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Although regular expressions do not correspond univocally to regular languages, it is
still worthwhile to study their properties and algorithms. For the average case analysis
one often relies on the uniform random generation using a specific grammar for regular
expressions, that can represent regular languages with more or less redundancy. Gener-
ators that are uniform on the set of expressions are not necessarily uniform on the set
of regular languages. Nevertheless, it is not straightforward that asymptotic estimates
obtained by considering the whole set of regular expressions are different from those
obtained using a more refined set that avoids some large class of equivalent expressions.
In this paper we study a set of expressions that avoid a given absorbing pattern. It is
shown that, although this set is significantly smaller than the standard one, the asymp-
totic average estimates for the size of the Glushkov automaton for these expressions does
not differ from the standard case. Furthermore, for this set the asymptotic density of
e-accepting expressions is also the same as for the set of all standard regular expressions.
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1. Introduction

Average-case studies often rely on uniform random generation of inputs. In general,
those inputs correspond to trees, and generators are uniform on the set of these
trees, but not on the set that those inputs represent (such as languages or boolean
functions). Koechlin et al. [7] 8] studied expressions that have subexpressions which
are (semantically) absorbing for a given operator, calling them absorbing patterns.
For instance, (a + b)* is absorbing for the union of regular expressions over the
alphabet {a, b}, since o+ (a +b)*, or (a4 b)* + «, is equivalent to (a 4 b)* for any
expression «. After repeatedly applying the induced simplification, in the example
above replacing a+ (a+b)* by (a+b)*, the resulting expression can be significantly
smaller. For uniformly random generated expressions of a given size, Koechlin et
al. showed that the expression resulting from this simplification has constant ex-
pected size. That result led the authors to the conclusion that uniform random
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generated regular expressions lack expressiveness, and in particular that uniform
distribution should not be used to study the average case complexity in the context
of regular languages. This conclusion is misleading in at least two aspects. First, as
pointed out above, one is considering regular expressions and not regular languages
themselves. For instance, if one wants to estimate the size of automata obtained
from regular expressions, one disregards whether they represent the same language
or not. What is implied by the results of Koechlin et al. is that, if one uniformly ran-
dom generates regular expressions, one cannot expect to obtain, with a reasonable
probability, regular languages outside a constant set of languages. This means that
a core set of regular languages have so many regular expression representatives that
the remaining languages very scarcely appear. While neither regular expressions
(RE) nor nondeterministic finite automata (NFA) behave uniformly when repre-
senting regular languages, it is known that deterministic automata (DFA) are a
better choice, in the uniform model, as they are asymptotically minimal [11]. In
this sense, minimal DFAs are a perfect model for regular languages. However, in
practice, regular expressions are usually preferred as a representation of regular
languages, and are used in a not necessarily simplified form. Moreover, all of these
objects (REs, NFAs, and DFAs) are combinatorial objects per se that can have their
behaviour, as well as of the algorithms having them as input, studied on average
and asymptotically. One should not confuse regular expressions by themselves with
the languages that they represent. Second, the results of Koechlin et al. do not
imply that asymptotic estimates obtained by considering the whole set of regular
expressions are different from those obtained by using a more refined set with less
equivalent expressions. For instance, some results obtained for expressions in strong
star normal form coincide with the ones for standard regular expressions [2]. In or-
der to further sustain the above claim, in this paper we consider the set R of regular
expressions avoiding an absorbing pattern which extends the pattern in the example
above and was the one considered by Koechlin et al. It is shown that, although the
set R is significantly smaller than the set RE, the asymptotic estimates for the size
of the Glushkov automaton on these sets is the same. We also show that for the set
R the ratio of e-accepting expressions is asymptotically and on average the same as
for the set RE.

