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ABSTRACT

There are many different constructions when converting regular expressions to finite
automata. In this paper we focus on the prefix automaton, Ap,., introduced by Ya-
mamoto in 2014. We present two different methods for the construction of Ap,.. First,
an inductive one, based on a system of expression equations. A second one using an
iterative function for computing the states and transitions. We establish relationships
between Ap,e and other constructions, such as the position automaton, partial deriva-
tive automaton and their double reversal (dual) counterparts. We study the average
size of these constructions, both experimentally and from an analytic combinatorics
point of view. Finally, we extend the construction of the prefix automaton to regular
expressions with intersection and show that the relationships with the other automaton
constructions also hold for these expressions.

Keywords: regular expressions, nondeterministic finite automata, prefix automata, av-
erage complexity, regular expressions with intersection

1. Introduction

Conversions from regular expressions to equivalent nondeterministic finite automata
can be with or without spontaneuos (g) transitions. The classic construction with
¢ transitions is the Thompson construction (A..r) [20], while the Glushkov/position
automaton is a standard e-free construction (Apos) [14]. It is well known that if ¢
transitions are eliminated from the Thompson automaton, the result is the Glushkov
automaton [13]. In 2014, Yamamoto [21] presented a new construction of an e-free
automaton starting from the Thompson automaton. For that, each state s of A,
was labelled with two regular expressions, one corresponding to the left language of
the state, LP(s), and the other to its right language, LS(s). Merging states with
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the same LP label leads to the prefix automaton, and with the same LS leads to the
suffix automaton. While the suffix automaton corresponds to the partial derivative
automaton (App) which has been well studied [18, 1, 9, 10, 5], the prefix automaton
was not studied before (as far as we know). Yamamoto’s final automaton was obtained
as follows: first constructing one of these automata; then for the states of the original
A.r that were not joined, i.e., their equivalence class w.r.t that labelling was a
singleton, the possible mergings w.r.t. the other labelling were taken in consideration.

In this paper we further study the prefix automaton (Ap,.) and consider relation-
ships between this automaton and other e-free constructions, such as the position
automaton, the partial derivative automaton and their double reversal (dual) coun-
terparts. We also study the average size of these constructions, experimentally and
from an analytic combinatorics point of view. Finally, we extend the prefix automaton
construction to regular expressions with intersection and show that the relationships
with the other automaton constructions also hold for these expressions. This paper
expands and revises some results that appeared in Maia et al. [17]. In particular,
most results in Sections 3.1, 4.3, 4.4, and 5 have been stated therein without proofs,
which are provided here as well as some new results. The extension of the prefix
automaton for expressions with intersection in Section 6 is completely new. Broda
et al. [3] presented a taxonomy of conversions from (standard) regular expressions
to equivalent deterministic and nondeterministic finite automata. In particular, the
determinisation of the prefix automaton and its double reversal (Ag—) were placed
in the conversion’s taxonomy. Noticeable the determinisation of A<P—re is the smallest
automaton among the studied constructions in that paper.

We now summarise our contributions and the structure of the paper. The next
section recalls some basic notions on regular expressions and finite automata. In
Section 3, we first define the inductive construction of the prefix automaton using a
system of left expression equations from [17] and prove its correctness. This paral-
lels with the Mirkin’s construction for the partial derivative automaton and a similar
construction for the right-partial derivative automaton (Agg) (which are recalled in
Appendix A and Appendix B, following Maia [16]). Note that these constructions
are essential to obtain average case results using analytic combinatorics. Section 3.2
presents a new iterative definition of Ap., which is shown to coincide with the in-
ductive definition given before. In Section 4 the prefix automaton Ap,. is shown to
be a quotient of the position automaton Apps and it is related with the position
automaton dual Aggg, as well as with App and Agg [17]. In Sections 4.1, 4.2 and 4.3
we start by reviewing these four constructions. In particular, we relate App with
Asp and Aggs. The average size complexity of Apye is studied in Section 5 [17].
First some experimental results are presented that compare the sizes of Apos, App,
Aﬁ) and Ap,. obtained from uniformly random generated regular expressions. Using
the framework of analytic combinatorics, we estimate a lower bound for the num-
ber of mergings of states that arise when computing Ap,. from Apps. Recently, the
partial derivative automaton and the position automaton were extended to regular
expressions with the intersection operator [2, 8]. In Section 6 we extend the prefix
automaton for those expressions and show that it is also in this case a quotient of the
position automaton. Section 7 concludes with some final remarks.
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2. Preliminaries

Given an alphabet ¥ = {0y,09,...,0} of size k, the set RE of regular expressions «
over X is defined by the following grammar:

a=0le|lo] - |ox|(at+a)l|(a-a)l (), (1)

where the - is often omitted. If two a and g are syntactically equal, we write a = 3.
We denote by X, the alphabet consisting of the letters that occur in a. The size of
a regular expression «, ||, is its number of symbols, disregarding parentheses, and
its alphabetic size, |a|x, is its number of letters from . The language represented by
a regular expressions « is denoted by L£(«). Given a set S of regular expressions let
L(S) = UpesL(a). Two regular expressions « and § are equivalent if L(a) = L(B),
and we write @ = 8. We define the function € by e(a) = ¢ if ¢ € L(«) and e(a) = 0,
otherwise. This function can be naturally extended to sets of regular expressions and
languages. If a set of expressions is a singleton {a}, the parenthesis may be omitted.
We consider regular expressions reduced by the following rules:

ea = = Qg,

In particular, } does not occur in any expression but ) itself. The same rules apply
if a is substituted by a set of expressions. Given a language £ C ¥* and w € ¥*, the
left quotient of L w.r.t. wisw™ 'L = {x | wx € L}, and the right quotient of £ w.r.t.
w is the language Lw~! = {x | zw € L}. The reversal of a word w = o102+,
is wf = o, ---0201. The reversal of a language £, denoted by L£F, is the set of
words whose reversal is in £. We have Lw~™! = ((w?)71LE)E. The reversal of a
regular expression « is denoted by af, and is inductively defined by: a® = « for
a € XU{e, 0}, (a+B)R =R +al, (af)R = BRal and (a*)® = (af)*. The reversal
expression ot describes £(a)¥.

A nondeterministic finite automaton (NFA) is a five-tuple A = (Q, %, 4, I, F) where
Q is a finite set of states, ¥ is a finite alphabet, I C @ is the set of initial states,
F C Q is the set of final states, and 6 : Q x ¥ — 29 is the transition function. The
transition function can be extended to words and to sets of states in the natural way.
When I = {qo}, we use I = qo. If |@Q| = n we can consider @ = [0,n — 1]. Given
a state ¢ € @, the right language of q is Ly(A) = {w € ¥* | 6(¢,w) N F # 0}, and
the left language is <Zq(A) ={weX*|qed(l,w)} The language accepted by A
is defined by £(A) = U,c; L£4(A). Two NFAs are equivalent if they accept the same
language. If two NFAs A and B are isomorphic, we write A ~ B.

Given an automaton A = (Q, %, 4, I, F) its reversal is AR = (Q, %, 6%, F, I), where
for ¢ € Q, 0 € X, we have 6%(¢q,0) = {p| g € §(p,0) } and L(AR) = L(A)R.
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The right languages £;, for i € Q = [0,n — 1], define a system of right equations,

k
Ei = U gj U Em UE(Ei),
j=1

mel;;

where I;; C [0,n — 1], m € I;; <= m € 6(i,05), and L(A) = [J;c; £i- In the same
manner, the left languages of the states of A define a system of left equations

k
<ZZ‘: U U <Zm O'jUE(<Zi),
j=1 \mel;

where I;; C [0,n — 1], m € I;; <= i€ d(m,o0;), and L(A) = U,cp <Zi.

An equivalence relation = on @ is right invariant w.r.t. an NFA A if it satisfies

e =C(Q\F)?UF?and

e Vp,q€ Q,if p=gq, then Vo € X,p’ € §(p,0) 3¢’ € §(¢q,0) such that p’ =¢’.

Given a set of states S C @, we denote S/= = {[q] | ¢ € S}. Note that p=q im-
plies d(p,0)/ = =d(q,0)/ =, for p,q € Q and 0 € X. If = is a right-invariant relation
on @, the quotient automaton A/ = is given by A/ = =(Q/=,%,§/=,1/=,F/ =),
where 6/ =([pl,0) ={[d] | ¢ € 6(p,o)} = (p,0)/=. We have L(A/=) = L(A). In
the same way, an equivalence relation = on Q is left invariant w.r.t. A if

e =C(Q\I?UI?and

e Vp,q € Q,if p=q, then Vo € ¥,p’ € 6%(p,0) 3¢’ € 6%(q, o) such that p' =¢’.
It follows that,

Lemma 1. A relation = is a left-invariant relation w.r.t. an automaton A if and
only if it is a right-invariant relation w.r.t. AT,

3. The Prefix Automaton

Yamamoto [21] presented a new algorithm for converting a regular expression into an
equivalent e-free NFA. First, a labelled version of the usual Thompson automaton [20]
is obtained, where each state ¢ is labelled with two regular expressions, one that
corresponds to its left language, LP(g), and the other to its right language, LS(q).
States whose in-transitions are labelled with a letter are called sym-states. In the set
of sym-states two equivalence relations =, and =, are defined such that for two
states p and g one has p =, ¢ if and only if LP(p) = LP(¢); and p =,y ¢ if and only
if LS(p) = LS(g). Then the author defines the prefix automaton Ap,. and the suffiz
automaton Ag.s whose sets of states are the equivalence classes of =,,.. and =y,
respectively. The final automaton was a combination of these two. He also shows
that Asyr coincides with the partial derivatives automaton, App.

