finite set of words defined inductively as follows: zle = elx = {x}
and cx W7y = {oz | z € aWrytU{7rz | 2 € oz Wy}, for z,y € T*,
and o,7 € Y. This definition is extended to languages in the natural way by
Lyw Ly = UmeLl,yeLz x W y. It is well known that W is a regular operator.
One can, hence, extend regular expressions to include the L operator. The set
of regular expressions with shuffle over X, R(W), contains all the expressions of
RE generated by the grammar rules in (1) plus rule &« — (alW «). The language
represented by an expression ol 3 is L(aw 3) = L(a) W L(B).



3. A Location Based Position Automaton

In this section we define a new construction for a position automaton for

expressions with shuffle, which is based on the sets First, Last, and Follow. In
order to define those sets for expressions containing the shuffle operator, we
need to consider more complex structures, which we call locations. Locations
are defined in such a way that, given an expression with nested shuffles, it allows
to specify how far a word has advanced in each of the components (shuffles) of
this expression. More precisely, when we enter a shuffle, we need to know not
only one position, but two, since we need to know where we are in the two
subwords that are are actually shuffled right now. Due to nesting of shuffles,
this means that we have to store a tree of positions, which is illustrated in the
following example.
Example 1. Consider o = (a*bled)* W (ac)* and @ = (aiballczdy)* W (asce)*.
We have aija1by € L(afibs), csdy € L(csds) and consequently aiaicsdsby €
L((aybollicgdy)*). Since ascg € L((asce)*), we conclude that w = ajasa;csdscebs
€ (ajajczdyby W ascg) C L(«). When processing w in an automaton, and after
reading the prefiz ajasaicsdy, one has to know that in the different shuffle com-
ponents the last letters read are respectively ay, dy4, and as. This information
will be stored in the location ((1,4),5). On the other hand, reading the prefiz
ayas should lead to the location ((1,0),5), where 0 indicates that the right side
of the first shuffle has not been entered yet.

Formally, given oo € R(W), the set of locations Loc(a) = Loc(a@), is induc-
tively defined on the structure of the expression @ as follows.

Loc(e) = 0, Loc(o;) = {i}, Loc(a*) = Loc(a),

Loc(a; + a2) = Loc(aae) = Loc(ary) U Loc(a), (2)

Loc(ay W ag) = Loc(a) x Loc(az) U Loc(ag) x {0} U {0} x Loc(az).

Note that each location p in « is either a position i € Pos(«), or of the form
(0,p2), (p1,0), or (p1,p2), where py,ps are also locations in «. As such, each

location corresponds to a complete binary tree.
The set of positions in a location p, 12pos(p), is defined inductively by

12pos(i) = {i},
12pos((0,p)) = 12pos((p,0)) = 12pos(p),
12pos((p1,p2)) = 12pos(p1) U 12pos(pz).

Note that for p € Loc(ay o ag), where o € {4+, -}, one has either [2pos(p) C
Pos(ay) or 12pos(p) C Pos(as).

Example 2. For a = (a*bW cd)* W (ac)* and @ = (afbe W c3dy)* W (asce)™,
Loc((a*bwi cd)*) ={(1,0),(2,0),(0,3),(0,4), (1,3),(1,4),(2,3),(2,4)}
Loc((ac)*) ={5,6}
Loc(a) = { ((0,3),7n), ((0,4),n), ((1,0),n),((2,0),n),(0,5), (0,6),
((1,3),n),((2,3), 1), ((1,4), 1), ((2,4),n) [ n = 0,5,6 },



with 12pos(((2,3),0)) = {2,3}, and 12pos(((2,3),5)) = {2,3,5}. For instance,
the location ((2,3),5) corresponds to words for which the last letters read in the
subexpressions a*b, cd, and (ac)*, are respectively b, ¢, and a. This example
also illustrates that the locations of an expression often contain elements of
different signature. In this case we have for instance (0,5),((2,3),6) € Loc(a).
Furthermore, considering the expression aa we have Loc(aa) = Loc(a) U {7},
which contains the locations 7, (0,5) and ((2,3),6).

In the following, we show that the function I2pos : Loc(a) — 2Po5(*) s
injective. First note that, for I € I12pos(Loc(ar)) = {I2pos(p) | p € Loc(«) }
there exists a unique location p such that I = 12pos(p). Furthermore, consider
p2loc(a, I) = p2loc(a, I) defined by the rules below, where o € {+,}.

p2loc(o;, {i}) =1,
p2loc(ay,I), if I C Pos(ay),
p2loc(as, I), if I C Pos(as),
p2loc(a*, I) = p2loc(a, I),
(p2loc(ay, I),0), if I C Pos(ay),
(0, p2loc(az, 1)), if T C Pos(az),
(p2loc(a, I1), p2loc(az, I2)), if I =11 U Ia,
0 # I; C Pos(eyj), j=1,2.

p2loc(ay o ag, I) = {

p2loc(ay W ag, I) =

Then, we have the following result.
Lemma 1. Given p € Loc(a), one has p2loc(a, 12pos(p)) = p.
Proof. By induction on the structure of «. O

As a consequence of the previous lemma it follows that the function I2pos is
injective. The following proposition gives an upper bound on the size of Loc(«),
and the next example exhibits an expression for which this upper bound is
reached.

Proposition 2. Given o € R(W), one has |Loc(a)| < 21ol= — 1.

Proof. Tt follows from Lemma 1, and in particular from the injectivity of 12pos,
that the number of locations is less or equal to the number of non-empty subsets
of Pos(a), which is precisely 2/*/® — 1. O

Example 3. Consider o, = ai W ---W ay,, where n > 1, a; # a; for 1 < i #
§ <mn. Then, 12pos(Loc(c,)) = 2Pos(@n) \ {B}, which is of size 2" — 1.

Lemma 3. Given a € R(W) and i € Pos(«), the following hold:
1. there is p € Loc(av) with i € 12pos(p);

2. there are words w,w’ € XX, such that wo,w' € L(@).

o’



Proof. Straightforward by structural induction on «. O

Given o € R(W), the states in the position automaton will be labelled by
the elements in Loc(«), except for the initial state labelled by 0.

The sets First, Last and Follow are defined extending the usual definitions, [18,
13], to the shuffle operator. For expressions without shuffle, each position i
corresponds exactly to one marked letter o; and, consequently, in the Glushkov
automaton all incoming transitions of state ¢ are labelled by ¢ = &;. This is
no longer true for expressions with shuffle. In this case a location p labelling a
state can have incoming transitions labelled by different letters, corresponding
to the positions in 12pos(p) and depending on the source state. For this reason
we will include letters in the definition of First and Follow. Recall that given a
set S and an expression a, (a)S = S if e(a) = ¢, and €(a)S = 0 otherwise.

Given a € R(W) the set First(a) C X, x Loc(«) is defined as follows.

First(e) = 0,
First(o:) = {(77,9)},
First(ay + ) = First(aq) U First(az),
First(ap ) = First(aq) U (o) First(ae),
First(a™) = First(«),
First(oy W a2) = { (o, (p,0)) | (o,p) € First(a1) } U{ (o, (0,p)) | (0,p) € First(az) }.

3)

Fact 1. For every (o,p) € First(a) the location p contains exactly one non-null
component i € Pos(«), i.e., [2pos(p) = {i}. Furthermore, 7; = 0.

Lemma 4. Given a € R(W), one has (o,p) € First(a) with 12pos(p) = {i}, if
and only if there is some w € X%, such that o;w € L(@) and T; = 0.

Proof. The proof is by structural induction on the marked expression @. For
€ and marked singletons the result is obvious. For union, concatenation and
Kleene star, the proof is similar to the one for standard expressions. Consider
the case of an expression a; LI .

Let (o, (p,0)), with (o,p) € First(aq), 12pos((p,0)) = 12pos(p) = {i}, and
7; = 0. By the induction hypothesm there is some w € X%, such that o;w €
L(ay). Consider any word w’ € L(az) # 0. Then, o;ww’ € L(ay) W L(ag) =
L(a1 W az). The case of (o, (0,p)), with (o,p) € First(az), is analogous. For the
other direction, consider a word o,w € L(ay LW ag). By definition, either there
is some o;w; € L(a) and some ws € L(a3) such that w € wy W wa, or there
is some w; € L(ay) and some o;wy € L(a3) such that w € w; W wy. In the
first case, by induction, there exists (o,p) € First(ay) with 12pos(p) = {i} and
o; = 0. Consequently, (o, (p,0)) € First(ay W az). The other case is similar. [

As usual, the equations for Last are the same as for First, except for con-
catenation and shuffle. Note that for Last we do not need the letter, which is
therefore omitted in the definition.



