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‘We are interested in regular expressions and transducers that represent word relations
in an alphabet-invariant way—for example, the set of all word pairs u,v where v is a
prefix of u independently of what the alphabet is. Current software systems of formal
language objects do not have a mechanism to define such objects. We define transducers
in which transition labels involve what we call set specifications, some of which are
alphabet invariant. In fact, we give a more broad definition of automata-type objects,
called labelled graphs, where each transition label can be any string, as long as that string
represents a subset of a certain monoid. Then, the behaviour of the labelled graph is a
subset of that monoid. We do the same for regular expressions. We obtain extensions of
a few classic algorithmic constructions on ordinary regular expressions and transducers
at the broad level of labelled graphs and in such a way that the computational efficiency
of the extended constructions is not sacrificed. For transducers with set specs we obtain
further algorithms that can be applied to questions about independent regular languages
as well as a decision question about synchronous transducers.

Keywords: Alphabet-invariant transducers; regular expressions; automata; algorithms;
monoids.

1. Introduction

We are interested in 2D regular expressions and transducers whose alphabet is not
of fixed cardinality, or whose alphabet is even unknown. In particular, consider the

alphabet
r={0,1,...,n—1},

*Research supported by NSERC (Canada) and by FCT project UID/MAT/00144/2013 (Portugal).
Due to page restrictions, results on partial derivatives will be treated in a companion publication.
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Fig. 1: The transducer realizes the relation of all (u,v) such that u # v
and the Hamming distance of u,v is at most 2.
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Fig. 2: Transducers over pairing specs. The left one realizes all (u,v)
such that u # v and the Hamming distance of u, v is at most 2. Trans-
ducer f,, realizes the relation of all (u,v) such that v is a prefix of u.

where n is variable, and the 2D regular expression
(0/0+--+(n-1)/(n-1))"(0/e+---+(n—1)/e)",

where e is the symbol for the empty string. This 2D regular expression has O(n)
symbols and describes the prefix relation, that is, all word pairs (u, v) such that v is a
prefix of u. Similarly, consider the transducer in Fig. 1, which has O(n?) transitions.
Current software systems of formal language objects require users to enter all these
transitions in order to define and process the transducer. We want to be able to use
special labels in transducers such as those in the transducer teuna in Fig. 2. In that
figure, the label (V/=) represents the set {(a,a) | a € T'} and the label (V/V#)
represents the set {(a,a’) | a,a’ € T',a # a’} (these labels are called pairing specs).
Moreover that transducer has only a fixed number of 5 transitions. Similarly, using
these special labels, the above 2D regular expression can be written as

(vV/=)"(V/e)"
Note that the new regular expression as well as the new transducer in Fig. 2 are
alphabet invariant as they contain no symbol of the intended alphabet I'—precise
definitions are provided in the next sections.

We also want to be able to define algorithms that work directly on regular
expressions and transducers with special labels, without of course having to expand
these labels to ordinary ones. Thus, for example, we would like to have an efficient
algorithm that computes whether a pair (u,v) of words is in the relation realized
by the transducer in Fig. 2, and an efficient algorithm to compute the composition
of two transducers with special labels.
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We start off with the broad concept of a set B of special labels, called a label
set, where each special label 8 € B is simply a nonempty string that represents a
subset Z(8) of a monoid M. Then we define type B automata (called labelled graphs)
in which every transition label is in B or the string representation of M’s neutral
element. Similarly we consider type B regular expressions whose base objects (again
called labels) are elements of B and represent monoid subsets. Our first set of results
apply to any user-defined set B and associated monoid M. Then, we consider further
results specific to the cases of (i) 1D regular expressions and automata (monoid
M = T'*) with labels called set specs, (ii) 2D regular expressions and transducers
(monoid M =T x I'*) with special labels (called pairing specs).

A labelled graph in this work can be considered to be a syntactic version of an
automaton over the monoid M in the sense of [12]. Thus, we make no attempt to
define regular expressions and automata outside of monoids; rather we use monoid-
based regular expressions and automata as a foundation such that (i) one can define
such objects with alphabet invariant labels or with a priori unknown label sets B, as
long as each of the labels represents a subset of a known monoid; (i) many known
algorithms and constructions on monoid-based regular expressions and automata
are extended to work directly and as efficiently on certain type B objects.

We also mention the framework of symbolic automata and transducers of [16, 15].
In that framework, a transition label is a logic predicate describing a set of domain
elements (characters). The semantics of that framework is very broad and includes
the semantics of label sets in this work. As such, the main algorithmic results in
[16,15] do not include time complexity estimates. Moreover, outside of the logic
predicates there is no provision to allow for user-defined labels and related algo-
rithms working directly on these labels.

The role of a label set is similar to that of an alphabet, or of the set of regular
expressions: it enables users to represent sets of interest. While some of our results
apply to regular expressions and labelled graphs over any user-defined label set, the
particular case where the label set is the set of pairing specs allows us to rewrite
ordinary transducers, like the one in Fig. 1, in a simpler form such that algorithms
can work directly on these simpler transducers. In particular, we can employ simple
transducers like the one in Fig. 2 to answer the satisfaction question in the theory
of independent formal languages. While it seems that set specs work well with
nondeterministic automata and transducers, this might not be true when dealing
with deterministic ones.