In this section we present two different methods for the construction of Ap... First,
an inductive one, based on a system of expression equations. A second one using an
iterative function for computing the states and transitions.
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3.1. Inductive Definition of Apre

In the following we present Yamamoto’s construction for the prefix automaton using
a system of left expression equations. The set of states of Apro(a) is S(a) U {ap},
where g = ¢ and S(«) is inductively defined by the following equations.

S(®) =5S(e) = 0. S(o) ={a}, (2)
S(a+ ') = S(a) US(a'), S(aa’) = aS(a’) U S(a),
S(a*) = a* S(a),

where for any S C RE we have S) =05 =0, Se =S =S, and o/S ={d'a|ae S}
for o/ € RE\{0, e} (and analogously for Sa’).

Proposition 2. The set S(a) = {a1,...,an} satisfies a system of equations of the
form

o1 =X104,,...,00 = X0,
such that X; are linear combinations of elements of {ag, a1, ..., an}, where ag = €

and i € [1,n], £; € [1,k], and n > 0. Moreover, we have
o = Z (79
i€IC[0,n]

Proof. We will prove by structural induction on « that whenever S(a) # (), then the
set S(«) satisfies a system of equations of the form a; = X,04, where ag = ¢, and
such that X; are linear combinations of elements of {«ag, a1, ..., ay,}, for all i € [1,n],
l; € [1,k], and n > 0. Furthermore, ay = € is a component of at least one X;. For
the cases o = ) or @ = € we have S(a) = @) and there is nothing to prove. For a = o,
we have S(a) = {0} = {a1}, which satisfies the following set of equations.

o =,

a1 = o, where ag = €.
Now, consider

ﬁ = Z 51'7

i€IC[0,n]
Bi = Xi00,, £; € [1,k], for all i € [1,n] with S(8) = {f1,...,0.} and Sy = ¢,
and
V= Z Vi
i€’ Cl0,m)

Vi = }/io'fiv b € [Lk]a for all i € [Lm] with S(’Y) = {’Vh cee 7’777L} and Yo =e.
Let o = B + =, then

B+vy= Z Bi + Z i

i€IC[1,n] i€el’C[1,m]
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Consequently S(«) = {fB1,..., 8t U{71,...,7m} satisfies the system containing the
equations for 8 as well as for 7. The condition on gy = ¢ = Sy = 7y follows from the
induction hypothesis.

Consider o« = . Then

By=80 > W)

i€’ C[0,m]
_ 5(Z¢61/g[1,m] Vi)s s ifogr,
6(Ziel'g[1,m] ’Yi) + Zie[g[o’n] B; ifoelrl,

and 8v; = B(Yioe,). We know that € is a component of at least one of the Y; for
i € [0,m]. Consequently, S(a) = {Bv1,.-.,8Ym} U{B1,...,Bn} satisfies the system
containing the equations v; = fY;0y,, as well as the equations for 5. By the induction
hypothesis, ¢ is a component of at least one of the X; for ¢ € [1,n].
Consider a = 8* with S(«) = {#*51,...,6*Bn}. Then,
pr=p"B+e,

= B*( Z Bi) +e.

i€IC[1,n]
and
B*Bi = B*(X;04,), forallie [1,n].
Each $*X; can be written as a sum of elements of S(«) U {8*Bp}. We have that
BB=8=8( 3 B)+e,
i€IC[1,n]

is also a linear combination of elements of S(a)) U{a}, where ag = e. Since 5y appears

in at least one X; the condition on ag = ¢ is also satisfied. O
It is easy to see that S(a) is always finite and contains at most |a|y elements.

Moreover every element in S(«) is of the form o’c. The system of equations

(65) ZXlagl, vy Oy = XnO'gn

satisfied by S(«) defines the automaton Ap,., whose set of states is S(a) U {e}. The
left language of a state labelled with 8 is £(3). The initial state has label £ and there
is a transition by o; from a state o; to a state o if and only if a; is a component of
X, (which we write as a; € X;) and | = ¢;. The set of final states is

Re(0) = | J{au),
el

where [ is the set of indices such that
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The proof of Proposition 2 provides us with inductive methods for computing the
set of final states Rc(a) and the set of transitions of Ap,e(cr). For oo € RE, we have
R.(a) = R(a) Ue(a), where the set R(a) is computed by the following rules.

R(®) = R(e) = 0, R(o) = {a}, (3)

R(er+ o) = R(a) UR(a), R(aa’) = aR(a') Ue(a’) R(a),
R(a*) = a* R(«).
It is easy to see that L£(a) = L(R:(«)). The set of outgoing transitions from the initial
state € is {e} x ¥(a), where
1/)(&) = {(O’gi,ai) | cee X; Nt € [1,n] ANl; € [l,k]}

is inductively defined as R(«a) except for the following two cases,

(o) ={(0,0)} and ¥(aa’) =(a) Ue()ar(a).

In the above definition, the concatenation of an o\ {(}, ¢} with a tuple (o, 7) is defined
by (o,7)8 = (0,78) and B(o,7) = (0,57). These definitions also extend to sets of
tuples. The set of remaining transitions

T(a) = { (i, 00;,a5) | a; € Xj Ni,j€[l,n] ALy € [1,k] }
satisfies the following inductive definition.
T)=T(e) =T(o) =0, (4)
T(a+ T(a) UT(a)),
T(a T( JUaT(a")U(R(a) x (av(a’))),
T(a T(a) Ua™(R(a) x P(a)).

Note that the result of the X operation is seen as a set of triples (o/,0,’). The
concatenation of a transition (a,o0,3) with a regular expression v € RE\{0,e} is
defined by («, 0, 8)y = (ay,0,87) and y(«, 0, 8) = (ya, 0,78). Moreover, we define
Ma,0,8) = (a,0,8)0 = 0 and e(a,0,8) = (a,0,8)e = (a,0,8). These definitions
also extend to sets of transitions. Using the above, the prefiz automaton for « is

Apre(@) = (S(a) U{e}, X, {e} x ¥(a) U T(a),&,R:(a)). (5)

From Proposition 2 we conclude the following.

/

)=
)
o)
")

Proposition 3 [21]. L(Apr(a)) = L(a).

Example 4. The prefix automaton Ap,e for the expression a = (ab* + b)*a is de-
picted in Figure 1. We illustrate the computation of the set S(«) following the proof
of Proposition 2. Let ay be (ab* + b)*. We have S(a) = {a}, with a = ¢ - a, and
R:(a) = {a}. The same for S(b) = {b}. Next, we have S(b*) = {b*b}, with

b*b = (b*b + £)b,
b = b*b+e,
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Figure 1: Apre((ab® + b)*a), where a; = (ab* + b)*.

and R.(b*) = {b*b,e}. Then S(ab*) = {ab*b,a}, with

ab*b = (ab™b + a)b,
ab* = ab*b + a,

and R.(ab*) = {ab*b,a}. Finally,
S(a1) = {a1ab*b, aqa, a1 b},
with

a1ab™b = (a1ab*b + aa)b,
a1b = (a1ab*b + aya + arb + €)b,
ara = (a1ab*b + arja + arb + €)a,

and R.(a1) = {a1ab*b,aqa,a1b,e}. From these sets S(a) and Apre(a) are easily
obtained.

3.2. Iterative Definition of Apre

The definition of the prefix automaton above is similar to Mirkin’s characterisation
of the partial derivative automaton as a solution of a system of right expression equa-
tions [18] (see also Section 4.2). In [1] a different iterative construction for App was
independently given by Antimirov. His method starts with expression « as the initial
state of App and the remaining states and transitions are obtained by successively
deriving (labels of) states by the symbols of the alphabet. In the following we present
a similar iterative approach for the construction of Ap,. Starting with R.(«) as the
set of final states, the automaton will be successively constructed backwards as fol-
lows. For each state of the form o’o the set R.(a’) is computed and a transition by o
is added from each element o € R.(a’) to a’c. The state labelled by ¢ is the initial
state. Formally, consider the function p,,(«) for words w € ¥* defined as follows:

pe(@) = R(), Pou(@) = |J Re(a). (6)
a'c € py(a)

Note that R.(a) C S(a) U {e}. Tt is straightforward to show the following fact.
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Fact 1. Fuvery element in py(«) is of the form o/o ore.

Lemma 5. For any w € ¥* and o € RE, we have
(1) Llpw(@)) ={z|2w e L(a)} = L{a)w".
(1) w € L) if and only if € € L(pw(a)) if and only if € € py(a) if and only if
exists oo’ € py(a) such that e(a’) = €.

Proof. We prove (1) by induction on the length of w. For w = ¢,

L(pe(a)) = L(R:(a)) = L(a).