Given the complexity of the grammars expressing the classes here studied, we
had to deal with algebraic curves and polynomials of degree depending on the size
of the alphabet, k, which brought up challenges that are new, as far as we know.
Not only we had to use the techniques developed in our previous work [3], but
also some non-trivial estimates using Stirling approximation, and some asymptotic
equivalence reductions in order to obtain the asymptotic estimates, and their limits
with k.
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2. The Analytic Tools

Given some measure of the objects of a combinatorial class, A, for each non-negative
integer n € Ny, let a,, be the sum of the values of this measure for all objects of
size n. Now, let A(z) =", a,2" be the corresponding generating function (cf. [5]).
We will use the notation [2"]A(z) for a,. The generating function A(z) can be
seen as a complex analytic function. When this function has a unique dominant
singularity p, the study of the behaviour of A(z) around it gives us access to the
asymptotic form of its coefficients. In particular, if A(z) is analytic in some indented
disc neighbourhood of p, then one has the following [5] :

Theorem 1. The coefficients of the series expansion of the complex function
P 1%
All—=| ,
f(z) ~ ( p)
where v € C\ Ng, A € C, have the asymptotic approzimation

n—u—lp—n _|_ 0 (n—u—lp—n) .

Here T is, as usual, the Euler’s gamma function and the notation f(z) ~ g(2)

z— 2z
means that lim fEZ; =1.
Z—20

2.1. Regular Expressions

Given an alphabet ¥ = {01, ..., 0%}, the set RE of (standard) regular expressions,
B3, over ¥ contains () and the expressions defined by the following grammar:

Bi=cloeX|(B+B)[(B-B)](B) (1)

The language associated with § is denoted by L(8) and defined as usual (with
¢ representing the empty word). Two expressions 1 and [y are equivalent, f; =
B2, if L(B1) = L(B2). The (tree-)size |5| of f € RE is the number of symbols
in B (disregarding parentheses). The alphabetic size |[|x is the number of letters
occurring in 3. The generating function of RE is By (2) = > scrp 218l = Y nso 2™,
where b, is the number of expressions of size n,cf. [10]1]. From grammar one
gets By (z) = (k+1)z+22By(2)? + 2By (2). Considering the quadratic equation this
yields

1—z—/1-22—(7+8k)z?
N 4z '

To use Theorem [I] one needs to obtain the singularity, p, as well as the constants v
and A. Following Broda et al |1}|3], we have

1

2—2 2

Bi(2) ~ Vpk(lz) 7
20T or
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where the singularity px = H\/ﬁ is the positive root of py(2) = 1—22—(7+8k)z>.

Thus, applying Theorem [1|and noting that I'(—3) = /7, the number of expressions
of size n is asymptotically given by

"] Bi(z) ~ Y22k = pon 2)

- " n2 ,
n 8ppy/T P

where we use the notation ~v instead of ~o .

n n — oo

3. Regular Expressions without an Absorbing Pattern

Let © denote any expression of the form (oy, + - 4+ 0, )* where 0;,,...,0, is a
permutation of ¥. In this paper we consider the set R of all regular expressions a
such that © does not occur in a union. Note that © represents an absorbing pattern
in the sense of 7], i.e., (a+0) = (O + «) = O, and that R still generates all regular
languages over Y.

For illustrating purposes, we first consider ¥ = {a, b}, for which we have the

following grammar G5 for R,

a:=clalbl(a-a)| ()] (ap+ap) (3)
api=clalb](a-a)|(af) | (@p+ap)
az=clalbl(a-a)|(a)]y

7 1= (s + an) | (e +@) | (ap+B) | (a+as) | (b+as) | (a+a) | (b+D)
aw =< | (a-a)| (a8) | (ap +ap).

The set of expressions generated by the nonterminals of Go, are, respectively, the
following:

[a] =R
[ep]={aeR|a#(a+b)"Na# (b+a)},
[es]={a€eR[a#(a+b)Na# (b+ta)},
[v] ={ (a1 +a2) € R|{a1,az} # {a,b} },
[={a€c[ap]laFara#b}

In particular, we obtain the correctness of G,.

Lemma 2. An ezpression o € RE is generated by Go if and only the absorbing
pattern (a + b)* or (b4 a)* does not occur in a union.