Last(o;) = {i},
Last(ayaz) = Last(ag) Ue(az) Last(ay),
Last(a LW aip) = Last(ay) x Last(as)

U e(aq)({0} x Last(ag)) Ue(az)(Last(ay) x {0}).

(4)

Lemma 5. Given o € R(W) and i € Pos(«), there is a location p € Last(«)
with @ € 12pos(p) if and only if there is some w € XX, such that wo; € L(@).

o’

Proof. The proof is by structural induction on @. We need only to consider
the case of an expression a; W as. Let (p1,p2) € Last(ag) x Last(ag) and
i € 12pos(p1). By the induction hypothesis, there is some w; € ¥}, , such that
wyo; € L(ay). For any we € L(az) # 0, wawy0; € L({ay W az). Next, consider
a location (0,p) € e(a1)({0} x Last(az)) and ¢ € 12pos((0,p)) = I2pos(p). By
induction, there is some wy € E;Q, such that wyo; € L(z). On the other hand
€ € L(a1). Thus, weo; € L W a2). The remaining cases are analogous.

For the other direction, consider wo; € L(ag W «a3). By definition, there
is some wy0; € L(ay) and some wy € L(ag) such that w € wy W ws (or vice-
versa). By induction, there exists a location p; € Last(a) with ¢ € [2pos(p1). If
wg = whoj, by induction there is some py € Last(az) with j € 12pos(p2). Thus,
(p1,p2) € Last(ay) X Last(az) and i € 12pos(p1) C 12pos((p1,p2)). If we = ¢,
then (p1,0) € e(az)(Last(aq) x {0}) and i € 12pos(p1) = 12pos((p1,0)). O

Given « € R(W), we define Locy(a) = Loc(a)U{0} and Lasto(«) = Last(a)U
¢(a){0}. Finally, we define Follow(c, p) C X, X Loc() by setting Follow(a, 0) =
First(«), and for p € Loc(a),

Follow(e, p) = Follow(a;, p) = 0,
Follow(ay,p), if p € Loc(ay),
, if p € Loc(an),

, if p ¢ Last(ay),

Follow(as, p)
(a1,p)
Follow(aiara, p) = ¢ Follow(a, p) U First(as), if p € Last(ay),
(a2,p)
(a1,p)
(a1,p)

Follow(ay 4+ a2, p) = {

Follow(a

, if p € Loc(a), (5)

) if p ¢ Last(ay),
U First(cy), otherwise,

Follow(ag

Follow(a

Follow(aj,p) = {

Follow(a,

FO”OW(al L Olg,p) = {(07 (p17p2)) | (Uapll) € FO||OW(al7p1)}
U {(0, (p1,p3)) | (0,p) € Follow(az, p2) }
if p = (p1,p2)-

Furthermore, given S € 2-°%(®) set Follow(a, S) = U,es Follow(a, p).  The
following example shows why letters are necessary in the definition of Follow.



Example 4. For o = a*Wb* and @ = a7 W b}, Last(a) = {(1,0),(0,2),(1,2)},
and

Follow(a, 0) = First(a) ={(a, (1,0)), (b, (0,2))},
Follow(a,, (1,0)) ={(a, (1,0)), (b, (1,2))},
Follow(a, (0,2)) ={(a, (1,2)), (b, (0,2))},
Follow(a, (1,2)) ={(a, (1,2)), (b, (1,2))}.

Lemma 6. Given a € R(W) the following hold.

1. If there are locations p, q € Loc(a) with (o, q) € Follow(c, p), then there are
w,w € X% and i,j € Pos(a), such that wo;ojw’ € L(@) with i € 12pos(p),
J € 12pos(q), and 0 = 7.

2. If there are w,w' € X% and i,j € Pos(a) such that woo;w’ € L(@),
then there are p,q € Loc(a) with i € 12pos(p) and j € 12pos(q), such that
(75,q) € Follow(a, p).

Proof. The proof is by structural induction on the marked expression &@. We con-
sider the cases of concatenation and shuffle. For 1. consider (o, q) € Follow(a; s, p).
Then (o,q) € Follow(ay,p), (0,q) € Follow(ag,p), or (o,q) € First(ag) and

p € Last(ay). The first two cases follow from the induction hypothesis. For the
last case, we have by Lemmas 4 and 5, that there are w,w’ € X% , i € [2pos(p),

J € 12pos(q) with o = 75, such that wo; € L(a1) and o’ € L(a2). We con-
clude that wo;o;w" € L(ajaz). For 2. we write wo;ow’ = wiwso;0jwiws, and
distinguish between three cases, where respectively,

o wiwgoojw) € L(ay) and wh € L),
o wiwa0o; € L(o) and gjwjwy € L(az), or
e wy € L(a1) and wao;ojwiwy € L{ag).

In the first and the last case the result follows from the induction hypothesis.
For the remaining case, we know by Lemma 5, that there is p € Last(a;) and
i € 12pos(p). On the other hand it follows from Lemma 4 and Fact 1 that there
is (0,q) € First(ag) with 12pos(q) = {j} and &; = 0. Now, it is sufficient to
apply the definition of Follow.

Now, for 1. let (0,q) € Follow(ay W s, (p1,p2)), where ¢ = (p),p2) with
(0'7])/1) € FOllOW(al,pl) (OI' q= (p17p/2) with (prlz) € FO||OW(O(27p2)).

From (o,p}) € Follow(ay,p1) we consider two cases. If p; # 0, then by
induction there exists i € 12pos(p;) and j € 12pos(p}) with o = &} such that
woo;w’ € L(ay). Now, consider any word we € L(az). Then, woow'wy €
L(ag W ag). If py = 0, then (0,p)) € First(aq) and 12pos(p}) = {j} for some j €
Pos(cv1). Furthermore, there is a word wy such that ojw, € L£(a1), by Lemma 4.
Moreover, 0 # py € Loc(as). Now, consider any i € [2pos(ps) = 12pos((0, p2)).
It follows from Lemma 3, that there are words wy and w) such that wyo;wh €
L(az). Consequently, woo;owiwsy € ojwi W wao;wy C LW ag). If ¢ =

10



(p1,ph) the proof is analogous. For 2. we consider two cases (the remaining
cases are variants of these two).

First, let zo;0;y € L(ag W ), for some wio;w] € L(o) and woojwhy €
L(az), where z € w; W we and y € w) W w). By Lemma 3 there is p; € Loc(aq)
with 4 € [2pos(p1). We consider two cases for ws.

If wy = wYoy, ie., whorojwy € L(as), then it follows by induction that
there are locations po,p) € Loc(as), such that k € [2pos(p2), j € 12pos(ph),
o =5, and (o, p5) € Follow(ag,p2). Moreover, i € 12pos(pi) C 12pos((p1,p2)),
and by the definition of the Follow set, (o, (p1,p5)) € Follow(ay W o, (p1, p2))-

If wy = ¢, then there exists a location ps € Loc(ag) such that 12pos(ps) =
{j}, (o,p2) € First(az) = Follow(az,0), and o0 = 7;. We conclude that (o, (p1,p2)) €
Follow(av W ar, (p1,0)), while ¢ € 12pos(p1) C 12pos((p1,0)).

Second, let zo;0;y € L(ay W o), for some wio;0w] € L(o) and wow) €
L(az), where z € wy W we and y € wj W wh. It follows by induction that
there are locations p1,p) € Loc(ai), such that ¢ € 12pos(p1), j € I12pos(p}),
o = g;, and (o,p]) € Follow(a,p1). Consider any location ps € Locy(az).
Then, (p1,p2), (p},p2) € Loc(a; W «g). Furthermore, i € 12pos((p1,p2)) and
(o, (P, p2)) € Follow(a W g, (p1, p2))- O

For a set S C ¥, x Loc(a) and o € 3, let Select(S,0) = {p | (o,p) € S }.
The position automaton for a € R(W) is

Apos(a) = (Locy(a), 2, dpos, 0, Lastg (),

where dpos(p, o) = Select(Follow(a, p), o), for p € Locy(ax),0 € X.
The correctness of this construction follows from the previous four lemmas.