For w = ow’,
Lpw(a)=L( | Re(a)).

a'0Ep,(a)

Then x € L(py(a)) if and only if exists o’c € py () such that
z € L(R()) = L(d).

By the inductive hypothesis one has xo € L(py(a)) = L(a)w'"!, and z € L(a)w™ L.
By (1), the first equivalence of (11) is immediate. For the second and third, just
consider Fact 1 and the definition of p,, (). O

Finally, let Pre(a) = J,,e5« Pw(@). Now, consider the automaton
(Pre(a), X, 0pre, €, Re(@)), (7)
where
Opre = { (7,0,80) | Bo € Pre(a) AT ER.(B)No € X},

i.e., we have 0% (B0,0) = R.(B), for all Bo € Pre(a), o € X.

In the following we prove that this automaton coincides with Ap..(a) as defined
in (5). First note that the initial state and set of final states coincide in both defini-
tions. Thus we need to prove that S(a)U{e} = Pre(a) and dp,e = {e} x () U T(«).

Lemma 6. For all a € RE we have,
(1) Ifo’o € S(a), then S(a’) C S(a).
(1) For w € ¥*, one has p,(a) C S(a) U {e}.

Proof.

(1) We proceed by structural induction on a.. For ), £, and o, the result is vacuously
true. Let @ = a3 + ag and consider o’o € S(a; + ag) = S(a1) US(a). Without
loss of generality we suppose that o/c € S(ay). Then, S(a/) C S(a1) C S(«)

follows by the induction hypothesis.
Let o = aqag, and let @'o € a3 S(az) U S(aq). If &/o € S(ay), then as
in the previous case, the result follows from the induction hypothesis and by
definition of S. If &’ € a; S(az), there are two cases to consider. Either, we
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have o'o = aqa”’o with oo € S(ag), or o = a3 and ¢ € S(az). In the first
case, S(a”) C S(ag), and consequently

S(a1a”) = a1 S(a”)US(a1) € a1 S(az) US(a1) = S(a).

In the second case, S(o) = S(a1) C a1 S(a2) US(a1) = S(a).
Let a = af, and let /o € S(af) = a7 S(a). If &'o = aja’o for some
a'o € S(ay), then

S(a’) = S(aja”) = a7 S(")US(af) C af S(ar) = S(),

because S(a") C S(ay) by the induction hypothesis. Otherwise, o = a7 = «
and o € S(ay) and the result is trivially true.

We prove the statement by induction on length of w € ¥*. If w = ¢, then

pe(a) = Re(a) C S(a) U {e}.

Now, let w = ow’ and consider @” € pyy (@), i.e. & € Ro(e’), such that
a'c € py () for some expression o'. Furthermore, suppose that o # . Tt
follows from the induction hypothesis that o/o € S(a). By (1), S(e/) C S(«).
Thus o € Re(a’) C S(a’)U{e} C S(a) U{e}.

g

As a consequence of Lemma 6 (11) we obtain the following result.

Proposition 7. Pre(a) C S(a) U {e}.

To prove the inclusion S(a) U {e} C Pre(a), we define

and

Pre™ (o) = Pre(a) \ {¢}

P (@) = pula)\ {e}.

From the Proposition 7 we have that Pret(a) C S(a). For the other inclusion we
need the two lemmas below. In the following, to show that an inclusion Pret(a) C E
(resp. o/Pre™ (o)) C E ) holds for some set E, we show by induction on the length of
w that for every w € ¥* one has p™,(a) C E (resp. a'p*,, (o) C E ). First, we show
that the set Pre™ also satisfies the statement of Lemma 6 (1).

Lemma 8. For all a € RE we have,

(1)
(11)

If o’ € Pre™(a), then Pre™(a’) C Pret (a).
Ifa’'c € Pre™ (), then o”a’o € Pre™(a'a), for all o € RE.

Proof.
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(1) If /o € Pre™(a) there exists w € ¥* such that a’c € p,(a) and, by definition
R(a/) C pt,,(a) C PreT(a). Suppose that p* (a’) C Pret(a) for x € ©*.
Then, for o/ € X, we have

proa@)=[J R@Hc |J R@)CPre ()

a’o’ept (a’) a’’ o’ €Pret (a)

(11) We prove the result by induction on the length of an word w’ € ¥* such that
a'c € pt,(a). If d’o € R(a), then

a’o'o € R(a”a) C Pret(a”a).

In the case oo € pT,.,, (), there exists o/”0’ € p*,,(a) such that o’c € R(a'").
Then
CY/I()C/O- 6 R(a//a///) g Pre+(a//a///)
and, by the inductive hypothesis, we conclude that o’a/’o’ € Pre™ (o a). By
(1), Pret(a”a”") C Pret(aa), and thus, finally, a”a’c € Pre™ (a”a).
O

Lemma 9. Pre™ satisfies the following

Pre®(0) = Pret(e) =0, Pre® (o) = {0},
Pre™(a +a’) D Pre" (o) UPre™ (o/),  Pre™(aa’) D aPre™(a/) UPret(a),
Pret(a*) D a*Pret ().

Proof. The proof proceeds by induction on the structure of «. For ), &, and o the
result is obvious.

e For a+a/, we have p™_(a) = R(a) € R(a + ') C Pre’(a + a’) and

@@= | R@)c  |J  R@)CPref(atd).

a’’c € pt,(a) a’’o € Pret(a+a’)

The same applies for o/, and thus Pre™(a) U Pre™ (a/) C Pret(a + o).
e For ao/, we first note that aPre™(a/) C Pre™(aa’) is a direct consequence

of Lemma 8 (11). Now, we prove that Pre™(a) C Pre’(aa’). Suppose that
e(e/) = ¢, then pt_(a) = R(a) € R(a’) C Pre™ (), as well as

pProw@= |J R@)C U R(a”) C Pre™ (aa’).

a’c € pt (@) a’’o € Pret(aa’)

If e(a’) = () then applying Lemma 5 (11) there exists o”’o € Pret(a’) such that
e(a) = e. By the previous case, one has Pre™ (a) C Pret(aa’). On the other
hand, by Lemma 8 (11), aa’’c € Pre™(aa’/). Applying once more Lemma 8
(1), we conclude that Pret(aa”) C Pret(aa’). By transitivity, it follows that
Pre™ (o) C Pre™ (ad).
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e For o, we have a*pT_(a) = a* R(a) = R(a*) C Pret(a*) and

a*pt, () = U a*R(a’) C U Pret(a*a/) C Pre™ (a*),
a'oc € pt,,(a) a'oc € pt,,(a)
where the first inclusion follows from Lemma 8 (11) and the second inclu-
sion follows from Lemma 8 (1) (as if a*d’c € a*pT,,(a) C Pre+(a*) then
Pre™ (a*a/) C Pret(a*)).
O

From Lemma 9 and the definition of S it is immediate that S(a) C Pre™ (), and so
we proved the following proposition.

Proposition 10. S(a)U {e} C Pre(a).
The following theorem ensures that Ap,c(c) is the automaton defined in (7), i.e.,

(Pre(a), X, 0pre, &, Re(@)).

Theorem 11. S(a)U{e} = Pre(a) and dpre = {e} X ¥(a) U T(a).

Proof. The equality S(o) U {e} = Pre(a) follows from Proposition 10 and Proposi-
tion 7. Moreover, we have Pre™ (o) = S(a). The set of transitions dp,e can be seen as
the union of following two sets, where we assume that o € X.

{(e,0,B0) | Bo € Pre(a) Ae(B) =} U{(r,0,80) | Bo € PreT(a) AT € R(B) }.

The first set is exactly {e} x 9(a). Using induction on the structure of o we show
that the second set is equal to T(a), i.e.,

T(a) = {(,0,80) | Bo € Pret(a) AT € R(B) }.
For the base cases the equality holds. Suppose that the equality holds for a; and as.
Let @« = a1 + 5. Then

{(1,0,B0) | Bo € Pret(aq + ax) AT € R(B) }
={(r,0,B0) | Bo € Pre" (a;) AT €R(B)}
U{(r,0,80) | Bo € PreT(ax) AT €R(B) }
=T(aq) + T(a2) = T(ag + ag).

Let a = ayas. Then

{(1,0,B0) | Bo € Pret(anaz) AT € R(B)}
={(7,0,B80) | Bo € ayPre™ () AT € R(B) }
U{(r,0,80) | Bo € PreT(ax) AT €R(B) }
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By the induction hypothesis, the second set is T(asg). On the other hand, we have

{(r,0,B0) | Bo € a1PreT(ax) AT € R(B) }
={(r,0,80) | B=a1yAvo € Pre"(as) AT € R(ay) }
={(r,0,80) | B=a1yAvyo € Pret(a) AT =17 Ay €R(Y)}
U{(r,0,80) | B =ar1yAvyo € Pre"(az) Ae(y) =e AT € R(ay) }
= a1 T(az2) UR(a1) x a19(as).
We conclude that
{(r,0,B0) | Bo € Pre"(a1as) AT € R(B) } = T(ao) U g T(az) UR(a1) x arth(az).