Let R2(z) denote the generating function for the class R when |X| = 2. Tt follows
from (3)) that

Ry(2) = 32+ 2Ry(2)? 4 2Ra(2) + 2Rp(2)?,

where Rp(z) is the generating function for the class of expressions generated by ap.
Comparing [« ] and [ap], one observes that the only expressions not generated
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5
by ap are (a4 b)* and (b + a)*, which are both of size 4. Thus,
Rp(2) = Ry(2) — 22
In general, for an arbitrary alphabet ¥ = {0y, ..., 01}, the expressions a € R satisfy
the following grammar Gy,
a=cloy|--|ox|(a-a)[(a)]|(ap+ap), (4)

where
[ap]={aeR|a# (0 + - +0i) ANoi,....o0} =2}
As before, we obtain the following two equations for the corresponding generat-
ing functions, where (k—1)!(3*~?) denotes the number of expression (a;, +- - -+0;,)*
with {o;,,...,04 } = X, each of which has size 2k,

Ri(2) = (k+ 1)z + 2Rp(2)? + 2Ry (2) + zRRk(z)Q, (5)
Rpi(z) = Ri(2) — (k—1)! <2:__ 12> 22k, (6)

In the next section, the asymptotic estimates of [z"|Ry(z) are computed.

3.1. Asymptotic Estimates for the Number of Expressions in R
The generating function Ry = Ry(z) satisfies the following equation:
22R? — 1Ry + 28, = 0, (7)
where
e =1p(2) =1 — 2 + 2220y,

sp=sp(z) = 1+ k4 2%*C3,

_ (2k -2 ~ (2k—2)!
Cr = (kl)(k—l)!—(kl)!.

The discriminant of equation is Ay = Ap(2) = pr(z) + 422+ Cphg(2), where

pe = pr(2) =1 — 22 — (7+ 8k)22,
hk = hk(z) =1—2z- Ck 22k+1.
Thus,
Tk —V Ak.
4z ’
where the choice of the sign is determined by noticing that r;(0) = Ax(0) = 1.
Let us now show that Ry (z) has a unique determinant singularity in the interval

10, 1[, for all k. The ideia is to use the fact that the polynomial py(z) has only
one positive zero, namely pi, use Rouché’s Theorem to show that, in the disk

Ry = Ri(2) = (8)
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|z] < \/81@7 the polynomial Ay(z) has exactly one root in that disk, and finally

show that that unique root is real. We recall that Rouché’s Theorem states that, in
particular, for polynomials f(z) and g(z) such that |f(z) — g(2)| < |f(2)] + |g(2)|
holds for all |z2| = R, in the complex plane, then f(z) and g(z) have the same
number of roots, taking into account multiplicities, in the disk |z| < R [13] .

In order to estimate |Ag(z) — pr(z)], we start by noticing that from Stirling
approximation, v2r n"tze " < nl < n"F2el=" valid for all n € N, one gets that,
for all k > 2,

V27 (2k — 2)2k—5 g2 2k e o k=20 (k- 2)2k—3 32k
(k—1)k—2 2k - (k=1)! = Var (k—1)k—3 l-k’

L=

ie.,

o 22k7%(k _ 1)k71 22k7%(k _ 1)]@71

= <o <o (9)
Therefore, for |z| = \/ﬁ,
|Ak(2) — pr(2)] < 4ckm |hi(2)]

< (k — 1)kt (1 B 1 _ Cy )
>~ /7271'6’“72 2k+1(/€+1)k+% m (8+8k)k+%

< 1.48 <1 7 1 7 Ch >
T (2e)(k—-1)VE+1 V8+ 8k  (8+8k)ktz /)’
Noticing that, from @[), one has

Vo (k — 1)k_1 < Ch, < (k _ 1)k—1
R (k+ 1) T (84 8k)FTE T \/2m ek 22k 3 (k4 1)kt

one concludes that

lim |Ag(2) —pr(2)] = 0.
k— o0

Let us now find the minimum of |py(2)| on the circumference |z| = \/ﬁ =R.
Put z = Re®. One has

Ipe(2)]? = |1 — 2Re® — (7 + 8k)R%e%?)?
= (1 —2Rcosf — (7+8k)R*cos20)? + (1 — 2Rsin O — (7 + 8k) R? sin 26)>
=2+ 4R% 4 (74 8k)*R* — 4R(cos 0 + sin ) — 2(7 + 8k) R (cos 26 + sin 260)
+4R3(7 4 8k)(cos 6 cos 260 + sin 0 sin 26)
1 (7+8k)2 ~ 2(cosf +sinf) (7 + 8k)(cos 260 + sin 20)