The paper is organized as follows. The next section makes some assumptions
about alphabets I' of non-fixed size. These assumptions are needed in algorithms
that process regular expressions and automata with labels involving I'-symbols. Sec-
tion 3 defines the set of set specs, a particular kind of a label set whose elements
represent subsets of I', and presents basic algorithms on set specs. Section 4 defines
the set of pairing specs, a particular kind of a label set that is used for transducer-
type labelled graphs. Some of these pairing specs are alphabet invariant. Section 5
discusses the general concept of a label set, with set specs and pairing specs being
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two specific examples of label sets. Each label set B has a behaviour Z and refers
to a monoid, denoted by mon B; that is, Z(/3) is a subset of mon B for any label
B € B. Section 6 defines type B labelled graphs § and their behaviours Z(§). When
B is the set of pairing specs then g is a transducer-type graph and realizes a word
relation. Section 7 establishes that the rational operations of union, catenation and
Kleene star on ordinary automata and transducers work without complications on
any labelled graphs. Section 8 defines regular expressions r over any label set B
and their behaviour Z(7), and establishes the equivalence of type B graphs and
type B regular expressions (see Theorem 34 and Corollary 36). Section 9 considers
the possibility of defining ‘higher level’ versions of existing product constructions
on automata/transducers over known monoids. To this end, we consider the con-
cept of polymorphic operation ‘@’ that is partially defined between two elements of
some label sets B, B, returning an element of some label set C, and also partially
defined on the elements of the monoids mon B and mon B’, returning an element
of the monoid mon C'. In this case, if ® is known to work on automata/transducers
over mon B, mon B’ then it would also work on type B, B’ graphs (see Theorem 44).
Section 10 presents some basic algorithms on automata with set specs and trans-
ducers with set specs. Section 11 defines the composition of two transducers with
set specs such that the complexity of this operation is consistent with the case of or-
dinary transducers (see Theorem 56). Section 12 considers the questions of whether
a transducer with set specs realizes an identity and whether it realizes a function.
It is shown that both questions can be answered with a time complexity consistent
with that in the case of ordinary transducers (see Theorem 58 and Theorem 60).
Section 13 shows that transducers with set specs (i) can be processed directly (with-
out expanding them) and efficiently to answer the witness version of the property
satisfaction question for regular languages (see Corollary 64 and Example 65) and
(ii) can be used to decide efficiently whether a given synchronous transducer repre-
sents a left synchronous relation (Corollary 66). Finally, the last section contains a
few concluding remarks and directions for future research.

2. Terminology and Alphabets of Non-fixed Size

The set of positive integers is denoted by N. Then, Ny = NU{0}. Let .S be a set. We

denote the cardinality of S by |S| and the set of all subsets of S by 2°. To indicate

that f is a partial mapping of a set S into a set T we shall use the notation
f:85---T

We shall write f(s) = L to indicate that f is not defined on s € S. We shall

occassionally use the term operator for (partial) mappings.

An alphabet space () is an infinite and totally ordered set whose elements are
called symbols. We shall assume that {2 is fixed and contains the digits 0,1,...,9,
which are ordered as usual, as well as the special symbols

V3IA=#/ed 0
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We shall denote by ‘<’ the total order of 2. As usual we use the term string or word
to refer to any finite sequence of symbols. The empty string is denoted by e. For
any string w we say that w is sorted if the symbols contained in w occur in the left
to right direction according to the total order of €. For example, the word 012 is
sorted, but 021 is not sorted. For any set of symbols .S, we use the notation

wo(S) = the sorted word consisting of the symbols in S.

For example, if S = {0,1,2}, then wo(S) = 012 and wo({2,0}) = 02.

Let g € Q and w be a string. The expression |w|, denotes the number of occur-
rences of ¢g in w, and the expression alphw denotes the set {g € Q : |w|, > 0}, that
is, the set of symbols that occur in w. For example,

alph(1122010) = {0, 1,2}.

An alphabet is any finite nonempty subset of Q. In the following definitions we
consider an alphabet I', called the alphabet of reference, and we assume that T’
contains at least two symbols and no special symbols.

Algorithmic convention about alphabet symbols. We shall consider algo-
rithms on automata and transducers where the alphabets I' involved are not of
fixed size and, therefore, |I'| — oo; thus, the alphabet size |T'| is accounted for in
time complexity estimates. Moreover, we assume that each I'-symbol is of size O(1).
This approach is also used in related literature (e.g., [2]), where it is assumed im-
plicitly that the cost of comparing two I'-symbols is O(1). A similar assumption is
made in graph algorithms where the size of a graph (V, E) is |V| + |E| — oo, but
the size of each vertex is implicitly considered to be O(1), [10]. We note that there
are proposals to represent the elements of I' using non-constant size objects—for
instance, [1] represents each I'-symbol as a binary word of length O(log|T|).