Let o = 7. Then

{(1,0,80) | Bo € Pret(af) AT € R(B)}
={(r,0,B80) | Bo € a;Pret(a;) AT €R(B)}
={(r,0,80) | B = ajy Ao € Pre* (1) AT € R(e77) }
={(1,0.80) | B=aiyAyo € Pref(an) AT = aiy Ay €R(y)}
U{(r,0,80) | B =aiyAyo € Pret(a)) Ae(y) = AT € afR(a1)}
= aj T(an) Uaj(R(ar) x ¢(aq)).
O

4. Relation with Other Constructions

In this section we relate the prefix automaton with several other constructions from
regular expressions to NFAs. From Section 4.1 to Section 4.3 we recall the definitions
and some properties of the position automaton and the partial derivative automaton
as well as their duals, i.e., the dual position automaton (Aggg) and the right-partial
derivative automaton (Agg). For the Ags we also show that it is (isomorphic to)
a quotient Am. The subsequent sections relate Ap.. with these automata. While
Aﬁ) is a quotient of A‘P_os’ Apre 18 a quotient of Appg. For completeness we also
consider the dual prefix automaton Aﬁ and relate it with App.

4.1. The Position Automaton and its the Dual

The position automaton, introduced by Glushkov [14], permits us to convert a regular
expression « into an equivalent NFA without e-transitions. The states in the position
automaton correspond to the positions of letters in « plus an additional initial state.
Formally, given o € RE, one can mark each occurrence of a letter o with its position
in «a, considering reading it from left to right. The resulting regular expression is
a marked regular expression @ with all symbols distinct and over the alphabet 5.
Then, a position i € [1,|a|s] corresponds to the symbol o; in @, and consequently to
exactly one occurrence of o in a. The same notation is used to remove the markings,
i.e., @ = a. Marking and unmarking can also be applied to a set of expressions.
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Example 12. The marked version of 7 = (ab* + b)*a is T = (a1b} + b3)*a4.

Let Pos(a) = {1,2,...,|als}, and let Posg(a) = Pos(a) U{0}. To define the Apog(c)
we consider the following sets:

First(a) = {i | oyw € L(@) },

Last(a) = {i | wo; € L(@) },

Follow(a, i) = {j | uoiov € L(@) }.

It is convenient to extend Follow(a, 0) = First(ar) and define that Lastg(«) is Last(a)
if e(a) = 0, or is Last(a) U {0}, otherwise. We define the position automaton using
the approach by Broda et al. [3], where the transition function is expressed as the
composition of functions Select and Follow. Given a letter ¢ and a set of positions
S, the function Select selects the subset of positions in S that correspond to letter o.
Formally, given a subset S of Pos(a) and o € X, let

Select(S,0) ={i|ie SAT;, =0}
Then, the position automaton for « is
Apos (Oz) = <POSO (Oé), Y, dpos, 0, Lastg (Oé)>,

where dpos(i,0) = Select(Follow(a, i), o). Broda et al. [3] defined a dual of the posi-
tion automaton, Am, which has only one final state n + 1, where n = |a|s and the
initial states are Follow(c, 0) Ue(a){n + 1}. Formally

Aggg (@) = (Pos(a) U {n + 1}, 5, 0554, Follow(a, 0) Ue(a){n + 1}, {n + 1}),

where for i € Pos(a) U {n + 1} one has dg55(i,0) = Follow(a, i) U e(i){n + 1}, if
i #n+1 and 7; = o, being the empty set otherwise. In particular, it was shown that

Apos(aR)R ~ Aros(a).

Example 13. For a = (ab* +b)*a with @ = (a1b} + b3)*as we can compute the sets:

First(a) = {1, 3,4}, Last(a) = {4},
Follow(a, 1) = {1,2,3,4}, Follow(a, 2) = {1, 2, 3,4},
Follow(a, 3) = {1, 3,4}, Follow(c, 4) = 0.

The corresponding position automaton and its dual are depicted in Figure 2 and in
Figure 3, respectively.
4.2. The Partial Derivative Automaton

The partial derivative automaton of a regular expression was introduced indepen-
dently by Mirkin [18] and Antimirov [1]. Champarnaud and Ziadi [9] proved that
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Figure 3: Aggg((ab® +b)*a).

the two formulations are equivalent. For a regular expression a € RE and a symbol
o € X, the set of partial derivatives of a w.r.t. o is defined inductively as follows:

05(0) = 05(g) =0, Oy (a+ ') = 05 () U D, (),
0,(0") = {{5} ito' = o 0, (0a") = By(e)a’ Ue(@)d (@), (9
7 U otherwise, Os(a*) = 0y () ™.

The definition of partial derivatives can be extended in a natural way to sets of regular
expressions, words, and languages. For w € ¥*, we have

w ' L(a) = LOw(@) = | ] L)
TEDy ()

The set of all partial derivatives of o w.r.t. words is denoted by PD(a) = Js~ ().
The partial derivative automaton of « is

APD(a) = <PD(O[), Zv §PD3 «, FPD>7

where Fpp = {7 € PD(a) | e(r) = ¢}, and dpp(7,0) = Jy(7), for all 7 € PD(«)
and o € . Mirkin’s construction of the App(«) is based on the existence of a set of
expressions m(a) = {a1,...,q,} that satisfies a system of equations

;= o1 + -+ opig + (),

with ap = a and such that a;; are linear combinations of elements of 7(«), for all
i € [1,n] and j € [1,k]. Tt follows that PD(«) = m(a) U {a} and that App can be
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Figure 4: App((ab* + b)*a).

defined in an inductive manner [4, 17, 16]. For completeness we give that inductive
construction in the appendix.

Champarnaud and Ziadi [10] proved that App is a quotient of Apps by the
relation =., which is a right-invariant relation w.r.t. Apos. Given a position i
there is some expression c¢;(c) such that for all w € X%, either Oy, (@) = 0 or
Owo; (@) = {ci(a)}. For i, j € Posp(a) and considering co(a) = a, one has

1=cj <= c(a) =cj(a).
Proposition 14 [10]. App(a) ~ Apos(a)/=..

Example 15. Figure 4 presents the automaton App((ab* + b)*a). Considering the
set Posg((a1b5 + b3)*as)) = {0,1,2,3,4} we have 0 =, 3 and 1 =, 2.

4.8. The Right-Partial Derivative Automaton

Partial derivatives correspond to left-quotients of the language of a regular expression.
In the same way one can consider the right-quotients and define the right-partial
derivatives of an expression in a dual manner. For a regular expression o € RE and
a symbol o € X, the set of right-partial derivatives of a w.r.t. o, %g (), is defined
inductively as in (8) except for the following cases:

= < “— = =
Os(af)=a0,(B)Ue(f)0,(a) and 0,(a*)=a”d,(a). (9)
The definition of right-partial derivative can be extended in a natural way to sets
of regular expressions, words, and languages. The set of all right-partial derivatives
of a w.r.t. words is denoted by PD(a) = [J,,c5+ O w(@). The next results relate the

left and the right partial derivatives, where the reversal of set a of regular expressions
is the set of the reversals of its elements.

Lemma 16. For any a € RE, 0 € ¥, and w € ¥* we have
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Proof. The proof of (1) proceeds by induction on the structure of « using the defini-
tions. The proof of (11) proceeds by induction on the size of w using (1). Finally, (111)
and (1v) are consequences of the first two items. O

The right-partial derivative automaton of a is
Ags(@) = (PD(), %, bpp, Fon (a). a),
where

Sop = {(10.8) | 7€ Do (B) AT €PD(@) Ao €Y,
Fon = {r € PD(a) | e(r) = £ }.

Proposition 17 [16]. L(Asg(a)) = L(a).

Note that Agg(a) has always one final state although it can have more than one
initial state. Similarly to App, the Agg () can also be defined based on the existence
of a set of expressions 7 (a) = {a1, ..., a,} that satisfies a system of equations of the
form

Qi = @101 + -+ + qiog + €(a;),

with ap = « and such that ay; are linear combinations of ¥ () for all i € [1,n] and
j €[1,k] [16, 17]. Using the results above we can relate App with Ass-

Proposition 18. (App(aft))f ~ Asp ().
From Proposition 18 and Proposition 14 we have the following.
Corollary 19. Ags(a) ~ (Apos(a)ft/=..

Proof. The following hold

Ap(@) =~ (App(aR)) ~ <APOS<04R>/:C>R - (Aros(@™)"

O

Note that =, is a left-invariant relation on the set of states of (Apos(af))®. As
mentioned in Section 4.1 this last automaton is isomorphic to the Agss [3].

Example 20. For a = (ab* + b)*a, Agg(a) is represented in Figure 5 and can be
obtained from Ags5() in Figure 3, by merging states 1, 3 and 4.

4.4. Apre as a quotient of Apos

As mentioned before Yamamoto showed that Agys coincides with App. This fact
could lead us to think that Aﬁa coincides with Ap.., which is not true. For instance,
considering @ = a + b, the Ags(a) has two states and the Apye() has three states



18 SABINE BRODA, EVA MAIA, NELMA MOREIRA, ROGERIO REIS

a,b b

(ab* + b)*ab*

(ab* +b)*a

Figure 5: Agg ((ab® + b)*a)

(see Figure 6). While Ags (o) is a left-quotient of Aggs, we will see that Apye(a) is
a left-quotient of Apos(«).