2+ 2k ' \8+8k V2+2%k 4+ 4k

(7 + 8k)(cos 6 cos 20 + sin 0 sin 26)
Ak + 1)v2 1 2k
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It follows that lim Ipr(2)|? = 3 — 2(cos 20 + sin 26). Since mgmx(cos@ +sinf) = v/2,
—00
one concludes that klim Ipk(2)[? > 3 — 2¢/2 > 0. From all this, one concludes that
—00

|Ak(2) — pr(2)] < |pr(z)] for large enough values of k, and so Rouché’s Theorem

applies to show that the polynomial Ag(z) has exactly one root in the open disk
1

2 < Jerer:

Since Ag(0) = 1, in order to show that that root must be real it suffices to show

that one has Ay (\/ﬁ) < 0. This can be shown as follows. Since

(g ) =2 0 ) (92 (wRTT V) (4 1
~4V2 0} — 64 (8VEFT—V2) (b +1)™),

we want to show that
93k (\/Sk +8- 1) (k+ 1)kCy < CF 4 2652 (2\/8k T8— 1) (k + 1)
Using @, it is enough to show that

2keh 2 (\/8k +8 1) (k+ 1)k (k —1)k-1
2% (2v8k +8 1) ——— e 10—
N < ( + )(k—l)k—le T )E
that follows from this trivially true inequality
V8k+8—1 & (k+1DkF 5
— <27 (2V8k+8— 1) —————€"7".
V- (2vER+8-1) (k—1)k—1°¢

The singularity of Ry (z) is therefore given by the unique root of Ag(z) in the

interval } 0, \/ﬁ {, which will henceforth denote by 7. It also follows from Rouché’s

Theorem that this root has multiplicity one. Now, Ag(z) = (1 — nik) Yy (2), for some
Yr(z) € R[z]. Using L’Hopital’s Rule, one has

V() = —neA% (08 (10)

Then, one has

[N

—k (k) — v/ Uk (k) (1 - 7,%)
Rk(Z) zSJnk 477k

By Theorem [T} one gets the following asymptotic approximation for the number of
regular expressions in appreciation

Theorem 3. With the notation above, one has

Y (k)

3
[2"Ri(2) ~ “c—="n" 2, "
n 8T
2Tt is actually true that |Ag(z) — pi(2)| < |px(z)| for all |z| = ——L— and k > 2.

V8+8k
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Using 7 we have

The asymptotic ratio of the number of expressions in R and the number of ex-
pressions in RE s given by,

Yr(me) 3
["]Bk(2)  “Smvr " 2T Vi (k) <Pk>"+1
[27]|Bk(z) = Vsi \2//lkn 3o m e :

Since, as seen before, n, > pi, for all k, this yields that, for every k, this ratio
tends to 0 as n — oo. As such, considering R instead of RE, actually avoids a
significant set of redundant expressions. Such an improvement, in the sense of |7,
might influence the results obtained by asymptotic studies.

In Section [5| we show that is not the case for the average asymptotic size of the
Glushkov automaton in terms of states and transitions [10] 1]. In the next section, we
estimate the number of expressions from R that accept the word € and show that
their density is asymptotically and on average the same as for standard regular
expressions, RE.

4. Density of e-accepting Regular Expressions

In this section, we estimate the ratio of e-accepting regular expressions to regular
expressions avoiding the absorbing pattern ©. Formally, let a. € R be the set of
expressions such that e € L(a.) and let az represent the set of expressions such
that € ¢ L(az). We have that those sets satisfy the following grammars:

a: = | (ac-a2) | (@) | (ape +ap) | (aps +ape),

az:=0€X|(az-a)| (ae-az) | (apz +apz),

where ap. and apz represent the expressions ap such that ¢ € L(ap,) and ¢ ¢
L(apg), respectively. The correspondent generating functions satisfy

R€ k(2) = 2+ 2R x(2)* + 2Ry (2) + 22Rpc 1 (2)Rpi(2) — 2Rp o1 (2)?,
=k(2) = Ri(2) — Rek(2),
RPek(Z) Rz (2),
Rp.i(z) = Rpk(Z) — Rz p(2) = Re i(2) — Cj 2%k