In the algorithms presented below, we need operations that access only a part of
T or some information about I" such as |T'|. We assume that ' has been preprocessed
such that the value of |I'| is available and is O(log|T'|) bits long and the minimum
symbol minT" of T is also available. In particular, we assume that we have avail-
able a sorted array ARRr consisting of all I'-symbols. While this is a convenient
assumption, if in fact it is not applicable then one can make the array from I in
time O(|T|log |T'|). Then, the minimum symbol of T is simply ARRp[0].

Moreover, we have available an algorithm notIn(w), which returns a symbol in
T that is not in alphw, where w is a sorted word in I'* with 0 < |w| < |T'|. Next we
explain that the desired algorithm

notIn(w) can be made to work in time O(|w|) (1)

The algorithm notIn(w) works by using an index ¢, initially ¢ = 0, and incrementing
i until ARRr[i] # wli], in which case the algorithm returns ARRr[i].

Relations. Let X, A be alphabets. A (binary word) relation of type [, A] is a
subset R of ¥* x A*. Then, R~! = {(v,u) : (u,v) € R}.
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3. Set Specifications

Here we define expressions, called set specs, that are intended to represent nonempty
subsets of the alphabet I'. These can be used as labels in automata-type objects
(labelled graphs) and regular expressions defined in subsequent sections. We also
present some basic algorithms on set specs, which are needed for processing those
regular expressions and labelled graphs.

Definition 1. A set specification, or set spec for short, is any string of one of the
three forms

v Jw Aw

where w is any sorted nonempty string containing no repeated symbols and no special
symbols. The set of set specs is denoted by SSP.

We shall need the symbol e to represent the empty string . We shall use the
abbreviation

SSP. = SSP U{e}.

Let F,3u,Au,Jv, Av be any set specs. We define the partial operation N :
SSP. x SSP. --» SSP. as follows.

eNe=e, eNF=FNe=_1

VNF=FNV=F

Jun Jv =3I wo (alphunalphv), if (alphunalphv) # 0

JunIv =1, if (alphunalphv) =0

Bu N Bv = Awo (alphu U alphv)

JuN Ao = Iwo (alphu \ alphv), if (alphu\ alphv) # 0

Junpv =1, if (alphu) alphv) =0

AunTv =FvN Au

Example 2. As any set spec F is a string, it has a length |F|. We have that |V| = 1
and |Fw| =1+ |w|. Also,

3035 N 31358 = 335, A035N 31358 = 318, A035 N A1358 = A01358.
Lemma 3. Given any G, F € SSP., GNF can be computed in time O(|G| + |F).

Proof. The required algorithm works as follows. If either of G, F' is e then GN F
is computed according to Def. 1. Else, if either of G, F' is V, return the other one.
Now suppose that G = Ju and F = Jv. As u,v are sorted, the sorted word w
consisting of their common symbols is computed by using two indices ¢ and j,
initially pointing to the first symbols of u and v, and then advancing through them
as follows: if u[i] = v[j] then output u[i] and increment both ¢, 7 by 1; if u[i] < v[j]
then increment only ; else increment only j. So the output would be Jw, if |w| > 0,
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or L if jw| = 0. In either case, each symbol of u and v is not accessed more than
once, so the process works in time O(Ju| + |v|). Now suppose that G = Au and
F = Av. Then one can use a process similar to the above to compute the sorted
word w consisting of the union of the symbols in u,v. So the output would be Aw.
Now suppose that G = Ju and F = Av. Again the process to compute the sorted
word w consisting of the symbols in « that are not in v involves two indices ¢ and
j, initially pointing to the first symbols of v and v, and then advancing them as
follows: if u[i] = v[j] then increment both i, 7 by 1; if u[i] < v[j] then output w[i]
and increment only #; else increment only j. So the output would be Jw, if |w| > 0,
or L if |w| = 0. The last case about G, F' is symmetric to the last one. O

Definition 4. Let T' be an alphabet of reference and let F' be a set spec. We say
that F respects ', if either F' =V, or F is of the form 3w or Aw and the following
restrictions hold:

wel™ and 0 < |w| < |T].
The language L(F) of F' (with respect to I') is the subset of I defined as follows:
LV)=T, L(3w) = alphw, L(Aw) =T\ alphw.
The set of set specs that respect ' is denoted as follows
SSP[I'] = {« € SSP | « respects T'}.
We also define L(e) = {e} and SSP[I']. = SSP[I'| U {e}.

Remark 5. In the above definition, the requirement |w| < |T'| implies that there is
at least one I'-symbol that does not occur in w. Thus, to represent I' we must use V¥
as opposed to the longer set spec wo(T).

Lemma 6. Let " be an alphabet of reference and let G, F' € SSP[T'].. The following
statements hold true.

(1) L(F)#0; and L(F)=T if and only if F =V.
(2) L(GNF)=LG)NL(F), if GNF # L.