.

a Sony

b
(a) Apos (@) () Aggs(@ () Apre(a) (d) Agp(a)

Figure 6: Automata for a = a + b.

Considering a marked regular expression @, Apos(@) is deterministic and thus all
its states, labelled with indexes ¢ € Pos(a)) U {0}, have distinct left-languages. On the
other hand, for each index i € Pos(«a) there is exactly one state So; in Apre(@). The
initial states of the two automata are respectively labelled with 0 and €. We conclude
that |Pre(@)| = |@|s. The fact that Ap,e(@) ~ Apos(@) follows from the following
lemma which can be proved by induction on the structure of a [16].

Lemma 21. For any marked regular expression a we have
(1) First(a) = {i | Bo; € Pret (a) Ae(B) =¢}.
(1) Last(a) = {i]| Bo; € R(a) }.

(i) For all Ba;, 7o, € Pret (), one has (Bo;,04,70;) € dpre iff j € Follow(a, ).
Proposition 22. Ap,(@) ~ Apos(@).

Proof. To prove that these automata are isomorphic we just consider the bijection
¢p : Pre = Posy such that ¢, () = 0, and ¢, (y) = Last(y), if v € Pre(@) \ {e}. For
the initial and final states the isomorphism is obvious. For the transition functions
the isomorphism follows from Lemma 21. O

Moreover, considering the automaton Ap,.(@) that is obtained from Ap,.(@) by
unmarking the letters labelling the transitions, we have the following result.

Proposition 23. Ap,.(a) ~ Apos(a).

(
To show that Ap..(a) is a quotient of Apps(«), we first consider an equivalence
relation on the set Pre(@). For 8,7 € Pre(@), let =, be defined by

B=,7 <= B=T.
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The following lemma is immediate by the definition of R.

Lemma 24. For all Bo;,70; € Pre(@), if Bo; = 7065, then R.(8) = R.(7).
Lemma 25. The relation =, is left-invariant w.r.t. Ap.(@).

Proof. We have =,C (Pre*(@))2U {(,¢)}. Let Bo;,70; € Pre(@) with Bo; =, 70;.
Let 7 € 0%(r0j,0) = R.(7) with 3; = 0. Then 7/ € R.(7) and by Lemma 24 there
exists 8’ € R.(B) = 67(Bo;, o) such that 7/ = B (i.e., B € R.(B)). Thus g’ =, 7. O

Corollary 26. Ap,e() >~ Apye(@)/=,.

Proof. Consider ¢, : Pre(@)/=, — Pre(«) defined by ¢y ([e]) = € and ¢, ([8]) = 5. It
is obvious that ¢, is a bijection and defines an isomorphism between the automaton
Apre(@)/=p and the automaton Apye (). O

As seen before, all the expressions of Pre(@) are of the form that o’o; or € and for each
position i € Pos(«) there exists a unique o/o; € Pre(@). Let p;(a) be that expression.
Considering the isomorphism ¢, defined between Pre and Posy (cf. Lemma 23) we
can define =, = =, o, which is left-invariant w.r.t. Apog and for 4,5 € Posy(ca)
verifies the following

i=pj = pila) =p,(a).

Theorem 27. Ap,o(a) ~ Apos(a)/=.

Proof. Let ¢y : Pos(a)/=¢ — Pre(a) be defined by ¢¢([0]) = & and @([i]) = pi(a).
From the above, it is obvious that ¢y is a bijection and defines an isomorphism between
the automaton Apog(a)/=,¢ and the automaton Ape(a). O

Example 28. Consider a = (ab* +b)*a, with @ = (a1b5 + b3)*a4, and the automata
Apos and Ap, depicted in Fig 2 and 1, respectively. We have 1 =, 4.
4.5. Apye versus App, and their Duals

Broda et al. [3] defined a dual version of the prefix automaton, denoted by Ag-—, such
that

Apre(@) = (Apre(a™))
and
Aprz() = Apos (@),

To define that automaton one uses a set L.(a) = L(a) U{e(a)}, where L(«) is defined
as R(a) except for concatenation and Kleene star, where

L(aa') = L(a)d’ Ue(a) L(o), L(a*) = L(a)a™.

These sets relate to partial (left or right) derivatives as follows.
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Table 1: Experimental results for the number of states of some automata constructions.

IPD| 5, 1PD]

| Pre |

ko lal Ipesgl  IPD| e jpos] |Prel yposy '

2 100 28.9 15.7 0.55 15.9 0.55 20.1 0.71 0.90
500 139.9 71.6 0.51 71.5 0.51 91.9 0.66 ’
100 42.5 23.8 0.56 23.8 0.56 38.5 0.91

10 500 207.1 113.2 0.55 112.4 0.54 186 0.90 0.99
1000 412.1 223.7 0.54 223.1 0.54 369.5 0.90

Lemma 29 [3]. For any o € RE,

(1) Re(@) = Uyex 9ola)oUe(a).
() Le(a) = U,ex 005 () Ue(a).

In particular, the established relation implies that the number of states of App(«)
is always less than or equal to the number of states of Ag—(a). The same holds for
Aﬁ)(a) and Ap,o(). We note that App and Ap,, are generally not comparable. For
instance, for a = (ab* +b)*a from Examples 4 and 15 the number of states in App ()
is three, while Ap.(«) has four states. On the other hand, for a = a*ab + (ab)* + a*
there are seven states in App(a) and five in Ape(a).

5. Average Size Complexity

In this section we analyse the average size of the automata obtained from regular
expressions by the different constructions considered in the previous sections. We use
both experimental as well as theoretical asymptotical methods considering regular
expressions of a given size following a uniform distribution. Note that although this
distribution on expressions is an adequate choice, it does not relate directly with any
distribution in the realm of regular languages.

First we consider results of experimental tests carried out in order to compare the
sizes of Apos, App, Ass and Apre automata. We used the FAdo library ' that
includes implementations of those NFA conversions, and several tools for uniformly
random generate regular expressions. In order to obtain regular expressions uniformly
generated in the size of the syntactic tree, we used a prefix notation version of the
grammar (1). For each alphabet size, k, and expression size, ||, samples of 10000
regular expressions were generated, which is sufficient to ensure a 95% confidence level
within a 1% error margin [11]. Tables 1 and 2 present the average values obtained for
|a| € {100, 500,1000} and k € {2,10}.

These experiments suggest that, on average, the Aﬁ} and the App have the same
size and the Ap, is not significantly smaller than the Apog.

Nicaud [19] showed that on average and asymptotically the number of transitions of
Apos is linear on the size of the expression. Broda et al. [4, 5] studied the average size
of App and concluded that, on average and asymptotically, the App has at most half
the number of states and transitions of the Apos. By Proposition 18, |af|s = |a|s

1fado.dcc.fc.up.pt
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Table 2: Experimental results for the number of transitions of some automata construc-
tions.

S| [66=1
15pp | 1%5 5D

k @ 5 5 5 —PD_ s —PD
|| [sposl [opDI opos] | 55! Tpos] [6prel pos]

2 100 167.5 56.0 0.33 56.4 0.34 73.7 0.44

500 1486.5 389.8 0.26 393.1 0.26 530.8 0.36

100 159.4 73.7 0.46 72.9 0.46 130.4 0.82

10 500 1019.1  423.8 0.42  425.6 0.42 807.1 0.79

1000 2182.1 884.1 0.41 884.5 0.41 1717.6 0.79

and by the fact that ¢ € m(a) if and only if ¢ € (@), this analysis of the average
size of App(a) still holds for Ags(a). Thus the average sizes of App and Agg are
asymptotically the same. However, Aﬁ) () has only one final state and its number
of initial states is the number of final states of App(a®).

Again following the ideas in Broda et al., we estimate the number of mergings of
states that arise when computing Ap;. from Apog. The Ap;. has at most |a|s + 1
states and this only occurs when all unions in Pre* (a) are disjoint. However for some
cases this does not happen. For instance, when o € Pre™ (3) N Pre™ (), then

Pre’ (8 +7)| = [Pre* (8) U Pre™ (7)] < [Pre* (8)] + |Pre* (v)] — 1, (10)
Pret(8 )] = |8*Pre* () U 8*Pre” (8)] < [Pret (8)] + [Pre* (+)| - 1.

In what follows, we estimate the number of these non-disjoint unions, which corre-
sponds to a lower bound for the number of states merged in the Appg automaton.
This is done in the framework of analytic combinatorics as expounded by Flajolet and
Sedgewick [12] (see also [5]). The method applies to generating functions

A(z) = Z anz"

for a combinatorial class A with a,, objects of size n, denoted by [2"]A(z), and also
bivariate functions

C(u,z) = Z uc@) glol,

where ¢(«) is some measure of the object & € A. The symbolic method [12] is a
framework that allows to express a combinatorial class C in terms of simpler ones,
Bi,...,Bn, by means of specific operations, yielding the generating function C(z) as
a function of the generating functions B;(z) of B;, for 1 <i < n.