Proposition 7. L(Apos(a)) = L(a).

Example 5. For a = (ab)* W (be)* with @ = (a1ba)* W (bgeq)*,
Loco(@) = {0, (0,3),(0,4),(1,0),(2,0), (1,3), (1,4),(2,3), (2,4)},
First(a) = {(a, (1,0)), (b, (0,3))},
Lasto(a) = {0, (0,4),(2,0),(2,4)}.

The position automaton Apos(a) is depicted below.

Note that, for an expression a without shuffle we have Loc(a) = Pos(«) and
Apos(a) is exactly the standard position automaton. In fact, the usual Follow
set for a position j is equal to {i | (7;,7) € Follow(c, j) }.
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4. App(a) as a Quotient of Apps(a)

In this section we show that the partial derivative automaton App(«) for
expressions o € R(W) [6] is a quotient of the position automaton as defined in
the previous section. This generalises a well known result for regular expressions
to expressions in R(). We give some intuition on this, considering as an
example the regular expression o = (a+b)c with @ = (ay +bz)c3. Besides of the
initial state 0, the position automaton Apog(a) will have three further states,
labelled respectively with 1, 2, and 3. These contain essentially the information
that the last letter in an prefix leading to them are: a in the case of 1, b in
the case of 2, and ¢ in the case of 3. The information contained in a state of
the partial derivative automaton App(«) is of different nature. In fact, each
state is labelled by a regular expression (a partial derivative). This expression
defines the set of words that complement (as a suffix) any prefix, that leads to
this state, to a word of L(«). In our example prefixes a and b have the same set
of possible complements, namely {c}. Hence, in this particular case, App(«)
can be obtained from Apps(a) by merging the two states labelled with 1 and
with 2 into a state labelled with c.

We recall that the definition of the set of partial derivatives of o € R(LW)
w.r.t. a letter o € ¥, denoted by 9, (), is a set of expressions inductively defined
by

@ :aa( 8U(Oé +B) = 80(04) U 60’(6)7
B {égjtlllfe;‘w;j 9o (af) = 85 () B U e(a)85(8),

=0 (o) 95 (at f) = O5(a) W {B} U {a} W 95(P).

where, for any S,T C R(W) \ {0}, we define SWT ={awf|acSABeT},
SO =0S=10,Se={c}S =S5, and, if o’ # 0,¢,

So/ ={ad |laeSAhNa#ctU{d |Te S}

As usual, the set of partial derivatives of o € R(W) w.r.t. a word w € ¥* is
inductively defined by 0. (a) = {a} and Oye(a) = 05(0w (), where, given a set
S CR(W), 05(S) = Upeg 9o (). Moreover, L(dy(a)) = { w1 | wwy € L(a) }.

Let 9(a) = Upex+ Ow(a), and 0% (a) = U, ex+ Ow(a). The partial deriva-
tive automaton of a € R(W) is

App(a) = (0(a), ,{a}, dpp, Frp),
with Fpp = {5 € d(a) | () = ¢} and dpp (B, 0) = 05(B), for B € I(a), o € X.

Example 6. The partial derivative automaton for oy W ay, where ap = (ab)*
and ag = (be)*, from Example 5, is depicted below.
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We note that both 0% () and Locy(c) are at most of size 2/%!= cf. [6]. Given
an expression «, one can naturally apply any automaton construction A to the
marked expression @, where transitions are labelled with marked letters. We
denote by A(@) the automaton obtained from A(@) by unmarking the labels of
transitions, but without changing the labels of the states. Champarnaud and
Ziadi [19] proved that, for standard regular expressions, App is a quotient of the
position automaton Apps. It was shown that, given a position i, there exists
some expression, denoted by c(@, i) and called c-continuation, such that for all
w € X%, either Oy, (@) = 0 or Oye, (@) = {c(@,i)}. This naturally induces a
right-invariant relation on the set of positions, where i =, j if c(a, i) = c(a, j),
and such that Apog(a)/=, ~ App(a@). For expressions in R(W) it is no longer
true that given a position ¢ there exists a unique expression c(@,i) satisfying

the conditions described above. The following is an example of this.

Example 7. Consider o = (a* 4+ b)* W (¢* +d)* and @ = ay W ag, where aq =
(at+b2)* and ag = (c5+d4)*. For the letter a1 we have Oy, (@) = {afon W as},
while Ocya, (@) = {aton W can}.

However, for expressions with shuffle we can associate a unique expression
c(@,p) to each location p, which will be used to show that, also in this case,
App is a quotient of Apps. Let c¢(@,0) = @. The c-continuation c(a@,p) of @
w.r.t. a location p is defined as:

c(oi,i) = ¢, c(a”,p)=cla,p)a”,

c(ay,p), if p € Loc(ay),

clog +ag,p) = (e1,7) P ()

c(ag,p), if p € Loc(az),
c(ay,p)ag, if p € Loc(ay),
c(arag,p) = (e, p)az P ()
c(as,p), if p € Loc(aw),

clai W ag, (p1,p2)) = clai,pr)wclag,p2).

Example 8. Consider again o = (ab)* W (be)* from Ezample 5. For the ele-
ments in Locy(a) we have c(@,0) = c(@, (2,0)) = c(@, (2,4)) = c(7, (0,4)) = @,
c(@,(0,3)) = c(@,(2,3)) = (a1b2)* W cq(bzeq)*, c(@,(1,0)) = c(a,(1,4)) =
ba(a1ba)* W (bscq)*, and c(@, (1,3)) = ba(arbe)* W eqa(bseca)*. The partial deriva-
tive automaton of the expression given above is obtained by merging the states
in the Apos(a) labelled with locations that have the same c-continuation.

To show that App(@) is a quotient of Apog(@), we first prove that the set
of all c-continuations is precisely % (a) (Lemma 8). Furthermore, p is a final
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state in Apog(@) if and only if c(@,p) is a final state in App(@) (Lemma 9).
Finally, in Proposition 10 we relate 9,,(c(@, p)) with Follow(@, p). Due to their
length, the proofs can be found in the appendix.

Lemma 8. Let o € R(W). Then, 0% (a) = {c(@,p) | p € Loc(a) }.

Lemma 9. For a € R(W) and p € Loc(a), e(c(@,p)) = <= p € Last(a).

Proof. By structural induction on @. O
The next proposition relates derivatives of c(@, p) with Follow(c, p).

Proposition 10. For o € R(W), p € Locy(a), and o; € Xz, one has

B € 0y,(c(a,p)) < Fq € Loc(a) : B =c(a,q) Ni € 12pos(q) A (77, q) € Follow(a, p).
Now, the equivalence relation =, on Locy(a), that defines App(a) as a

quotient of Apos(@), is defined by p =, ¢ if c(@, p) = c(@, q).

Lemma 11. The relation =, is right-invariant w.r.t. Apos(c).

Proof. Consider p,q € Loco() such that p =, ¢, ie., c(a,p) = c(a,q). By

Lemma 9 we have p € Last(a) if and only if ¢ € Last(a). Let (o3,p) €
Follow(a, p) with ¢ € 12pos(p’). By Proposition 10, one gets

c(@,p') € 05, (c(@,p)) = 0s,(c(@, q)),
and also that there is ¢ € Loc(a) such that (57, ¢') € Follow(a, ¢) and c(@,¢') =
c(@,p'), ie, p' =, ¢ O
Example 9. Consider again o = (ab)* W (be)* from Example 5. Recall that
c(@,(2,0)) =c(a, (0,4)) =a, i.e., (2,0) =, (0,4). Furthermore,

(a1b2)* L C4(b304)* € 8b3(a),
(b,(2,3)) € Follow(a, (2,0)),
(b, (0,3)) € Follow(c, (0,4)), and (2,3) =, (0, 3).

Proposition 12. Apos(a)/=, ~ App(a).

Proof. We show that the function ¢. : Loco(a)/=, — 91 («), defined by
ve([p]) = c(@,p), is an isomorphism. Injectivity follows from Lemma 11 and
surjectivity from Lemma 8. For the initial state we have ¢.([0]) = c(@,0) = @.
Furthermore, by Lemma 9, [p] is a final state in Apog(a)/=, if and only if
©c([p]) is a final state in 0T («). Finally,

pe(PPOS/= (9], 0)) = ¢e({ [d] | (0,q) € Follow(a, p) })
={c(@,9) [ (o,9) € Follow(e,p) }

= _U 0o, (c(@,p)) = dpp(@e([p]), 0)-

;=0
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Broda et al. [6] showed that App(a) is a quotient of App (@) by the right-
invariant equivalence relation =, defined on the states of App(@) by 1 =2 B2
if 81 = B2. Let =, be the relation =5 o =,. Thus, we have the following result.