(8) If F = 3w or F = Aw then |L(F)| < || — 1.
(4) |F| < T

Proof. The first statement follows from the above definition and the following: If
F = 3w then (alphw) ¢ {},T'}, as 0 < |w| < |[|; and if F = Aw then again
(T'\ alphw) ¢ {0,T'}. For the second statement, we consider the definition of the
operation ‘N’ as well as the above definition. Clearly the statement holds, if G =
F = e, or if one of G, F' is V and the other one is not e. Then, one considers the
six cases of Definition 1 where G, F' contain 3 or A. For example, if G = Ju and
F = Av, we have that L(F) =T\ alphv, so L(G)NL(F) = alphu \ alph v, which is
equal to L(GNF'). The other cases can be shown analogously. The third and fourth
statements follow from the restriction 0 < |w| < |I'| in Definition 4. |
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The next lemma concerns simple algorithmic questions about set specs that are
needed as basic tools in other algorithms further below.

Lemma 7. Let T' be an alphabet of reference and let F be a set spec respecting I.
The following statements hold true.

(1) For given g € T, testing whether g € L(F) can be done in time O(log|F|).

(2) For given g € T, testing whether L(F)\{g} = 0 can be done in time O(|F]).

(8) For any fized k € N, testing whether |[L(F)| > k can be done in time
O(|F| + log|T'|), assuming the number || is given as input along with F.

(4) Testing whether |L(F)| = 1 and, in this case, computing the single element
of L(F) can be done in time O(|F|).

(5) Computing an element of L(F') can be done in time O(|F)).

(6) If |L(F)| > 2 then computing two different L(F)-elements can be done in
time O(|F]).

Proof. For the first statement, we note that the condition to test is equivalent to
one of “F =V”, “F = 3w and |w|y > 0”7, “F = Aw and |w|, = 0”; and that one
can use binary search to test whether g occurs in w. For the second statement, we
note that the condition to test is equivalent to one of “F = Jg¢”, “F = Aw and
|lw| =|T'| = 1 and |w|, = 0”. For the third statement, we note that the condition to
test is equivalent to one of |I'| > k, |w| > k, |T'| — |w| > k, depending on whether
F is one of V, 3w, Aw. The last case requires time O(|F|) to compute |w| and then
O(log |T'| 4 log |w]|) time for arithmetic operations, which is O(log |T'|) as |w| < |T'|.
For the fourth statement, we note that |£(F)| = 1 is equivalent to whether “F = Jg
and |g| = 17 or “F = Aw and |w| = || — 1”. In the former case, the algorithm
returns g. In the latter case, we use the algorithm notIn(w) to get the desired
symbol in T'\ alphw. The latter case is the worse of the two, and works in time
O(|F| +1log|T'|) to compute |w| and test whether |w| = |T'| — 1, plus time O(|F) to
execute notIn(w) (see the bound in (1)). The total time is O(|F|), as |F'| = |T'|. For
the fifth statement, if FF =V or F' = 3w the algorithm simply returns ARRr[0] or
w[0], respectively. The worst case is when F' = Aw, where, as before, the algorithm
uses notIn(w) requiring time O(|F). For the sixth statement, the algorithm first
finds any g1 € L(F), then computes the set spec B = F'N Ag; and then computes
any go € L(B). |

4. Pairing Specifications

Here we define expressions for describing certain finite relations that are subsets
of (T'U{e}) x (T U{e})) \ {(e,e)}. First, we define their syntax and then their
semantics.

Definition 8. A pairing specification, or pairing spec for short, is a string of the
form

e/G Fle F/G F/= F/G# 2)
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where F,G are set specs. The set of pairing specs is denoted by PSP.

The inverse p~' of a pairing spec p is defined as follows depending on the possible
forms of p displayed in (2):
(e/G)™t=(G/e), (F/e)™'=(e/F), (F/G)"'=(G/F),
(F/=)"'=(F/=), (F/G#)"'=(G/F#)
We also define (e/e)~! = (e/e).
Example 9. As a pairing spec p is a string, it has a length |p|. We have that
IV/e| = 3 and |3u/Bv| = 3 + |u| + |[v|. Also, (V/e)™! = (e/V) and (3u/V#)"! =
(v/Fust).

Definition 10. A pairing spec is called alphabet invariant if it contains no set

spec of the form Jw,Aw. The set of alphabet invariant pairing specs is denoted
by PSPinvar.

Definition 11. Let I' be an alphabet of reference and let p be a pairing spec. We
say that p respects I', if any set spec occurring in p respects I'. The set of pairing
specs that respect T' is denoted as follows

PSP[I'] = {p € PSP : p respects T'}.

The relation R(p) described by p (with respect to T') is the subset of T* x T'* defined
as follows.