Generating functions can be seen as complex analytic functions, and the study of
their behaviour around their dominant singularities gives us access to an asymptotic
estimate for their coefficients. We refer the reader to Flajolet and Sedgewick for an
extensive study on this topic. Here we only state the results relevant for this paper.
For pe C, R>1and 0 < ¢ < /2, consider the domain

Alp,d,R)={z€C||z| <R, z# p, and |Arg(z —p)| > ¢ },



22 SABINE BRODA, EVA MAIA, NELMA MOREIRA, ROGERIO REIS

where Arg(z) denotes the argument of z € C. A region is a A-domain at p if it is
a A(p, ¢, R), for some R and ¢. The generating functions we consider have always
a unique dominant singularity, and satisfy one of the two conditions of the following
proposition, used by Nicaud [19].

Proposition 30. Let f(z) be a function that is analytic in some A-domain at p €
R*. If at the intersection of a neighborhood of p and its A-domain,

(1) f(z)=a-0 1—z/p+o(\/1—z/p), with a,b € R, b # 0, then

1) ~ g

() f(z) = \/:Z/p +o (\/1lz/p)’ with a € R, and a # 0, then
n ~ i —n, —1/2
[2"17(2) ~ g,

5.1. The Average State Complezity of Apre

The regular expressions «,, for which o € Pre(a,), o € ¥ are generated by following
grammar

ar =0 | (as+a) | (e +as) | (ar-a) | (e ap).

The regular expressions that are not generated by «a, are denoted by az and « are
regular expressions given by grammar (1) (omitting the (}). The generating function
for regular expressions is

Ri(2) = 1_2_4—ZA’f(Z), (11)

where Ay (z) = 1 — 2z — (7 + 8k)2? and the zeros of Ay(z) are

1 1
= and ppr= ————,
S TN R T PPN 72
Moreover [19, 4],
2(1 —
[2"|Ri(2) ~ ( pk)p_"n_3/2. (12)

8pk\/T k
The generating function for a,, Ry (%), satisfies

R, k(2) = 24+ 2Ry 1 (2) Ri(2) + 2(Ri(2) — Rok(2)) Ro i (2) + 2Ro 1 (2) R (2) +Z2R07k(z)
which is equivalent to

2Ry i (2)* — (32Ri(2) + 22 — 1) Ry 4(2) — 2 = 0.
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From this one gets

(22 +32Rp(2) — 1) + /(22 + 3zR(2) — 1)2 + 422

Rg’k(z) - 2z

Using Equation (11) for Ry (z) one has

$2Ry1(2) = —b(2) — 3v/Br(2) + \Jal2) + 6b(2) /B (2) + 9k (2

where a(z) = 162% —2423 +6522+6z+1 and b(z) = —42%2+3z+1. Using the binomial
theorem, we know that

\/ )+ 6b(2)V/Ak(2) + 9A(2) = Va(z) +3

+0 Ak %
\/_\/

Thus,

82R, 1 (2) +F+3< 1> A(2) + o(Ag(2)%).

Va(z)

As we know that the following equalities are true:

VARZ) = V(T+8k)pr(z — p)V/1 — 2/ pr

V(7 +8k)pi(pe — i) = /2 — 21,

and using the Proposition 30 one has

Thus the asymptotic ratio of regular expressions with o € Pre(«) is:

" Ron(2) 3 (1_ b(px) )
alpr)

[2"]Ri(2) 2

As lim pr =0, lim a(px) =1, and lim b(py) = 1, the asymptotic ratio of regular
k—o0 k— o0 k—oc0
expressions with o € Pre approaches 0 when k& — oo.
Let i(a) be the number of non-disjoint unions appearing during the computation
of Pre(a), o € RE originated by the two cases described in (10). Then i(«) verifies
the following equations

i(e) =i(o) = 0, i(aray) =i(al) +i(as) + 1,
(o + as) = i(ag) +i(as) + 1, i(afas) =i(ag) +i(as),
(oo + aF) = i(ay) +i(az), i(aaz) = i(a) + i(ag),
ilaz + a) = i(az) +i(a), i(a*) = i(a).
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From these equations we can obtain the cost generating function of the mergings,
I,(2), by adding the contributions of each one of them. For example, the contribution
of the regular expressions of the form a, + a, can be computed as follows:

Z (g + ag)zl@etad)l = ZZ Z(i(aa) + i(ag) + 1)zloel lael

Gotao Ao Qg
e+ oz s 3 e
ay Qo o

=2z1,, k(2)Rok(2) + zR,,yk(z)2,

where I, ,(2) is the generating function for the mergings coming from «,. Applying
this technique to the remaining cases, we obtain

)

VAG)

Using again the same Proposition 30, we can conclude that:

_ (22D Ros(2)®

1+ py, (“(Pk) +b(pr)* = 2b(p1) a(pk))
! NN

Recall that the number of states of Apog(a) is equal to the number of letters in a.
Thus in order to obtain a lower bound for the reduction in the number of states of
the Ap,e automaton, as compared to the ones of the Appg automaton, it is enough
to compare the number of mergings for an expression «, with the number of letters in
a. From Nicaud [19] one knows that the generating function for the number of letters
Lyi(z) satisfies the following

(2"l (2) pe "R,

kpx —n, —1/2
2" L (2) ~ ——p;."'n .
[2"] Ly (2) 7T(2_2Pk)pk

Therefore, the asymptotic estimate for the average number of mergings is given by:

"1, 1-
="l (2) ~ Pk Ak = Nk, where

(2" Li(z) — 4kpj;
Ak = % (a(ﬂk) + b(pr)® — 2b(p,€),/a(p,€)) ,

It is not difficult to conclude that klirn A = 0, therefore klim N, = 0.
—00 — 00

As it is evident from the last two columns of Table 1, for small values of k, the
lower bound 7, does not capture all the mergings that occur in Ap,.,. However, it
seems that for larger values of k, the average number of states of the Ap,. automaton
approaches the number of states of the Appg automaton.
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6. The Prefix Automaton for Regular Expressions with Intersection

In this section we extend the prefix automaton to regular expressions with the in-
tersection operator. The set REA of regular expressions with intersection over X is
obtained by adding the rule @ := (N «) in grammar (1). We have

Llan ) = L(a) N L(B).

Recently, the partial derivative automaton and the position automaton were extended
to REn [2, 6, 8]. In the case of the position automaton, the states were labelled by sets

of indexes. If reading a sequence of letters leads to a state with a label I = {iq,...,i,},
then in the corresponding marked regular expression, one just reads simultaneously
letters oy,,...,0;, for some (unmarked) letter o.

Example 31. Let a = (ab*a+a)*N(aa+b)* with @ = (a1b3a3+a4)* N (asas+b7)*.
After reading the sequence of letters aa, the letters read in the marked expressions are
either a3 and ag, or a4 and ag. Thus there will be a path in the position automaton
from the initial state to a state with label {3, 6}, as well as to a state with label {4, 6}.

Furthermore, it was shown that the partial derivative automaton is a quotient of
this position automaton construction by an extension of relation =.. In the case
of expressions containing intersection, and due to the fact that some subexpressions
may describe the empty language, the inductive constructions of these automata may
include useless states, i.e., states with an empty right language.

Example 32. For a from Example 31 and 8 = (¢ N d) we have a8 = @(cg N dy).
In this case states {3,6} and {4,6} in the position automaton of o8 are now useless
states.

We now define the position automaton for expressions in REn, using the Select
function defined in Section 4.1. This construction leads to an initially connected
automaton, which improves the inductive definition presented in [8]. That is obtained
by defining the Follow set only for the necessary sets of indexes, i.e., labels of reachable
states. Given « € REn, both @ and Pos(«) are defined as before. For the labels of
states of Apog(a) one has to consider non-empty subsets of Pos(a)) where all indexes
correspond to the same letter. For this, we define ¢(i) = o for 5; = o, as well as
UI) = o if for all i+ € I C Pos(a) one has £(i) = 0. The set of all non-empty
subsets I of Pos(a), such that ¢(I) = o for some o € X, is denoted by Ind(a). For
S1, 82 C Ind(), we define

S1®@Se={L UL |{)=0I)N] € 5,12 €55}

Given a marked expression «, a subexpression 3 of a, and a set of indexes I € Ind(«),
let T ‘ 8 denote the set of indexes in I that occur in . This definition is naturally
extended to words x = I; - - - I, € Ind(@)* by .1‘|ﬁ = Il‘ﬁ .. -In|ﬁ, for n > 0.

Now, we consider the sets First(«), Last(«) and Follow(a,I) C Ind(c), for I €
Ind(cr). These sets are defined on a marked expression and as usual [3, 15], except for
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the base cases and for intersection. First is defined as follows.

First()) = First(¢) = 0, First(ay + a2) = First(ay) U First(az),

Fi Fi i .
First(o;) = {{i}}, First(aag) = 4 | rot(@n) UFirst(az), if e(ar) =

First(ay), otherwise,
First(a*) = First(a), First(o; N ag) = First(aq) ® First(az).

As usual, Last is defined as First except for the concatenation operator.

Last(ap) U Last(ap), if e(az) = ¢;
Last(as), otherwise.