Proposition 13. Apos(a)/=. =~ (App(a))/=2 ~ App(a).

Example 10. [t follows from the c-continuations computed in Example 8 for
a = (ab)* W (be)*, that there are no By # P2 € O (@) such that B =2 Bo.
Consequently, in this particular case, App(@) ~ App(a).

5. Apos(a) vs. Agpos(a)

In this section, we relate the position automaton defined in this paper with
the one presented by Broda et al. [6]. The states of Ap,s are labelled by pairs
(7,17), where i is a position of a letter in the original expression, and v € R(L)
describes the right-language of the state. Given a € R(W), the automaton
obtained by that construction will be denoted by Agpes(), and is defined by

'AGPOS (Oz) = <Sgpos(a)7 2, {(aa 0)}7 539057 F5p05>7
where §3y0(a) = { (@,0) JU{ (1.4) | 7 € 00, (3(@), 07 € S}, Fopon = { (1.4) €
Shpos(@) | €(7) = €} and Gopos((7,7),0) = { (B,5) | B € 0o, (7),0 =77 }.

Example 11. Consider the expression o = (ab)* W (be)* from Example 5, with
@ = a1 W ag, where aq = (a1b2)* and as = (bsca)*. The Agpos() is depicted
below.

Merging the states whose labels contain the same expression, we obtain App (@),
which in this case coincides with App(«), displayed in Example 6.

For « in the previous example neither Apog(a) is a right-quotient of Agpes (),
nor vice-versa. This can also be seen in the following example.

Example 12. Consider a = (a + b) W (¢ + d) with @ = (a1 + ba) W (c3 + dy).
Both, Agpes(c) and Apos(a), depicted below, have nine states. However, words
ac and be lead in Agpos(v) to the same final state, and in Apos(e) to different
final states. This shows that the automata are not isomorphic, hence neither of
them is a quotient of the other.
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It was shown [6] that App (@) is a quotient of Agpes(a) by the right-invariant
equivalence relation =; defined on the set of states in Agpos(a) by (81,1) =1
(B2,7) if B1 = P2. Thus, we obtain the following relation between Apog(a) and
Adpos ().

Corollary 1. Appos(a)/=1 ~ Apos(a)/=, =~ App(a).

The average number of states of App, which is (3 +o0 (1))lel= | was estimated
using an upper bound p(a) for the number of elements in 9(a) (see [6]). The
value of p(«) is precisely |Loc(a)|, obtained by the definition 2. Thus, we
conclude that the average number of states of Apog is the same. However, an
analogous analysis gives an upper bound for the average number of states for
Aspos of (3 + 0 (1))!*1 (see [6]).

5.1. Apos, Aopos, and Standard Regular Ezpressions

Clearly, all results established in Section 4 and 5 hold when considering stan-
dard regular expressions, i.e., expressions without the shuffle operator. In this
section we derive known results [19, 13] using our approach for this particular
subcase.

Let 7 denote a standard regular expression. Then, it is easy to see that
Loc(r) = Pos(7). Lemmas 4, 5, and 6 ensure that the inductive definitions
of the sets First, Last, and Follow correspond precisely to the usual semantic
interpretation of these sets, as defined in Section 2. In particular, this implies
that the definition of Apog corresponds to the standard one. The same is true
for the notion of c-continuation c(a@,) of a position ¢. The fact that App is a
quotient of Apog follows from Lemmas 8, 9, and Proposition 10, which in the
present case read as follows, respectively.

o O7(7) ={c(7,i) | i € Pos(T) };
o o(c(T,1)) =¢ < i€ Last(r);
o c(7,i) € 05, (c(7,5)) <= (77,i) € Follow(,j).

Finally, note that, for standard regular expressions, Agpos also coincides (up to
isomorphism) with the standard position automaton. This is due to the fact
that, whenever 7,7 € 0,,(9(7T)) then v =" = (7, 1).
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6. Apre(a) and Apos(a)

A conversion from regular expressions to automata, which has been recently
studied, is the prefix-automaton Ap,. [11, 12, 16]. For standard regular expres-
sions Ap,. is a left-quotient of the Appg, and for linear expressions @ one has
Apos(@) ~ Apyo(@). Being a left-quotient also implies that the determinisa-
tion of Apy. coincides with the determinisation of Appg [16]. Below we define
an extension of the Ap,, construction for expressions in R(W). However, the
relationship with the position automaton doesn’t hold any more, neither for
Apos, nor for Agp.s. Every state in Ap,e is labelled either with ¢ or with an
expression of the form ao, describing the left-language of that state. To obtain
those expressions, one uses a function R that, given an expression a, computes
a set of normalised expressions of the form o/o. For o € R(W), the set R(«) is
given by

R(0) = R(e) = 0,

R(o) = {o}, R(a®) = o R(a),

R(a1 + as) = R(a1) UR(a2), R(aias) = aR(as) Ue(as) R(aq),
R(aq W ag) = { (o) W az)o | oo € R(ar) } U{ (a1 W ah)o | aho € R(az) }.

(6)
One can see that R.(a) = R(a) Ue(a) is such that £L(R.(«)) = L(«). Thus, it
is the set of final states of Apye(). Then, the remaining construction of the
automaton is done backwards. For each state of the form o’ the set R.(a) is
computed and a transition by o is added from each element o € R.(a/) to o/o.
The state labelled by ¢ is the initial state of Ap..(a). Formally, consider the
function p, () for words w € ¥* defined as follows: p.(a) = Re(a), and

pow(a)= | J R(d).

a’oc € pw(a)
We have that L£(py () = {z | zw € L(«) }. The prefiz automaton of « is
Apre(a) = (Pre(a), X, 0pre, €, Re (@),
where Pre(a) = J,ex+ Pw(a), and
Spre = { (&”,0,d'0) | /o € Pre(a), o” € Re(a)), 0 € ¥},
that is, for all o’c € Pre(a), 08, (d/0,0) = Ro().
Proposition 14. L(Ap,.(a)) = L(«).

Proof. Based on the construction of Ap,. for standard regular expressions one
only needs to prove that L(R.(c;Was)) = L{a1Was). First e € L(R. (a1 W as))
if and only if ¢ € L(o; W ag). Let z € L(R:(a1 W az)) and suppose that
z € L((o) W ag)o) with ojo € R(ay) (the other case is analogous). Then
x = 2'o and 2’ € wy W wy, where wy € L(a}) and we € L(az). But then

17



we have wio € L(R(a1)) C L(a1) and = € L(a1) W L(ag) = Loy W ag). If
x € L{ag W ag) \ {e} then = € wy W we, with w; € L(a;) and we € L(ag).
Let z = 2'o, wy = who and wy € L(aho), for some abo € R(az). Then
z € L((ap W ah)o) € L(R.(ag W aw)). For wy = wjo the proof is similar. O

For expressions with shuffle, Ap,. is neither a quotient of Appg, nor of
Aopos- The following example shows, that for expressions with shuffle Ap,e is
not a quotient of Apos.

Example 13. Consider the expression o = (ab)* W (be)* with @ = ay W g,
where a1 = (a1b2)* and as = (bsca)* (of Example 5). The automaton Apye(@),
displayed below, does not coincide with Apos(«), contrary to the case for regular

expressions without shuffle [16].

=

S
: |
:

= (a3 Wagbg)ay (ayay Wagbg)by

The automaton Apye() is obtained from Apo(@) by merging states that af-
ter unmarking are labelled with identical expressions. One can verify that in this
case Apre() is not a quotient of Apos(a). Moreover, the determinisation of
Ap.e does not coincide with the determinisation of Apos. Also, the determini-
sation of Apye(c) does not coincide with the determinisation of Apos(a).

The following example shows that, in general, Ap,.(a) is neither a quotient

of Agpos(a).

Example 14. For a = (a* + b*) W ¢ the automata Appos(a) and Apre(a) are
depicted below.
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6.1. Experimental Results

Table 1: Experimental results.