R(e/G) ={(e,y) |y € L(G)};
R(F/e) ={(x,¢) |z € L(F)};
R(F/G) ={(x,y) |z € L(F),y € LIG)};
R(F/=) ={(z,2) |z € L(F)};
R(F/G#) ={(z,y) |z € L(F),y € L(G),z # y}.
We also define R(e/e) = {(¢,¢)} and PSP[I']. = PSP[['|U {e/e}.
Remark 12. All the alphabet invariant pairing specs are

e/N Ve VNN V/= V/NV#£

Any alphabet invariant pairing spec p respects all alphabets of reference, as p con-
tains no set specs of the form Iw or Aw.

Lemma 13. Let p € PSP[I[']. The following statements hold true.

(1) R(p) = 0 if and only if p is of the form F/G# and L(F) = L(G) = {g}
for some g € T.

(2) R(p~") =R(p)~".

(3) p~! can be computed from p in time O(|p|).
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Proof. The first statement follows from Definition 11 when we note that the set
{(z,y) | x € L(F),y € L(G),x # y} is empty if and only if L(F) = L(G) = {g},
for some g € I'. The last two statements follow from Definitions 8 and 11. O

Some notation on pairing specs. Let p € PSP[I'].. The left part, left p, of p is
the string on the left of the symbol ¢/’ and the right part, right p, of p is the string
on the right of ‘/’. We have the following examples:

left(Jw/V#£) = Jw  right(Fw/V#) = V#  left(V/=) =V right(V/=) ==

While the expression L(left p) makes sense when p respects the alphabet of reference,
this is not the case for L£(right p). So we define rset p to be as follows, depending on
the structure of p according to (2)

rset(e/G) = G, rset(F/e) =e, rset(F/G) = G,
rset(F/=) = F, 1set(F/G#) =G, rset(e/e)=e.
The above notation implies

R(p) C L(left p) x L(rset p). (3)
Lemma 14. If p € PSP[] then |p| < 2|T| + 2.

Proof. Follows from Lemma 6. |

5. Label Sets and their Monoid Behaviours

We are interested in automata-type objects (labelled graphs) ¢ in which every tran-
sition label S represents a set Z(8) of elements in some monoid M. The subsets
Z(B) € M are the behaviours of the labels and they are used to define the be-
haviour of § as a subset of M. We focus on sets of labels in this section—see next
section for labelled graphs. We shall use the notation

epm for the neutral element of the monoid M.

If 5,8’ are any two subsets of M then, as usual, we define
SS' ={mm'|meS, meS} and S'=8"1'S and S*=UX,5%,

where S° = {e3;} and the monoid operation is denoted by simply concatenating
elements. We shall only consider finitely generated monoids M where each m € M
has a canonical (string) representation m. Then, we write

M={m|meM}.

In the example below, we provide sample canonical representations for the two
monoids of interest to this work.

Example 15. We shall consider two standard monoids.

(1) The free monoid T* (or ¥*) whose neutral element is €. The canonical
representation of a nonempty word w is w itself and that of € is e: € = e.
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(2) The monoid ¥* x A* (or T* x T'*) whose neutral element is (e,e). The
canonical representation of a word pair (u,v) is uw/v. In particular, (e,¢) =
e/e.

A label set B is a nonempty set of nonempty strings (over Q). A label behaviour
is a mapping

T:B—2M,

where M is a monoid. Thus, the behaviour Z(3) of a label 8 € B is a subset of M.
We shall consider label sets B with fixed behaviours, so we shall denote by mon B
the monoid of B via its fixed behaviour.

Notational Convention. We shall make the convention that for any label sets
B, By with fixed behaviours 71, Z,, we have:

if mon By = mon By then Z;(8) = Z2(B), for all 5 € By N Bs.

With this convention we can simply use a single behaviour notation Z for all label
sets with the same behaviour monoid, that is, we shall use Z for any Bp, By with
mon B; = mon By. This convention is applied in the example below: we use L for
the behaviour of both the label sets ¥ and SSP[I'].

Example 16. We shall use some of the following label sets and their fized label
behaviours.

(1) ¥ with behaviour £ : ¥ — 2% such that L(g) = {g}, for g € ¥. Thus,
mon X = ¥*.

(2) SSP[T| with behaviour L : SSP[T| — 2", as specified in Def. 4. Thus,
mon SSP[I'] = T'*.

(3) REGY = all regular expressions over ¥ with behaviour L : REGX —
2" such that L(r) is the language of the regular expression r. Thus,
monREG Y = ¥*.

(4) 15, Al ={z/y |z e ZU{e},y € AU{e}} \ {e/e} with behaviour

R:[%,A] - 25 %4

such that R(z/e) = {(z,e)}, R(e/y) = {(e,y)}, R(z/y) = {(z,y)}, for any
r€X and y € A. Thus, mon[X, A] = £* x A*.

(5) PSP[] with behaviour R : PSP[T] — 25 X" as specified in Def. 11. Thus,
mon PSP[I] = I'* x I'*.

(6) PSP™Var with behaviour R, : PSP™ar — {(}. Thus, Z(8) = 0, for any
3 € pSpimvar

(7) If By, Bs are label sets with behaviours Iy, Ts, respectively, then [By, Bs] is
the label set {B1/B2 | B1 € Bi,P2 € By} with behaviour and monoid such
that

Z(B1/B2) =T1(B1) x Zo(B2) and mon[By, Bz] = mon By x mon Bs.
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(8) [REGX,REG A] with behaviour R in the monoid ¥* X A* such that
R(r/s) = L(r) x L(8), for any r € REGY and s € REG A.