Last(alag) = {

Now, consider the set Follow with I € Ind(«), given by the following rules.
Follow (o, I) = 0,
Follow(ag, I)  if I € Ind(avy),
Follow(a; + aa, I) = ¢ Follow(ag, I) if I € Ind(a),

0 otherwise.
Follow(a, I) if I € Ind(a1) AT ¢ Last(ay),
Foll I)UFi if I el

Follow(aas, T) ollow(a, I) U First(ca) 1 € Last(ay),
Follow (g, I) if I € Ind(a2),
0 otherwise.
Follow(a, I) if I ¢ Last(«),

Follow(a*, I) = < Follow(c, I) U First(a)  if I € Last(a),

0 otherwise.

Follow(aq, I;) ® Follow(awg, I5)  if I =1, Uly A
Follow(ay Nag, I) = I € Ind(aq) A I € Ind(az),
0 otherwise.

Finally, for S C Ind(a) and o € ¥ one has Select(S,0) = {I € S| ¢(I) = o }. Then,
the position automaton Apos(«) is

Apos(a) = (Ind(a)) U {{0}}, X, dpos, 0, Lasty (),
where Lastg(a) is defined as before,
dpos(I, o) = Select(Follow(a, I), o), and

Follow(a, {0}) = First(«).

With these definitions we have that, given an expression a € REn, Apos(a) is equiv-
alent to « [8].
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Figure 7: Apos((ab*a + a)* N (aa + b)*)

Example 33. Let o = (ab*a+a)*N(aa+b)* with @ = (a1bjas +aq4)* N (asas+br)*.
In Figure 7 we depict the position automaton for a. We have

First(o) = {{1,5},{4,5}},

Last(a) = {{3,6},{4,6}},

Follow(a, 0) = Follow(«, {3,6}) = Follow(«, {4,6}) = {{1,5},{4,5}},
o, {1,5}) = {{3,6}},

a,{1,6}) = Follow(c, {2,7}) = {{2,7},{3,5}},

a,{4,5}) = Follow(c, {3,5}) = {{4,6},{1,6}}.

)
(
Follow(
Follow(

(

Follow

We recall that App was extended to expressions with intersection [2] by considering,
force X

O,(arNag) ={(andad)|aecd,(ar) Na € dy(az) }.

To define Ap,. for regular expressions with intersection we extend the function R
as follows:

R(ar Nag) ={(ana')o | aoc € Rlag) Ad'o € R(az) }. (13)

With this definition, we still have that £(a) = L(R.(e)). Consequently, Apse(c)
defined as in (7) is equivalent to a. Note that the set S defined in (2) can be also
extended for expressions with intersection considering that

S(ar Nag) ={(ana)o | ac € S(ay) Ad'o € S(as) }. (14)

However, as in the case of App for the sets 7 and PD™, one has Pre(a) C S(a) but
one can have S(a) € Pre(a) [2]. For instance, Pre(a(bNe¢)) = 0, but S(a(bNe)) = {a}.

In the following we establish that Ap,. is also a quotient of Apps. Note that marked
expressions of the form aN B are always either equivalent to the empty language @, or
to {e}. Consequently, the result in Propositions 23 does not hold and we have to use
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a different approach here. Consider function R' that applies to marked expressions
and is defined as R in (3) except that R'(o;) = {(¢,{i})}, and
Ry Nag) ={(ana/,[;UL) |
(o, I;) € R'(a1) A (o, 1) € R'(ag) A (1) = ¢(I,) },
with the convention that «(8,1) = (af,I) and (8,I)a = (Ba, I), and which extends

to sets of pairs (3, ). Given a marked expression a and w € Ind(a)* consider p', (a)
such that:

ple(a) = Rlﬁ(a)7 pIIw(a) = U RI&(a/)7

(e,1) € p'yy(e)

where R'.(a) = R'(a) Ue(a).
For an (unmarked) expression a € REn let,

Pe@= ) p.@:

we(Ind(a))*

Similar to the case without intersection, for each I € Ind(«), there is exactly one
pair (az,I) € Pre!(@). For a € RE, we have that Pre'(@) satisfies (2) considering
that Pre!(o;) = {(¢,{i})}. The following lemma caracterizes Pre' for expressions with
intersection.

Lemma 34.

Pre'(ag Nag)\ {e} ={(ana/,LUIL)|
(a,]l) S Pre'(al), (0/,[2) S |:>I’e|(042>7 E(Il) = E(IQ) }

Proof. We show that for all w € Ind(a; N ag)* one has (3,1) € p', (a1 Nay) if
and only if 8 = 1 NG, I = 1 Uy, (61,[1) € p'wl(al), (ﬂ2712) S p'wz(ag), and
0(I1) = £(I3), where I} = 1’51, I, = I‘Bz’ wy, = wlﬁl, and wy = w|52. The proof is by
induction on |w|. For w = ¢ the result follows from the definition of R'. Furthermore,
we have (3,1) € p';, (1 Nay) iff there is a pair (o/,J) € p', (@1 Nag) such that
(B,I) € R'.(a/). Thus, by the induction hypothesis o/ = o} Nab, J = J; U Jo,
(a4, 1) € ply, (1), (ah, Jo) € 'y, (@2), £(J1) = £(Ja), where Jy = J| , Jo = J|_,
wy = w’al, and wy = w‘(m. But (8,I) € R'.(a} N aj) means that 8 = B N SBa,
I=15LU .[2, (517]1) S RI(O/l), (ﬁg,[z) € RI(O/2), and K(Il) = é(IQ) AHd7 ﬁnally, that
(B1,11) € Py, (1) and (B2, I2) € p'y,,, (22).- O
The next lemma establishes the connection of Pre! with Pre and can be proved by
induction on the structure of a.

Lemma 35. Pret(a) ={d/o | (o/,I) € Pre(@) Ao =¢(I)}.
The following result, which is analogous to Lemma 21, relates Apos with Ape.

Lemma 36. For a € RE5 we have
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(8.1) € Prel(@) ne(B) = ¢},

(8.1) e R'(a) },

(v,J) € Prel@), of = 4I) and o/ = ¢(J), one has
€ 5pre if and only if J € Follow(a, I).

(1) First(a) =41
() Last(a) ={I
(1) For all (B,

(Bol, 0”7, 7o

|
1),
7)

Proof. By induction on @ € REn (as defined in the beginning of this section). If «
does not contain the intersection operator, then the result follows by Lemma 21. In
fact, the definitions are identical except for the case of ¢;, where instead of a position ¢
we have the singleton I = {i}. We will check the results for the case of an intersection
expression oy N as.

(1) By Lemma 34 we have

First(a1 n O[Q) = {Il Ul ‘ f([l) = f([g) NI € First(al) NIy € Fil’St(O&z)}
= {Il Ul ‘ (a,]l) € Pre'(al) AN (O/,IQ) S Pre'(ag)
AL =) Ne(a) =¢e(d)) =€}
={LUL|(anad I, Ul) € Pre(agNag) Ae(anad)=c}.
(11) We have

Last(ayNaz) = Last(ay) ® Last(aw)
= {0 | (B, 1)) €R(e1) } ® {1z | (B2, 1) € R'(a2) }
={NLUL | (L) ={I) A (B, 1) €R(ar) A (B2, I2) € R'(az) }
={LUL|(BiNpB, L UL)cR (a1 Nay)}.
(1) Here we use Lemma 35. Let (81N B2, [y UL), (71 N5z, J1UJs) € Pre!(ay Naw).
Let of = 4(I) = {(I3) and let 0/ = ¢(J;) = £(J2). Then,
(B1 0 Bao! o7 AT N a07) € dpre(ar Nan)
Y1 NA20” € Pret (a1 Naz) A B N Bro’ € Re(7r N2)
(71 N2, J) € Pre'(a1 Nag) A Bro! € Re(37) A Bao! € Re(72)
(71, J1) € Pre'(ay) A (72, J2) € Pre'(as) A Bro! € R.(F7) A Bao! € Re(72)
(Biot, 07, 7107) € dpre(a1) A (Bao!, 07 7507 € dpre(a)
J1 € Follow(aq, I1) A Ja € Follow(as, Is)
J1 U Jy € Follow(ag Nag, I; U ).

rreeet

O

Finally, consider the relation = defined in Ind(«) U {{0}} such that {0} =, {0} and
for I, J € Ind(a),
I=,J < ((I)=10(J) and a7 = a7.

This relation is left-invariant w.r.t. Apog(a). We conclude that, also for expressions
with intersection, one has the following result.



30 SABINE BRODA, EVA MAIA, NELMA MOREIRA, ROGERIO REIS

—O— aa (arab* Naza)a

(arab* N@z)a
Figure 8: Apre((ab*a + a)* N (aa + b)*)

Proposition 37. Ap..(a) ~ Apos(a)/=.