From that we conclude that R, j = R ;(z) satisfies
Rop = 2+ 2Ry, + 22R. 1 Ry, + 2072 2*% — 22 R, Cp.2%", (11)

Solving equation @ in order to Rpy, substituting the obtained value in equa-
tion 7 one gets the polynomial having Ry as root:

g(X)=22X% — (1 — 2+ 202" ™ X 4 (k + 1)z + C22 1, (12)

Solving equation ,
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in order to R, i, one gets
1+ C£Z4k + Ry, — 2Ck22kRk
1—2zRy ’

Working in the field K = Q(k, 2)[X]/(9(X)) (g(X) is irreducible over the field
Q(k, 2)), similarly to what was done in Section 6 of |9], one finds that

Ra,k =z (13)

R, x = a11 + a1z Ry, (14)
where
kz(—1+ 2C)22F)
a =
T T 2(k 4 1)z — 203,228 + 20224041
2kz
a12 = 1-— .
1+ 2(k + 1)z — 2C,2%k + 207 24k+1

Also, in K,

R, Ry, = a1 + a2 Ry, (15)

for some as1, aze € Q(k, 2).
From equations ([14) and one obtains

Rep—ann  —aip | 0
R - b
—ag1 ek — (22

yielding a second degree polynomial, 22ds X2 — d1 X + zdo having R. ) as a root,

where
do =1+ (k+2)z — 2C.2%% + C22% — 20325 — 4C k22!
+4(k + 1)CEARFL 4 20} ,8kH
dy =14 2z — 2(2k 4+ 1)2% — 203, 2%% + 4C). 22 1 40, (2k + 1)22FH2
—2C3 A _ 90242 1y S0k H2
dy =1+ 2(k + 1)z — 203, 2%% + 2024+,
Therefore,

dy — /& — 82dyd
R, =4 1~ 027 (16)

e 4z do

(the sign was chosen so that R, ;(0) = 0).
We now show that da(z) is positive for 0 < z < 1, which implies, using Pring-
sheim Theorem, that the singularity comes from the smallest positive zero of the

polynomial inside the square root. To show that, one first makes the change of
variable x = % > 1, so that the inequality d2(z) > 0 is then equivalent to

k+1 C
_ Lx%fl + k

o e > L

f(@)
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10

Since f(x) — +oo both as x — 0 and  — +o0, and as f'(z) has only one zero,
namely

1
2k+1 L
— - CQk
o <(k+1)(2k—1)> O
this has to be the absolute minimum of f. Since

1

( 2%k41 )57&
k+1)(2k—1 1
f(.’l?o):<k‘+1> G 1) + 1,1 ’
CZF 2ki1  \2TAE ok
k ((k+1)(2k—1)) k
it is enough to ensure that
2% + 1 T 1 2
k+1) (e O
(k+1) ((kz+1)(2k1)) Tra K

2k—+1
((k+1)(2k—1))
This can easily be done by noticing that the first summand is always greater that
the second, and then using the right inequality in (9).
Next we found out that:
42 — 822dody = ti(2)2As(2), (17)

where Ag(z) is as above, and tg(2) = 1 + 2z — 20322 4 20224 +1. This implies
that 7, defined in p. [7} is the dominant singularity of R. j, and that

Rep ~ —te ()P () (1 Z>é (18)

S dngda(ne) o

from which one gets

—ti () ¥r () s

2" R, n_2npr. 19
27 e g V) (19
Using Theorem [3] one obtains

[2"]Re ke 2tk(me)ne

~ 20
R Y () 20
Let us now see that
1
li 2=, 21
dm ki = g 21
Since we know that Ay (0) =1, and A (z) has exactly one real root in the interval
[07 \/ﬁ}, in order to show that ny > py for all k, it is enough to show that:

Ar(pr) = prpr) + 407" Crhu(pr) > 0, ie., hy(pr) > 0.
Now, hi(pr) > 0 <= 1> p+ Ciep" ™! = VBH8E > g From ()
it follows that
o - 22]67%(1437 1)k:71
(1+ 8+ 8k)2k = /2w ek=2(1 4 /8 + 8k)2k
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11
It is therefore enough to show:
22k—%(k _ 1)k—1
< V84 8k,
V2 ekb—2(1 4 /8 + 8k)?k
which is equivalent to
2285 (k — )P < V2reF 2 (1 + VB + 8k)2F /8 + 8k.