For any monoid of interest M and m € M, M is a label set such that
monM =M and Z(m)={m}.

Thus, Z(en) = {em}. Also, as monPSP[I'] = monI™* x I'* = I'* x I'* and the
behaviour of PSP is denoted by R, we have R((0,1)) = R(0/1) = {(0,1)} =
R(30/31).

Abbreviation. Let B be any label set. We shall see further below that type B
regular expressions and graphs are constructed using labels in B U {eyon 5}. Thus,

we define
B. = BU {5monB}-

The term label shall mean an element of B, (unless we specify a label in B).
Thus, ¥. = ¥ U {e} and SSP[I']. = SSP[I'|U{e} and [, A]. = [E,A] U {e/e}.

Remark 17. We shall not attempt to define the set of all labels. We limit ourselves
to those of interest in this paper. Of course one can define new label sets X at will,
depending on the application; and in doing so, one would also define concepts related
to those label sets, such as the monoid mon X .

6. Labelled Graphs, Automata, Transducers

Let B be a label set with behaviour Z. A type B graph is a quintuple
g: (Q73767I7F)
such that

@ is a nonempty set whose elements are called states;

I C @ is the nonempty set of initial, or start states;

F C @ is the set of final states;

0 is a set, called the set of edges or transitions, consisting of triples (p, 3, q)
such that p,q € Q and § € B U {emon 5}- The set of labels of § is the set
Labels(g) = {8 | (p, 8, q) € d}.

We shall use the term /abelled graph to mean a type B graph as defined above,
for some label set B. The labelled graph is called finite if Q and § are both finite.
Unless otherwise specified, a labelled graph will be assumed to be finite.

As a label 8 is a string, the length |§| is well-defined. Then, the size |e| of an
edge e = (p, (3, q) is the quantity 1 + |3| and the size of ¢ is ||d]| = > .5 e]. Then
the graph size of § is the quantity

gl = Q[+ [14]]-
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A path P of g is a sequence of consecutive transitions, that is, P =
(qi—1, Bi, qi)i_, such that each (g;_1,8i,¢;) is in §. The path P is called accept-
ing,if go € I and qp € F. If £ = 0 then P is empty and it is an accepting path if
INF#0.

A state is called isolated, if it does not occur in any transition of §. A state is
called wseful, if it occurs in some accepting path. Note that any state in I N F is
useful and can be isolated. The labelled graph g is called trim, if

e every state of g is useful, and

e § has at most one isolated state in I N F.

Computing the trim part of ¢ means removing the non-useful states and keeping
only one isolated state in I N F (if such states exist), and can be computed in linear
time O(|g]).

Lemma 18. Let § = (Q, B,6,1, F) be a trim labelled graph. We have that
Q] < 2[6] + 1.

Proof. Q can be partitioned into three sets: Q1 = the set of states having an
outgoing edge but no incoming edge; ()2 = the set of states having an incoming
edge; and possibly a single isolated state in I N F'. The claim follows from the fact
that [Q1],|Q2| < |d]. -

Definition 19. Let § = (Q, B,4,1, F) be a labelled graph, for some label set B with
behaviour T. We define the behaviour Z(§) of G as the set of all m € mon B such
that there is an accepting path (q;_1, Bi,q:)i_, of § with

m € Z(B1) - Z(Be).

The expansion exp g of g is the labelled graph (Q7m0n B, §exp,I,F) such that
Sexp = {(pm.q) [ I (p, B,q) € 6 : m € I(B)}-

In some cases it is useful to modify § by adding the transition (q,emon B,q) (a self
loop) for each state q of . The resulting labelled graph is denoted by g°.

Remark 20. The above definition remains valid with no change if the labelled
graph, or its expansion, is not finite. The expansion graph of § can have infinitely
many transitions—for example if § is of type REG X.

Lemma 21. For each type B graph § = (Q, B, 0,1, F'), we have that

Z(9) = Z(expg) and Z(g) = Z(5°).

Proof. Let m € Z(exp g). Then there is an accepting path (g;—1, m, ¢i)i_, of exp g
such that m € Z(my)---Z(my) = {m1}---{me}; hence, m = m; ---my. By defini-
tion of fexp, for each ¢ = 1,...,¢, there is (¢;—1, Bi,¢;) € 0 such that m; € Z(5;),
o {qi_1,Bi,qi)f—, is an accepting path of §. Then, Z(B1)---Z(8¢) C Z(§), and
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m € Z(§). Conversely, for any m € Z(§), one uses similar arguments to show that
m € Z(exp g). Thus, Z(§) = Z(exp ).