1Qppl 19pp |
K n |olsy IQpos| IQpDpl 1Qprel Isposl 1opD| 1oprel [Qpos]| [6pos]|
10 3.3 5.71 4.02 5.33 6.28 10.18 8.51 0.70 0.62
20  6.01 16.73 9.89 15.11 25.84 50.39 140.68 0.59 0.51
2 30  8.85 43.15 21.07 36.69 75.11 180.96 136.83 0.49 0.42
40  11.72 101.65 42.13 80.46 188.73 532.59 374.72 0.41 0.35
50  14.59 250.87 85.20 177.69 455.14 1606.65  988.14 0.34 0.28
10 4.02 7.82 5.41 8.57 15.08 9.61 15.51 0.69 0.64
20  7.84 28.38 16.42 34.79 88.81 47.33 101.45 0.58 0.53
5 30 11.58 91.74 47.06 118.45 393.64 188.81 477.92 0.51 0.48
40  15.27 281.40 109.41  352.17 1595.98 559.48  1861.45 0.39 0.35
50  19.04 790.81 252.47 5345.74  1537.58 0.32 0.29
10 4.47 9.03 6.24 10.77 17.86 11.66 20.25 0.69 0.65
20  8.76 37.75 22.09 55.32 119.51 66.81 166.57 0.59 0.56
10 30 12.97 130.96 63.03 204.80 566.82 259.10 843.73 0.48 0.46
10  7.14 463.53 181.01 2636.58 961.48 0.39 0.36
50  21.34  1491.69  493.65 10273.77  3197.12 0.33 0.31

For standard regular expressions the average sizes of Apos, App, and Ap,e
have been studied both experimentally using uniform random generated expres-
sions, and asymptotically using the framework of analytic combinatorics [20].
It was shown that, asymptotically, the size of the App is half the size of Apos,
and Ap,e is almost the same size of Appg. Both Appg and App can be com-
puted in time O(n?), but to compute App, in general, the Apos must be first
computed [21].

In order to compare, on average, the sizes of Apos, App, and Ap,. for
expressions with shuffle we performed some experiments, using the FAdo pack-
age [22]. Regular expressions o € R(L) were uniformly random generated using
a version of the grammar (1) (with the shuffle operator) in prefix notation [23].
For each expression size, n, and alphabet size, k, samples of 10000 expressions
were generated. This is sufficient to ensure a 95% confidence level within a 1%
error margin [24]. Due to the exponential blow-up of the size of the automata,
only small values of n and k were used. Table 1 presents some average results
for n € {10,20,30,40,50} and k € {2,5,10}.

Column three represents the average alphabetic size of the expressions.
Columns four up to nine give the average number of states and the average
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number of transitions for each construction. The last two columns present the
ratios of the size of states and of the size of transitions, respectively, between
App and Apps. As expected, the size of the App is never larger than the size
of Apog, but it is not clear if those rations tend to % Runtime of each con-
struction is exponential in the size of the expression. However, in the current
implementation, App construction [? ] seems the faster. For instance for
k = 5 and n = 30 the runtime per expression for Apos, App, and Ap,e were,
respectively, 0.0022, 0.0019 and 1.117 seconds in a 2.7 GHz Intel Core 17. Some
values are missing for Ap,. as their computation would take too much time.

7. Relation with other Constructions

Although Apops and Ap,. are incomparable, the relationship between Ap,
and App established in Broda et al. [16] still holds for the set R(w). To
show that, it is enough to consider the dual reversal of Apye, i.e., As—(a) =~
Apre(@®)R. Defining L(e) = R(a®)R and P, (@) as py(a), but using L instead
of R, we have

As—(a) = (Pre(a), %, 65—, L.(a), ),

"

where ﬁe(a) = Upes- % () and 0p=(a’,0) = Le(a”) if o/ = 00", and
0g—(a’,0) = 0 otherwise, for o € X. The following lemma establishes the
relationship between L and partial derivatives for v € R(L).

Lemma 15. L.(a) = J, ¢y 00, (o) Ue(a).

Proof. We only need to prove the case a = Lo, which is obvious considering
the definition of d,(«) and the fact that
Llaqwag) = {o(ajWwas) | o) € L(ar) JU{o(arwad) | oah € L(az) }. O

With Lemma 15 one can prove that the determinisation of Aﬁ is isomorphic
to a quotient of the determinisation of App by the right-invariant relation (= _),
defined as follows

X=X &L((X)=L(X"),

where X, X’ C PD(a), and L.(X) denotes |J, x Lc(a’) [16, Prop. 19]. The
same holds if one considers Brzozowski derivatives [25] extended with shuffle
and the correspondent deterministic automaton (B in Figure 1).

Broda et al. [16] established relations between different conversions from
regular expressions to equivalent finite automata, using the notion of position,
the sets Follow and Select, and operations such as quotients, determinisation
and reversal. These constructions are the Follow automaton (Ag) [13], the Au
Point automaton (Ang) [14, 15], the McNaughton-Yamada automaton (Anry,
Awma) [26, 15], as well as some dual constructions using a double reversal. Con-
sidering locations instead of positions and the definitions of Follow and Select
given in this paper, these constructions are now automatically defined for ex-
pressions in R(W). Moreover, all the relationships established between them
extend to expressions with shuffle. Those relationships are depicted in Figure 1.
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Figure 1: Taxonomy of conversions for regular expressions with shuffle to finite automata.

Nodes correspond to models and nodes labeled by Z denote a double reverse construction
A(aR)R. Edges correspond to operations or conversions between models. The edges labelled
by R correspond to the reversal operation, and the ones labelled by D to determinisation.
The remaining labelled edges correspond to quotients where the labels identify the defining
relation (see [16] for details).

In contrast to the situation for RE, for R(W) we cannot ensure that D(Ag—)
is always the smallest DFA among the ones present in that figure, as it is in-
comparable (for instance) with Ayp. For convenience, in the next paragraph
we recall the definitions of Ayp and Aya.

Asperti et al. [14] introduced the notion of pointed regular expression in order
to obtain a compact representation of a set of positions. A point is used to mark
a position to be visited when reading a letter instead of a position reached after
reading the letter, as is the case for Appg. The resulting construction was called
mark before, Ay, by Nipkow and Traytel. In the framework developed in [16],
this means that dyp is a composition of Follow with Select. Formally, given
a € R(W), let

Ang (@) = (Qus, E, dmp, (Follow(a, 0),£(0)), Fus),
where Qup C 27°5(%) x {, ¢}, and for (S,¢) € Qup and 0 € X,
ome((S,¢),0) = (Follow(a, Select(S, o)), e(Select(S, 0))),

and Fyp = {(S,¢) | ¢ = €}. In Qup we consider only the states that are
accessible from the initial state by dyg. As mentioned before, this construction
contrasts with the one of Appg and of its determinisation, the McNaughton-
Yamada DFA, that can be defined as

Awmy (a) = D(Apos(@)) = (Quy, 2, dmy, {0}, Fuy),
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where Qumy C 2Po0(@) Fyy = {S € Quy | e(S) =€} and for S € gPoso(a)
<IN

omy (S, o) = Select(Follow(a, S), o).

Because of the behaviour of the transition function oy of Awmy (), Nipkow
and Traytel called this construction mark after (Anma(c)).

Example 15. The following ezamples show that D(Ag— (1)) and Awup are
incomparable. Considering oy = (a + b*)* W (bc))*, Amp(a1) has three states
(and it is minimal) and D(Ags— (1)) has eight states. While for oz = blab, the
Awmp(az) has seven states and D(Ag—(az)) has siz states (and it is minimal).
All four automata are represented below, where the dead states have been omitted.

&
)

a

Ans (a2

D(Apr(a2))

8. Location Automaton for Regular Expressions with Intersection

In this section we consider regular expressions with the intersection op-
erator. The set R(N) of reqular expressions with intersection over X is ob-
tained by extending grammar (1) with the N operator (instead of L), where
L(anp) = L(a)NL(S). Note that intersection corresponds to strict synchroni-
sation of concurrent events. As such, among the different kinds of concurrency
operators, it is the opposite extreme of the shuffle operator, which corresponds
to pure interleaving. For expressions with intersection, a position automaton
was defined by Broda et al. [17, 27]. In this section, we show that using locations
one can construct an automaton for regular expressions with intersection, that
is isomorphic to the position automaton in [17, 27]. For i € Pos(a), let £(i) = o
for ; = o and let £(I) = o if for all i € T C Pos(«) one has £(i) = o.