This is the same as

k 3

4 22 /2
(e> (k— 1)1 < T” (1+ V8 + 8k)%* /8 + 8k,
which follows from:
k 3
4 22 4/2

(e) (k= 1)F < =T 2 4 2k,
That is obvious when rewritten as

AN 23 \/2m .

() (k-1 < 2| 4F(2 4 2k)" 2,

e e

Thus, we conclude that
- L < (22)
Pl Rrsk T Barsk

1
]

e el
Using the right hand inequality in @ together with , it is not hard to show the
following result, which will be useful latter to deduce equation .

From this it immediately follows that klim kni = and then klim pr(nk) = 0.
— 00

Lemma 5. For allt,s € R, one has
lim Cyk'né+s = 0. (23)
k—o0
Using one can easily show that

2t (e )k, 2 (24)
da(me) o+ VK
We note that it follows from Lemma 2 and Equation (4) in [10] (and also [12],
Thm. 12) that for the usual regular expressions one has the exact same asymptotic
density of e-accepting regular expressions for the set of all regular expressions as
the regular expressions avoiding the absorbing pattern ©.
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5. Asymptotic Average Size of the Glushkov Automaton

The Glushkov automaton [6] is constructed from an equivalent regular expression
B using the set Pos(8) of positions of the letters in 3, as the set of states (plus one
initial state). Let Pos(3) = {1,2,...,|8|s}, Poso(8) = Pos(3) U {0} and B denote
the expression obtained from S by marking each letter with its position in 8. The
construction is based on the position sets

First(8) = {7 | Gw) oyw € L(B) },
Last(B) = {i | (Fw) wo; € L(B) },
Follow(8) = { (i,4) | (Qu,v) uo;o;v € L(B) }.

The Glushkov automaton for B is
APOS(B) = <POSO(B)7 27 (SPOSa 07 F>7

where the set of final states is F' = Last(f) U {0} if ¢ € £(B), and F = Last(p),
otherwise; and the set of transitions is

dpos = {(0,35,4) | j € First(8) } U{ (i,35,7) | (i,j) € Follow(B) }.
In this section, we estimate the average size of Apog for expressions in R. In the next
subsection, we estimate the average number of letters in « € R, i.e., the number of
states of Apos(«). In the last subsection, we consider the number of transitions.

5.1. Estimates for the Number of Letters

The average number of letters in uniform random generated regular expressions of a
given size have been estimated for different kinds of expressions [10] 3]. For standard
regular expressions that value is half the size of the expressions as the size of the
alphabet goes to co. In the following we obtain the same value for expressions in R.
To count the number of letters in all expressions of a given size we use the bivariate
generating function Ly (u, z) = Zn,i>1 cmuiz", where ¢, ; is the number of regular
expressions of size n with i letters. Therefore, the total number of letters in all the
regular expressions of size n is given by the coefficients of the sum of the two series

= 76£k(u’ ?) Z iCn 2"

L = =
k('z) ou 1 =

From grammar the generating function L (z) satisfies the following.

Li(2) = kz 4+ 22Lk(2)Ri(2) + 2Lg(2) 4+ 22Px(2) Rp(2), (25)
Pi(z) = Li(z) — k! (2:_12) 22, (26)

Using equations , @, , and Buchberger’s algorithm [4] one obtains
the following equation, which is satisfied by the generating function Ly = Lg(2):

AkLi + 7Ly — S, = 0, (27)
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where
Tk = k2*Cp Ay,
i = k2> + K222 Oy (2 — 1)1+ 221107 + 205 (2 + k) + 225571 CF)
The discriminant of equation can be shown to be
Ag(z) = 22k* Ak (2)g1(2)%, (28)
where
gi(2) =2 = Cp2® 1 (hy(2) — Cp2® 1) . (29)
Therefore,
Li(2) = k22 CpAr(2) £/ Ar(2) _ k22FCy " kzgr(z) '
20 (2) 2 2v/A(2)
Using the fact that we know L} (0) = k, one deduces that
Lu(z) = kz?kCy kzgr(2) (30)

2 2\/Ak(z).