To show that Z(g) = Z(§°), let §¢ be the set of transitions in §¢. As § C 6%, we
have Z(g) C Z(9°). For the converse, the main idea is that, if any accepting path of
§° contains transitions (g;—1,&mon B,¢i) With ¢;—1 = g;, then these transitions can
be omitted resulting into an accepting path of §. O

As stated before, our focus is on two kinds of monoids: ¥* and ¥* x A*. Recall
that, in those monoids, the neutral elements € and (e, €) have canonical representa-
tions e and e/e, which are of fixed length. Thus, we shall assume that e,0n 5 = O(1),
for any label set B. This implies that

9% = O(|9])-
Definition 22. Let X, A, T’ be alphabets.

(1) An ordinary automaton (over ¥.) is a labelled graph a = (Q, %, 6,1, F). The
language L£(a) accepted by a is the behaviour of & with respect to the label set
3. An automaton, or e-NFA, (over ¥) is a labelled graph a = (Q, B, 9,1, F)
such that ¥ C B, mon B = mon¥ = ¥*, and Labels(a) C ¥ U {e}. Thus,
L(o) ={c} foro €%, and L(B) C E* for § € B. If Labels(a) C ¥ then a
1s called an NFA. If in a we replace B with ¥ we get an ordinary automaton
that is otherwise identical to a.

(2) An automaton with set specs is a labelled graph b = (Q, SSP[I'],6,1, F). The
language E(B) accepted by b is the behaviour ofg with respect to the label
set SSP[T].

(3) An ordinary transducer (over ¥, A) is a labelled grapht = (Q,[Z, A], 8,1, F).
The relation R(f) realized by t is the behaviour of t with respect to the label
set [, A]. A transducer (over ¥,A) is a labelled graph t = (Q,C, 6,1, F)
such that [¥,A] € C, monC = mon[%,A] = ¥* x A*, and Labels(f) C
[2,A] U {e/e}. Thus, R(z/y) = {(z,y)} for x/y € [E,A], and R(B) C
Y* x A* for B € C. If in t we replace C with [%,A] we get an ordinary
transducer that is otherwise identical to t.

(4) A transducer with set specs is a labelled graph § = (Q,PSP[T], 4,1, F); that
is, § is a type PSP[T] graph. The relation R(8) realized by § is the behaviour
of § with respect to the label set PSP[I'].

(5) An alphabet invariant transducer is a labelled graphi = (Q,PSP™ § I, F).
If T is an alphabet then the T-version of i is the transducer with set specs
i[l] = (Q,PSP[I,6, 1, F).

The above definitions of ordinary automata and transducers are equivalent to the
standard ones. The only slight deviation is that, instead of using the empty word ¢
in transition labels, here we use the empty word symbol e. This has two advantages:
(i) it allows us to make a uniform presentation of definitions and results and (ii) it
is consistent with the use of a symbol for the empty word in regular expressions.
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A01 0

A0
b: H&W @

Fig. 3: Automaton with set specs accepting all strings over I' =
{0,...,n — 1} that do not contain 011.

The terms automaton and transducer (as opposed to the ordinary ones) allow for
more flexibility in the use of label sets as components of these objects.

As usual about transducers #, we denote by (w) the set of outputs of  on input
w, that is,

t(w) = {u | (w,u) € R(H)}-
Moreover, for any language L, we have that £(L) = Uyept(w).
Remark 23. The size of an alphabet invariant transducer i is of the same order
of magnitude as |Q| + |9].
Lemma 24. Ifl; is an automaton with set specs then expb is an automaton. If s

is a transducer with set specs then exp § is a transducer (in standard form,).

Convention. Let (@) be any statement about the behaviour of an automaton
or transducer 4. If ¥ is an automaton or transducer with set specs then we make
the convention that the statement ®(9) means ®(exp ). For example, “§ is an
input-altering transducer” means that “exp § is an input-altering transducer”—a
transducer t is input-altering if v € t(w) implies v # w, or equivalently (w,w) ¢
R(t), for any word w.

Example 25. The transducers shown in Fig. 2 are alphabet invariant. Both trans-
ducers are much more succinct compared to their expanded I'-versions, as |T'| — oco:

lexptsupz[T]] = O(IT1*)  and  |exptu[L]| = O(T)).

If expanded, the automaton with set specs in Fig. 3, will have 3n — 1 transitions, as
opposed to the current 7 ones.

Following [18], if f = (Q, [, A], 8, I, F) is an ordinary transducer then ! is the
ordinary transducer (@, [A,X],d',I,F), where &' = {(p,y/z,q) | (p,x/y,q) € 6},
such that

R(E) =R(E) (4)
Lemma 26. For each transducer § with set specs we have that

exp(571) = (expd)™! and R(57') =R(5)"
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Proof. The first identity follows from two facts: (i) exp(§~1) has transitions of the
form (p,y/z,q), where y/x € R(p~!) and (p,p~1,q) is a transition in §71; and (ii)
(exp 8)~! has transitions of the form (p,y/z,q), where z/y € R(p) and (p, p, q) is a
transition in §. The second identity follows from (4) and Definition 19. |

Remark 27. Let t = (Q,T,6,1,F) be a transducer with set specs. By Lemma 14,
we have that

1611 < ([T] + 3)13].