To gain some intuition on the (new) definitions of sets First, Follow and Last
we consider the following example from [17].
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Example 16. Let a = (ba*b+a)N(aa+b)* with@ = (byakbs+as)N(asas+b7)* =
a1 Nag. We have First(ar) = {1,4} and First(az) = {5,7}. The intersection
operator requires that one proceeds with the same letter simultaneously in both
expressions. As such, the set of locations reachable from the initial state O is
{(4,5),(1,7)}. The location (4,5) is reached with an a, which is the letter cor-
responding to both positions 4 and 5, i.e. £(4) = £(5) = a. Moreover, location
(5,7) can be reached by b = €(5) = £(7). In fact, for any location p all the posi-
tions in 12pos(p) correspond to the same letter, i.e. £(12pos(p)) = {co}. Therefore
the letter o can be omitted in the definitions of the sets First and Follow.

For o € R(N) the positions that appear in a location correspond all to the
same letter. Thus, we extend the function ¢ to locations p, that satisfy the
condition £(I2pos(p)) = {c}, by £(p) = 0. Let X and Y be two sets of locations
satisfying that condition. We define

X®Y ={(p1,p2) | l(p1) = lp2) Np1 € X Ap2 €Y }.
Then, the set of locations for the intersection of two expressions is
Loc(a; Na2) = Loc(avy) ® Loc(ag).

Furthermore, for o € R(N) let First(«), Last(«), and Follow(a, p) C Loc(a), for
p € Loc(a), be

First(o;) = {i},
First(ay N ag) = First(ay) & First(as),
) = Last(a;) ® Last(az),
F

a
ollow(ar, p1) ® Follow(asz, p2),

(7)

Last(al N oo

Follow(ay N awa, (p1,p2)) =
where for o € {+,-, *}, each f € {First, Last, Follow} is defined as in Section 3.

Example 17. Consider a = (ba*b + a) N (aa + b)* from the previous example
with @ = (byakbs+aq4) N (asas+b7)*. Then, First(a) = {(1,7), (4,5)}, Last(a) =
{(3,7),(4,6)}, and Follow(c, (1,7)) = {(2,5), (3,7)}, Follow(a, (2,5)) = {(2,6)},
Follow(a, (2,6)) = {(2,5),(3,7)}. The automaton Apos(«) is represented below.

->(0 b
N

In [17, 27] the states of the position automaton for a € R(N) are labelled by
subsets I C Pos(«), where all positions correspond to the same letter. We recall
that construction and show that the definitions above lead to an isomorphic
automaton. The correctness of the location based construction follows as a
consequence.
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Let Ind(«) be the set of all non-empty subsets I C Pos(a), such that ¢(I) = o
for some o € X. For 51,55 C Ind(«), we consider

51®SQZ{11 U Iy ‘E(Il)zf(lg)/\ll €5, 1 GSQ}.

The sets First’(a), Last’(a), and Follow'(a,I) C Ind(a), for I € Ind(a), are
defined as in (3)-(5) for o € {+,+, *} and for the base case and intersection, as

follows
First'(0;) = Last'(0;) = {{i}},
First’(a; N ay) = First'(a;) ® First’(aw),
Last’(a; Nag) = Last’ (o) ® Last' (),
and

Follow' (a; N g, I) = Follow’(avy, I1) @ Follow’ (awa, I),

if I = I, Ul, I € Ind(a;) and I € Ind(as); and Follow'(ay N g, I) = 0,
otherwise.

Finally, for S C Ind(«) and o € ¥ one has Select(S,0) ={I € S| {(I)=0}.
With these definitions, the position automaton from [17, 27] is defined by

Apos (@) = (Ind(a) U {{0}}, X, dpos, 0, Lastg (), (8)

where Lasty(a) is defined as before, dpos(I,0) = Select(Follow’(a, I), o) and
Follow’(c, {0}) = First’(a) [27]. In the case of expressions containing intersec-
tion, and due to the fact that some subexpressions may describe the empty lan-
guage, the construction of this automaton may include useless states, i.e., states
with an empty right language.

Now, we establish the relation between locations and elements of Ind(«). It
is easy to see that for every p € First(«) (resp. p € Last(a) or p € Follow(a, p'))
one has 12pos(p) € Ind(a). Consequently, 12pos(First(c)) C Ind(cr), and the
same holds for Last and Follow. We extend the definition of the function p2loc
to intersections by

p2loc(ay Nag, I) = (p2loc(au, I1), p2loc(az, I2)),

if I =1 UL € Ind(ag Nag), 0 # I; C Pos(aj), for j =1,2.
The following lemma establishes a one-to-one correspondence between f(«a)
and f'(«), for f € {First, Last, Follow}.

Lemma 16. For all o € R(N) we have
1. First’(a) = 12pos(First(a));
2. Last'(a) = 12pos(Last(a));
3. ForI,I' € Ind(a) such that I' € Follow'(c, I), p2loc(a, I') € Follow(p2loc(a, I));

4. Forp,p’ € Loc(a) such thatp’ € Follow(a,p), 12pos(p’) € Follow’(«, 12pos(p)).
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Proof. For 1. and 2. we need to prove that for f € {First, Last} we have

Vp € f(a) 3I € f'() such that I = 12pos(p),
VI € f'(«) 3p € f(a) such that I = 12pos(p).

For o; € g, i € First(o;) if and only if 12pos(i) = {i} € First'(0;). The same
holds for Last. Suppose that the result is valid for ay, as € R(N). Then it is also
valid for aj oaug for o € {+, -} and for a7. Let p € First(a;Nas) with p = (p1, p2),
p; € First(a;), £(p1) = £(p2), and 12pos(p;) € First'(a;), for j € {1,2}. Then,
12pos(p1) U 12pos(pa) = 12pos((p1,p2)) = I12pos(p) € First'(ay N ag). On the
other hand, let I € First'(a; N ag) such that I = I; U Iy, £(I) = ((I) = ((I3),
and I; € First'(a;) for j € {1,2}. Then there exists p; € Loc(a;) such that
I; = 12pos(p;) € First'(aj) and p; € First(a;), for j € {1,2}. We conclude that
I = 12pos(p1) U I2pos(p2) = 12pos((p1,p2)), and (p1,p2) € First(an Naz). A
similar proof holds for Last.

Next we consider the Follow function. We have Follow’(;) = Follow(o;) = (),
for 0, € ¥&. Suppose that 3. and 4. hold for aj,as € R(N). Then, the
results are also true for a; o ap for o € {+,-} and for aj. We illustrate
this fact considering 3. in the case where o is the concatenation operator and
Follow’ (a1 aia, I) = Follow’(ary, I) U First’(a2), because I € Last’'(a1). Let I’ €
Follow’(a1aiz, I), and £(I') = o. Then, by 2. we have p2loc(ay, ) € Last(ay),
and by the definition of p2loc it follows that p2loc(, ;) = p2loc(ayae, I). If
I’ € First'(ag) then p2loc(ag, I’) € First(az). Thus, we have p2loc(ag, I’) =
p2loc(ajaz, I') and p2loc(ayas, I') € First(az) C Follow(a s, p2loc(aq, I)) =
Follow(aj g, p2loc(aias, I)). Finally, if I’ € Follow’(ay, I) it follows from the
induction hypothesis that

p2loc(aq, I') = p2loc(aias, I') € Follow(aq, p2loc(ajas, I))

C Follow(a ag, p2loc(ayag, I)).

If I’ € Follow’(a, I), we have p2loc(a, I’) € Follow(ay, p2loc(a, I)), by the
induction. But p2loc(ay, I) = p2loc(ayas, I) and p2loc(ay, I') = p2loc(aias, I'),
thus p2loc(ay, I') € Follow(ayas, p2loc(aias, I)).

Now, we consider the operator N and the case 3.. Let I’ € Follow'(a; Na, I).
Then [ = I, U I, I' = I} U Iy, where I;, I} € Ind(a;) and I} € Follow'(ey;, I;),
for j = 1,2. By the induction, we have p2loc(a;, I}) € Follow(a, p2loc(ay, I;)),
for j =1,2. Then

(p2loc(an, I1), p2loc(ae, I4)) € Follow(ay N aw, (p2loc(ay, I1), p2loc(an, I1))) <=
p2loc(a; Naz, I') € Follow(a; N as, p2loc(an N aa, I)).

The case 4. is proved in a similar manner. O

From this lemma it is clear that the automaton defined in Equation (8) can
be constructed using locations and the sets defined in Equation (7).