Now, applying the procedure described in Broda et al. [3] one obtains
Theorem 6. With the same notation as above, where ny, is as defined in page 7,

[2"]Lg(2) ~ Mn,%nk_n'
" 20/ (ne)

Therefore, from Theorems [3] and [6} one deduces

Theorem 7. The asymptotic ratio of letters in the expressions in R is given by

"] Lw(2) Ak 3. gi. ()
n[z"Ri(z) »  Yr(me)

From Lemma and from (29) and (10), one easily gets klim a(ne) =
— 00
klim Yr(nk) = 2, and thus:
— 00

2
lim Ak i g (k) _ 1 (31)

k—oo g (nk) 2

This means that the following result holds.

Theorem 8. In regular expressions without © in unions, the asymptotic ratio of
letters and the size of the expression goes to % as k goes to co.



May 27, 2024 14:16 WSPC/INSTRUCTION FILE flan12

14

5.2. FEstimates for the Number of Transitions

The transitions of the Glushkov automaton are defined using the sets First, Last
and Follow. These sets can be inductively define for a € R, as it is usually done [1].
Let . € R be the set of expressions such that e € L£(a.) and let oz represent the
set of expressions such that € ¢ L(az). We have

First(e) =0, First(ap + o/p) = First(ap) U First(a/p),
First(o;) = {i}, First(ae - ) = First(ae) U First(a),
First(a*) = First(a),  First(az-a) = First(az).

The definition of Last is almost identical and differs only for the case of concatena-
tion, which is Last(«-a.) = Last(o)ULast(c ) and Last(a-az) = Last(az). Following
Broda et al. |1] the set Follow satisfies
Follow(e) = Follow(o;) = 0,
Follow(ap + a'p) = Follow(ap) U Follow(a’p),
Follow(a - ) = Follow(c) U Follow(a') U Last(«r) x First(c),
) =

Follow(a*) = E*(«),
where
E(6) = 0, E*(on) = {(i,1)}, E*(a*) = E*(a)
E*(ap + ap) = E*(ap) UE*(a/p) U Cross(ap, a’p),
E*(a. - al) = E*(ae) U E*(al) U Cross(ae,al),
E*(ae - o) = Follow(a.) U Follow™(a%) U Cross(a., %),
E*(az - oL) = Follow*(az) U Follow(a’) U Cross(az,al),
E*(az - aL) = Follow(az) U Follow(aZ) U Cross(az, k),

with Cross(a, o’) = Last(a) x First(a’)ULast(a’) x First(c). The function that counts
the cardinality of First(«) is f(«) and is defined as follows:

flo;) =1,
flap + ap) = f(ap) + f(ap),
flae - o) = f(ae) + f(a),
flaz - a') = f(az),
fla®) = f(a)
Note that f((o;; + -+ + 04,)*) = k for any permutation o;,,...,0;, of ¥ =
{o1,...,01}. The corrcspondcnt generating function F(z) = > f(a)zl*l = Fy

satisfies
Fy =kz+2F, +22FppRpy + 2FyR. ), + 2F Ry,
Fp7k = Fk — kaZQk

where R, = R. x(2) is the generating function for expressions a. € R, studied in
Section[d] Let s(a) be the function that counts the cardinality of Last(a) and S(2)
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the correspondent generating function. By symmetry we have that Si(z) = Fi(2).
The functions counting the cardinalities of Follow(a) and E*(«) are e(a) and e*(«),
respectively. Those functions are defined as follows:

e(o) =e(e) =

e(ap +ap) (aP)+e(ap)
)
)

e(a- o) = e(a) +e(a’) +s(a) f(a),
= e’(a),

e(a”