Proof. Let ¢; : (Ind(a) U{{0}})/=¢ — Pre(a) defined by ¢,([{0}]) = ¢ and let
we([I]) = ago, where o = £(I). It is obvious that ¢, is a bijection and, us-
ing Lemma 36, defines an isomorphism between Apos(«)/=¢ and Ape(a). O

Example 38. For « from Example 33, with @ = a3 N ag, for a3 = (a1b5as + aq)*
and as = (asae + b7)* we have
Prel(al) - {5 (ah {1})7 (ala {4})3 (a1a1b§7 {3})3 (a1a1b§7 {2})}a
Prel(oQ) = {5’ (a 2 {5})7 (a25 {7})7 (0420,5, {6})}7
Pre!(@) = {e, (a1 N, {1,5}), (a1 N, {4,5}),
(a1 Nagas, {1,6}), (a1 Nazas, {4,6}),
(oz1a1b§ n Qo0s5, {3, 6}),
(a1a1b§ N Qo, {3, 5}), (a1a1b§ n g, {2, 7})}
By inspection of the expressions in these pairs and since £({1,5}) = ¢({4,5}) = a and
also £({1,6}) = £({4,6}) = a, we conclude that an automaton isomorphic to Apye(c)
can be obtained from Apog(a), merging the states with labels {1,5} and {4, 5}, as
well as the states with labels {1,6} and {4,6}. The first two states merge to a non

final state with label aa, while the latter merge to a final state with label (a7 N@za)a.
The automaton Ap,e(c) is depicted in Figure 8.

In a symmetric way an extension of L to expressions with intersection can be
given, as well as a function L', that applies to marked expressions. Using these
definitions, one shows that also for intersection the relationship between ‘Aﬁ and
As— is Ag—(a) ~ Aggg(a)/=¢. Using the counterpart of (13) for L we have that
Lemma 29(11) is also true stablishing a relation between Ag— and App. Finaly, the
right-partial derivative automaton Ags can be extended exactly as App for expres-
sions with intersection, and we conclude that Lemma 29(1) also holds in this case.

Example 39. In Figure 9 is depicted the App(«)
As a = o we have Ag— (@) =~ Apre()™ and Ay (a

for a = (ab*a + a)* N (aa + b)*.
a) = App(a)t.
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Figure 9: App((ab*a + a)* N (aa + b)*) where a1 = (ab*a + a)* and az = (aa + b)*.

(b*a)aq N (aas)

7. Conclusion

An upper-bound for the asymptotical average number of states of App () for o € REn
of size n is (1.056 4+ o(1))™ (cf. Bastos et al. [2]). The same upper-bound holds for
Apos and thus also for Apy.. In Broda et.al [3] several automaton constructions were
based on the Follow set and the Select function. Considering the definition of the set
Follow for expressions in REn, all those constructions can be extended and the same
relationships hold. With the extension of Ap,. to RE~ and the results here presented
we conclude that the relationships presented in that taxonomy also hold for Ap,,
Ag— and their determinisations.
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A. Inductive Characterization of App

Mirkin’s construction of the App(«) is based on the existence of a set of expressions
m(a) ={a1,...,a,} that satisfies a system of equations

a; = o141 + -+ opaur + (@),

with ap = a and such that a;; are linear combinations of elements of 7(«), for all
i€ [l,n] and j € [1,k]. The set w(a) can be obtained inductively on the structure of
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« as follows:

w(0) = 0, r(a+ B) = (@) Un(6),
m(e) =0, m(ap) = m(a)fUn(f), (15)
m(o) = {e}, m(a*) = m(a)a*.

Champarnaud and Ziadi [9] proved that PD(«) = 7(a) U {a} and that the An-
timirov and the Mirkin constructions lead to the same automaton. As noted by Broda
et al. [5], Mirkin’s algorithm to compute 7(«) also provides an inductive definition
of the set of transitions of App(«). Let p(a) = {(0,7) | v € d-(a) Ao € ¥} and
AMa) ={d | o € w(a) Ne(e) = e}, where both sets can be inductively defined as
follows:

p(0) =0, pla+ ) =p(a) Up(p),

p(e) =0, p(af) = p(a)BUe(a)p(B), (16)
p(o) ={(0,¢)} p(a”) = p(a)a,

A0) =0, Aa+8) = M) UA(B),

Ae) =0, Aap) = e(B)A(@)BUA(B), (17)
Mo) = {e}, AMa™) = AMa)a™.

In the above definitions, for any tuple (o,7) and expression 8, (o,7)8 = (o,70),
B(o,7) = (o, 87) and these also extend to sets of tuples. The set Tr(«) of transitions
is inductively defined by:

Tr(0) = Tr(e) = Tr(o) =0, 0 € X,
Tr(a + B8) = Tr(a) U Tr(8),
Tr(ap) = Tr(a)B U Tr(8) U (M) B x ¢(B)),
Tr(a®) = Tr(a)a™ U (AMa) x p(a))a*,

where the result of the x operation is seen as a set of triples (¢/,0,8’) and the
concatenation of a transition (a,o,8) with a regular expression v is defined by
(a,0,8)y = (ay,0,87) and v(a,0,8) = (ya,0,78). These also extends to sets of
transitions. Then we can inductively construct the partial derivative automaton of a
using the following results.

Proposition 40. Tr(a) = {(,0,7") | T € PDT(a) AT € 0,(T) Ao € 2}
Proof. We know [7, 9] that PD"(a) = 7(a). Thus we want to prove that Tr(a) =

{(ryo,7) | 7 € w(a) AT € 9,(7) No € E}. Let us proceed by induction on the
structure of a. For the base cases the equality is obvious. We assume that o € X.
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Let o = a1 + 5. Then

{(ryo,7) | T €m(a1 +a2) AT € 0,(7) }

={(r,0,7) | T € (1) Um(ax) AT € 0,(7) }

={(r,o,7) | Ten(a) AT €0,(1) yU{(r,0,7") | T € m(azx) AT € D,(7) }
= Tr(a1) UTr(ag) = Tr(ar + as).

Let a« = ayas. Then

{(r,0,7") | T € (1) AT € 0,(7) }

={(r,0,7) | T € m(ar)az Un(a) AT € y(7) }

={(r,0,7") | T €m(ar)as AT € 0p(7) }U{(1,0,7") | T € m(av2) AT’ € Dp(7) }.

By the induction hypothesis, we have { (7,0,7') | 7 € m(a2) AT € 0,(7) } = Tr(aa).

On the other hand,

{(ryo,7) | T €m(a1)a AT € 0,(7) }

={(r,0,7) | T = djaz A € T(a1) AT’ € Dy (aa2) }

={(r,0,7) | T =djaz A} € (1) AT € () }

U{(r,0,7") | T =ajas Aa)j € m(ar) ANe(a)) =e AT € O,(2) }

= Tr(a1)as U (A(a1)as X p(az)).
We conclude that {(7,0,7") | 7 € m(a1a2) AT € 0,(7) } = Tr(anaz). Let a = af.
Then

{(ryo, ) |[ren(a)) AT €0,(1)} ={(r,0,7") | T € T(ar)a AT € 0,(T) }

={(r,0,7) | T =adjaj A € m(ar) AT € Dp(T) }

={(r,0,7) | T =dja] Ao} € (1) AT € D, (a))at }

U{(r,o,7) |7 =ajal Aay € m(ar) Ae(a)) =e AT € D,(af) }

= Tr(ag)af U (Maq) x o(ar))a; = Tr(ag). O

Proposition 41. App(a) = (r(a) U{a}, T, {a} x p(a) UTr(a), o, A(a) Ue(a){a}).

Proof. We want to prove that the right-hand side of this equality corresponds to the
definition of App previously presented. For the set of states in both definitions of the
automata note that PD(a) = 7(a) U {a}. Also the initial and final states coincide.
The transition function

dpp ={(1,0,7") | TE€PD(a) AT €0y(T) N EX}
can be written as the following union:
{(a,0,7") | 7' € Os(a) Ao € SYU{(1,0,7") | T € PDT(Q)AT € 0y(T)Ao € X }.

The first set is clearly equal to {a} X ¢(a), and by Proposition 40 the second set is
equal to Tr(a). Figure 10 illustrates this inductive construction, where we assume
that states are merged whenever they correspond to equal REs. g
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Figure 10: Inductive Construction of App. Dotted states are final if € belongs to the
language of their label. If (8) = € the dotted arrow exists.

App (D) : App(e) : App (o) :
—(0) - —(O—"—0©
App (Ot + ﬁ) :
App(af) : L T IR e T
@) T G T D GED
APD(OZ*) :

@ PG

B. Inductive Construction of Aﬁj

The set 7 () can be defined inductively as in (15) except for the following cases:
T(af) =aT (B UT () and T(a*) = a*F ().

The solution of the system of equations also allows to inductively define the transition

function and the set of initial states of Ay [17, 16]. As before, we consider the sets

F
(@) ={(v,0)|7€ 9,(a),0 €2} and A(a)={o'|a’ € T(a), e(e’) = &}, which
are inductively defined as in (16) and (17), respectively, except for following cases:

% (0) ={(c,0)},
F(0") = a*F(a). N (@) = a*X(a),
F(aB) = aF(B) Ue(B)F (). X (aB) ==(@)aX(8)U X (a).
The set of transitions is {p (@) x {a} U ﬁ(a) where Tr is defined as Tr except for:
Tr(aB) = Tr(@) UaTr(8) U (F(a) x (aX(8),
Tr(0*) = a*Tr(a) Ua* (B (@) x X ().
Then, we have

As—(a) = (5 (@) U{a}, 3, F(a) x {a} UTr(a), X (@) Ue(a){a}, a).