Corollary 2. For o € R(N), one has Apos(a) ~ Apgg(a).
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9. Conclusion

In this paper, locations were used to extend the position automaton con-
struction to regular expressions with operations such as shuffle or intersection.
Although we have presented the position automaton for R(W) and R(N) sep-
arately, one can easily consider a uniform construction for regular expressions
extended with both W and N, i.e., R(W,N). For that, it is sufficient to consider
the pair (¢(p), p), instead of only a location p, in the definition of the sets First
and Follow, for expressions with intersection. The resulting construction al-
lows to define automata for R(w, N), which is already implemented in the FAdo
system. The extension of location based automata to other concurrency oper-
ators [7] is currently under research. In practical applications, certain classes
of regular expressions with shuffle are used, such as deterministic and chain
(e.g. [28]). It would be interesting to study the descriptional complexity of the
automata here studied for those classes.
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Appendix A. Some Proofs Omitted in the Main Text

The following lemma is used in the proof of Lemma 8, which states that the
set of partial derivatives coincides with c-continuations for marked expressions.

Lemma 17. For ay,as € R(W) and w # € the following hold.

1.
2.

Ow(ar)as C Oy(oaz);

Ow(naz) C Oy(ar)ag U Jw=wiws Oy, (a2);

w2 756

O (a2) C Ot (a1a2);

. Op(an)at C Oy(at);

Ow (ai()

N
(@

w=wiwy Oy, (1)
’u)27£6

O (01 W a2) = Uy ew,ww, Own (1) W O, (a2).
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Proof. 1. By induction on the length of w. For o we have 0,(a;)as C
Oy (a1)as Ue(a1)0y(a2) = Oy (a1as). For w = w'o we have 0y (1) s =

aa(aw’(al))OéQ - ao’(aw/ (al)OQ) - ao'(aw’(aloQ)) = a’w’o’(ala2)'

2. By induction on the length of w. For o we have 0, (1) = 0y (a1)as U
g(a1)0y(ag) C 0,(a1)as U d,(az). For w = w'o we have Oyro(arag) =
0o (O (1)) € 05 (O (1) 2 U U oy aoy Oy (@2)) = O (O (1) x2) U

woFE
Unr =y Owso (@2)) € Ow(on) e U Jw=wiwa O, (2))-
waFe waFe
3. First note that for every a € R(W) (a # () we have L(«) # (). For v this
implies that there is a word w’ € L£(a1) and an expression o € 9y (1)
such that e(a’) = e. Thus, 9y(az) C dw(d/as) C 0y (0w (1)) C
a’l (a1u/(ala2)) = aw’w(aloQ) g a+(041042)~

4. By induction on the length of w. For ¢ we have 9,(a1)af = 9,(aF).
For w = w'oc we have Oyy(a1)a) = 05 (0w (1)) C 95 (0w (a1)af) C

05 (0w (7)) = Owro ().

5. By induction on the length of w. For o we have 9,(af) = 0,(a1)a7. For
w = w'o we have Dyo(af) = 05(0uw () C Oo (U —wywy Ows (1)) =

w2 #E

U"—U/:"—Ul’LUQ 80'(6702 (OZl)Oé{) - Uw’:wle 871)20-(0[1)&{ U 60'(051)0‘){ =

waFe waFe

Uw:mlwz awz (al)a{.
wg;és

6. By induction on the length of w. If w = o possible values for w; and wy
are wy = o and wy = ¢, or vice-versa. But 0, (a1Was) = 9, (a1 )0 (a2)U
O-(a1) W Oy (). If w = w'o, then Oy (g W ag) = 0y (y (1 LW ag)) =
ag(Uw’GwllLLlwé (aw’l (o) W 81115 (a2)) = Uw’ewiu_lwé (810{0(0‘1) L awé (ag)U
Ot (1) W Ouyo (2) = Uy o ety (Qun (1) W Ouyy (2)).

U
Lemma 8. Let o € R(W). Then, 0% (a) = {c(a,p) | p € Loc(a) }.

Proof. First, we prove by structural induction on @ that p € Loc(a) = Loc(a@)
implies that c(a, p) € &7 (@). During the proof we just write o and suppose that
a is already marked. The result is trivially true for « = (). For p =i € Loc(o;)
we have

C(O’i,i) =cc a;i (O’z‘).

Next consider an expression a; + a2 and p € Loc(aq) (the case of p € Loc(as)
is analogous). We have

c(ay + ag,p) = (a1, p) € 9 ().
Thus, there is a word w # € such that

c(a1,p) € Oy(a1) C dy(aq + az) C O (aq + az).
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Next we consider an expression ajay and p € Loc(ay). Then, c(ajas,p) =
c(a1,p)as, where by induction c(ay,p) € 0 (ay1). Thus, there is a word w # €
such that c(a1,p) € Oy(a1). By Lemma 17,

c(ar,p)ag € Oy(ar)as C dy(araz) C 91 (araz).

Next, consider ajas and p € Loc(ag). Then, c(aiaz,p) = c(az,p) € 0T (az).
There is a word w # € such that c(ag,p) € Oy(asz). But, by Lemma 17,
3w(a2) g 8+(a1a2).

Now, consider an expression of the form a7 and p € Loc(a). We have c(af,p) =
c(a,p)ai. By the induction hypothesis c(aq,p) € 07 (aq). Thus, there is some
word w # € such that c(aq,p) € 9y (aq). It follows from Lemma 17 that

c(a1,p)aj € du(ar)ai € du(ay) € 0 (af).

Finally, consider an expression of the form «a; W as. If p = (p1,0) with p; €
Loc(av1), then by induction c(ay,p1) € 9T (aq), i.e., there is a word w # € such
that c(aq,p1) € Ow(a1). Thus, by Lemma 17,

c(ar W ag, (p1,0)) = c(ag,p1) W ag € Oy (o) W ag = Oy (aq) LW O (a2)
- aw(al L 042) - 8+(OZ1 LL 042).

The case of p = (0,p2) with po € Loc(aw) is analogous. If p = (p1,p2) with
p1 € Loc(ag) and ps € Loc(as), then by induction c(ay,p1) € 7 (aq) and
c(az,p2) € 01 (az), i.e., there are words wy, we # € such that c(aq,p1) € D, (1)
and c(ag,p2) € Ow,(a2). Thus, by Lemma 17,

c(ag W aw, (p1,p2)) = c(ag,p1) W c(ag, p2) € Ow, (a1) W Oy, (cr2)
- 8’(1)111}2 (al L 042) - a+<a1 L Oz2).

In the second part of the proof we show by structural induction on « that
B € 0T («) implies that there is p € Loc(«) such that 8 = c(«, p).
The result is trivially true for « = (. For a = o;, we have 0 (0;) = {e},
Loc(o;) = {i} and c(0y,i) = e.
Next, consider an expression a; +ag and 8 € 91 (a; +az) = 01 (1)U (). If
B € 0 (ay), then there is p € Loc(ay) C Loc(ay + az) such that 8 = c(aq,p) =
c(ag + ag,p).
Next we consider an expression ajas and 8 € 07 (ayaz). There is a word w # €
such that

B € Ou(araz) C du(ar)aaU | ) O, (a).

w=wi woy
’wg;éf;‘

If 8 € Oy(ay)asy, then § = Bras with 81 € Oy(aq). By induction, there is
p € Loc(aq) C Loc(agvz) such that f; = c(ay,p). Thus,

B = Brag = c(a1,p)az = c(ajag,p).
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If 5 € Ou,(az) for some suffix we # € of w, then there is some p € Loc(ag) C
Loc(ayasg) such that 8 = c(aq,p) = c(aras,p).

Now, consider an expression of the form af and 8 € 9,(af) C 9% (af). By
Lemma 17 there is some suffix we # € of w such that 8 € Oy, (a1)at. Thus,
B = Praf with 81 € Oy, (a1). By induction, there is p € Loc(ay) = Loc(at)
such that 8 = c(ay,p)at = c(af,p).

Finally, consider an expression of the form a; W oy and S € 9, (a1 W ag), for
some w # e. Then, f = {1 By, where 51 € Oy, (1) and fa € Oy, (2), for some
wy,wy such that w € wy W we. If both wy,we # &, then there is p; € Loc(ay)
such that 8; = c(a;,p;) for i = 1,2. Thus,

B = p1W Bz = c(ag,pr) W c(ag, p2) = c(ai W ag, (p1,p2))

and (p1,p2) € Loc(ag W ag). If w = wy and we = €, then 51 € 9,(ay) and By =
a. By induction, there is p; € Loc(ay) such that 8; = c(aq,p1). Consequently,
(p1,0) € Loc(ag W az) and

B = B1was = clag,p1) W az = c(ag W ag, (p1,0)).