where e*(a) is given by

e*(e) =0, e (0)=1,

e (ap + ap) = & (ap) +€(ap) + clap, ap),
& (ac - af) = e*(az) + €*(0l) + c(az, o),
e*(az - a;) = e"(az) +e(ar) + c(oz, al),
e*(ac - af) = e(a:) +e*(ak) + c(ae, az),
e*(az - ag) = e(az) +e(az) + c(ag, ab),

e*(a*) = e*(a),

@
with c(a, ') = s(a) f(a’) +s(a’) f(«). From the above the corresponding generating
functions Ei(z) = > e(a)z lol = B and Ei(z)=>", e*(a)zlol = E}, respectively,
satisfy
Ey = 22EpRpy + 22ELRy, + 2F7 + 2Ef,
Ef = kz+22Ep Rpi + 22Fp ), + 22E8 j Re i + 22F  F.
+ 2BZ  Re i + 2B 1 Re o + 22F 1. Fe g + 2B 1 Rz g
+ 2EZ Rk + 22F 1 Fe g + 22Fz p Re g + 22F% p e + 2B}
= kz + 2B} Rpy, + 225} Re j + 22E(Rg — Re )
+ 22Fp,, + 22F; + 2B},
Epy = B — K*Cy2%*
E}y = Ep — K*Cp2*
The last two equations follow from the fact that
e((os, + - +03,)) =e((04, + -+ 04,)") = k2,

for any permutation oy, , ..., 0;, of ¥. The cost function t(a) = f(a)+e() computes
the number of transitions in the Glushkov automaton of a.. The generating function
associated to t is given by Ty (z) = Fj(z) + Ex(z). Setting w = Ty (z), one has

cQw2 +ciw+cog=0,
where the ¢; = ¢;(k, z). Therefore,

—c1 £ /2 — depen

202
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Now, one can see that ¢; = Agsg, ¢o = Akakbi and ¢f — 4cocp = szkq,%, for some
polynomial&ﬂ ak, bi, g € Q[z]. From this it follows that

Sk kqx
2akbi Qkaz\/ Ak

w =
With 7y, as defined in p[7] one can now deduce, as above, that

kqy ()

) S e m)? wkmk)( _m«) ’

and therefore

kqr (i) ot
- .

) o S T an o ) )

From all this, one gets:

[2"] T (2) - 4knrqr () n
(2" Ri(2) » ar(ne)br(mk)?Pr ()

With the help of a symbolic and numeric computing system one can explicitly
find out the polynomials ay, bk, gk, and then reducing them modulo Ay (which has
Nk as a root), and then using Lemma and , one obtains:

1 1 1
ar(m) o sk 5 belm) o~ gk 5 ak(m) o sock
This yields

. Aknrqr (1)
lim =1
k—oco ap (ﬁk)bk (Uk)ka (nk)

We have thus obtained the following result.

Theorem 9. For expressions of size n over an alphabet of size k, the number of
transitions in the Glushkov automaton for reqular expressions, without © in unions,

is asymptotically, with respect to n, given by A\pn, where klim A= 1.
—00

To grasp the progression of Ag, observe that Ay = 4.03, A5 = 2.91, A9 = 2.30,
Ao = 1.89, A\s0 = 1.54, Moo = 1.38, Aigooo = 1.03. Theorems [§] and [9] show that
the size of the Glushkov automaton, both in states and transitions, is, on average
and asymptotically, independent of whether we consider all regular expressions or
the restricted set R mentioned by Koechlin et al. [7].

bThese polynomials are quite large, e.g. i has 437 monomials and degree 10 + 28k.



May 27, 2024 14:16 WSPC/INSTRUCTION FILE flan12

17

6. Conclusions

We consider a set of regular expressions R that avoids a given absorbing pattern ©
and that is significantly smaller than the set of standard regular expressions, RE.
Nevertheless, the on average asymptotic estimates for several complexity measures
remain the same. Some experiments also corroborate those results. Using samples of
uniformly random generated expressions o € R for small values of the alphabet size
and of the tree-size of the expressions the average values for the same complexity
measures coincide with the ones for expressions in RE. We conclude that, despite
the important conclusions on the expressivity of regular expressions obtained by
Koechlin et al. 7], the usage of the analytic combinatorics framework remains an
essential tool to study the descriptional complexity, on average, of algorithms on
regular expressions.
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