Proposition 10. For o € R(W), p € Loco(a), and o; € X5, one has
B € 0y,(c(a,p)) < Fq € Loc(a) : B =c(a@,q) Ai € 12pos(q) A (77, q) € Follow(a, p).

Proof. The proof is by structural induction on @.

(=) The result is trivially true for e, and also for o; and p = 4, for which
Dos(c(052)) = Dp,() = 0. T p = 0, we have By, (c(01,0)) = Do (o) = {e},
ie., f=¢e=c(04,4). Also, i € Loc(0;), (0,1) € Follow(c;,0), and o = 7.

Now, we consider an expression of the form a; + as and p € Loc(ay) C
Loc(ar + ag). If 5 € 0,,(c(aq + a2,p)) = 05,(c(a1,p)), then by the induction
hypothesis there exists ¢ € Loc(a;) C Loc(ay + a) such that 8 = c(ay,q) =
c(a1 + as,q), i € 12pos(q), and (77, q) € Follow(ay, p) = Follow(a; + g, p). The
case of p € Loc(ay) is analogous. Finally, for p = 0 we have that

XS an (Oél + 042) = 80.1. (041) @] &,i (042) = 801, (C(Oél, O)) @] 801, (C(Oég, 0))

Suppose that 8 € 0y, (c(a1,0)). Then, by induction there exists ¢ € Loc(ay) C
Loc(ay 4 a2) such that 8 = c(ay, q), i € [2pos(q), and

(77, q) € Follow(a,0) = First(a1) C First(ay 4+ a) = Follow(ay + a2, 0).

For the remaining operators the proof for the subcase of p = 0 is similar to the
others and will be omitted.

Next, we consider an expression of the form ajas and p € Loc(ajag) =
Loc(a) U Loc(az). First, suppose that p € Loc(ay) and

ﬁ € affi (C(a1a27p)) = aai (C(alvp)OQ) = aﬁi (C(ahp))aQ U E(C(alﬂp))aai (OQ)'
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If 8 € 9,,(c(ar,p))az, then 8 = Brag with 81 € 9, (c(a1,p)). By induction,
there is some g € Loc(ay) and i € 12pos(q) such that

B1 = c(a1,q), and (77, q) € Follow(aq, p).

q),
Thus, there is some ¢ € Loc(ay) C Loc(ajasg) such that ¢ € 12pos(q) and
Bras = c(a, q)as = c(ayag, q) and (77, q) € Follow(ay,p) C Follow(a; g, p).
(

If 5 € e(c(a1,p))0s, (a2) = 05, (2), then p € Last(ay) by Lemma 9. It follows
by induction from S € 0y, (ag) = 95, (c(a2,0)) that there is some ¢ € Loc(az) C
Loc(ayag) with i € 12pos(q), 8 = c(aq, q) and (77, q) € Follow(aw, 0) = First(as).
Thus, 5 = c(az,q) = c(a1ae,q) and (7, q) € First(az) C Follow(ayag,p) (this
last inclusion follows from p € Last(a)).

Next, suppose that p € Loc(az) and 8 € Oy, (c(araz,p)) = Oy, (c(az,p)). By
induction there exists ¢ € Loc(as) C Loc(ajas) such that i € 12pos(q), 8 =
c(aa, q) = c(araz, q) and (a7, q) € Follow(as, p) = Follow(ayas, p).

Now consider an expression o} and that

B € 85,(c(ai;p)) = 05, (c(en, p)at) = 85, (c(n, p))at Ue(c(an, p)) 0o, (1)a.

If 8 = Biay and By € O,,(c(a1,p)), then by induction there is some ¢ €
Loc(a1) = Loc(a7) such that i € 12pos(q), 51 = c(aq, q) and (77, q) € Follow (o, p).
Consequently, 8 = fra7 = c(aq, q)at = c(af,q) and

(77, q) € Follow(ay,p) C Follow(a7,p).

Now, suppose that 5 € e(c(a1,p))ds, (a1)ai. Then, p € Last(ay) and 8 = fraf
with 81 € 0y,(a1) = Js,(c(a1,0)). By induction there exists ¢ € Loc(ay) =
Loc(ag) with ¢ € 12pos(q), 81 = c(a1,q) and, consequently, 8 = c(af, q), and
(77, q) € Follow(aq,0) = First(ay) C Follow(ag, p).

Finally, consider an expression of the form «j W ay and p = (p1, p2), such
that

B € Oy, (c(on W az,(p1,p2))) = O, (c(v1,p1) W c(ax2, p2))
= ao'i (C(alvpl)) L C(Oé2ap2) U C(alapl) L affi (C(Oéz,pQ)).

If B € 05, (c(aq, p1))c(az, p2), then B = Byllic(ag, p2) with 81 € 0y, (c(ay, p1)).
By induction, there exists ¢; € Loc(ay) such that i € 12pos(g1), 81 = c(a1,¢1)
and (77, q1) € Follow(ay, p1). We have (g1, p2) € Loc(aq LU ag),

B = c(ai,q) W c(az,p2) = c(ai W as, (q1,p2)),

and (a7, (q1,p2)) € Follow(ay W s, (p1,p2)). The case of § € c(ay,pr) W
05, (c(a2,p2)) is analogous.

(<) The result is trivially true for e and for o; and p = i, for which
Follow(o4,4) = (). For o; and p = 0, we have Follow(a;,0) = First(c;) = {(7,%)}.
Thus,

B =c(04,1) =€ € 0y,(0;) = Do, (c(0,0)).
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Next consider oy + a2 and suppose that p € Loc(ay) C Loc(ag + ag). Suppose
there is some ¢ € Loc(ay + a2) = Loc(a1) U Loc(az), such that i € 12pos(q),
(77, q) € Follow(ay + az,p) = Follow(a, p) and 8 = c(a1 + a2, q). We conclude
that ¢ € Loc(a) and consequently 8 = c(a; + aa,q) = c(a1,p). Then, by
induction 8 € 9,,(c(a1,p)) = Oy, (c(ar + ag,p)). Again, the case of p = 0 is
straightforward and will be omitted here and also for the other operators.

Now, consider ajas with p € Loc(a;) C Loc(ajas). Suppose there is
some g € Loc(ajae) = Loc(ay) U Loc(aw), such that ¢ € 12pos(q), (77,9) €
Follow(a1 a2, p). If (77, q¢) € Follow(as,p), then ¢ € Loc(as) and 8 = c(a1a2,q) =
c(a1, q)ae = Bras. By induction, 81 € 0, (c(ay,p)). Thus,

~~—

B = B1a2 S aa.; (C(Oél,p))OéQ - ao'i (C<a17p)a2)'

Otherwise, p € Last(a;) and (d7,q) € First(aa) = Follow(ag,0). Thus, g €
Loc(az), i € 12pos(q), and 5 = c(aze, ¢). By induction,

B € Oy, (c(az,0)) = 0y, (a2) C 0o, (c(a1,p)az) = O, (c(a1a2,p)),

where the inclusion follows from Lemma 9. The remaining case of p € Loc(aw)
follows directly from the definitions and induction.

The proof for a7 follows the structure of the case for oy s with p € Loc(ay),
considering both p € Last(«;) and p ¢ Last(ay).

Finally, consider an expression of the form a; W as and p = (p1,p2) €
Loc(a; W ag), i.e. a; € Loco(ay) for & = 1,2. Furthermore, suppose that there
exists g € Loc(allia), such that i € 12pos(q), (77, q) € Follow(a;Was, (p1,p2)).
Let ¢ = (p1,¢2) (the case of ¢ = (q1,p2) is identical), i € 12pos(q2), (77, q2) €
Follow(as, p2), and

B = C(al W as, (plqu)) = C(alvpl) LU C(Oég, Q2)
By induction, B2 = c(az,q2) € 05, (c(a2, p2)). Thus,

B = c(ai,p1) W B € c(a1,p1) W Iy, (c(az, p2))
- acri (C(alapl) LU C(OQ?pQ)) = 60'1; (C(al L a2,p)).
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