7. Rational Operations

The three standard rational operations (union, catenation, star) on ordinary au-
tomata and transducers can be defined on labelled graphs with appropriate con-
straints on the monoids involved. Let § = (Q, B,6,1,F) and ¢’ = (Q',B',¢',I', F')
be labelled graphs such that
mon B=monB’" and QNQ =0.
The graph § U ¢’ of type C' = BU B’ is defined as follows
GUG =(QUQ U{s},C,6Ud UE,{s},FUF'),
where s is a new state not in Q U @’ and E is the set of transitions (s, &mon B,D),

forallpe TUT.
The graph § - §’ of type C = BU B’ is defined as follows

i-¢d=0Quiqtu@,C,5UUEUE'"I,F),

where ¢ is a new state not in Q U Q’, F is the set of transitions (f, emon B, q), for
all f € F, and E’ is the set of transitions (g, emon 5,%'), for all i’ € I'.
The graph ¢* of type B is defined as follows

=(QU{s},B,dUEy UEy, {s}, FU{s}),

where s is a new state not in QU Q’, E; is the set of transitions (s, emon B, %) for all
i € I, and Fs is the set of transitions (f,emon 5, s) for all f € F.

Lemma 28. Let § = (Q,B,0,I,F) and § = (Q',B',d',I', F') be trim labelled
graphs such that mon B = mon B’.

(1) Z(gUg) =1(9) VI(g') and |3 Ug'| = O(g| +1g'])-
(2) 2(g-§') = Z(9)Z(9') and |- §'| = O(|g| + |7'])-
(3) I(Q*) Z(g)" and |g*| = O(|4])-

In the above lemma, the statements about the sizes of the graphs follow im-
mediately from the definitions of their constructions. For the statements about the
behaviours of the constructed graphs, it is sufficient to show the statements about
their expansions. For example, for the third statement, one shows that

TI(expg*) = Z(expg)™.



November 29, 2019 8:30 WSPC/INSTRUCTION FILE ws-ijfcs

Regular Expressions and Transducers over Alphabet-invariant and User-defined Labels 17

But then, one works at the level of the monoid mon B and the proofs are essentially
the same as the ones for the case of ordinary automata (see e.g. [17]).

8. Regular Expressions over Label Sets

We extend the definitions of regular and 2D regular expressions to include set specs
and pairing specs, respectively. We start off with a definition that would work with
any label set (called set of atomic formulas in [12]).

Definition 29. Let B be a label set with behaviour Z such that no € B contains
the special symbol @. The set REG B of type B regular expressions is the set of
strings consisting of the 1-symbol string @ and the strings in the set Z that is
defined inductively as follows.

® chonB 98 In Z.
o Fvery B € B isin Z.
o Ifr,s € Z then (r+ s),(rs),(r*) are in Z.

The behaviour Z(r) of a type B regular expression r is defined inductively as follows.

( ) - @ and I(gmonB) - {gmonB}
Z(PB) is the subset of mon B already defined by the behaviour T on B;
I(r+s) =L(r) UL(s);
I(r-s) =1(r)L(s);
Z(r*) =Z(r)*.

Remark 30. The above definition implies that @ occurs in any r € REG B if and
only if r =@

Example 31. Let 3, A be alphabets. Using 3 as a label set, we have that REG Y
is the set of ordinary regular expressions over X. For the label set [, A], we have
that REG[X, A] is the set of rational expressions over ¥* X A* in the sense of [12].

Example 32. Let T' = {0,1,...,n — 1}. In type SSP[[| regular expressions, the
set specs ¥, Jw, Aw correspond to the following UNIX expressions, respectively: ‘.’
‘Twl’, ‘I"wl’. So L(V) =T. When the alphabet size n is a parameter rather than
fized, the savings when using expressions over label sets could be of order O(n) or
even O(n?). For evample, the expression ¥V is of size O(1) but the corresponding
(ordinary) regqular expression of type T' is 0+ - -+ + (n — 1), which is of size O(n).
Similarly, the following reqular expression over PSP[I

(V/=)" (V/v#) (v/=)" (5)

is of size O(1). It describes all word pairs (u,v) such that the Hamming distance of
u,v is 1. The corresponding (ordinary) reqular expression over [I',T] is

(0/0++(n—1)/(n—1))" (ro+-+ru_1) (0/0+-+(n—1)/(n—1))"
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which is of size O(n?), where each 7; is the sum of all expressions i/j with j # i
and i,j €.

Example 33. Consider the UNIX utility tr. For any strings uw,v of length £ > 0,
the command?®
tr u v

can be ‘simulated’ by the following regular expression of type PSP[ASCII]

(@u/=) + @ul0)/3e(0]) +--+ (Bule—1]/of¢ 1))
where ASCII is the alphabet of standard ASCII characters. Similarly, the command
tr—d u
can be ‘simulated’ by the following regular expression of type PSP[ASCII]
(3u/e + Bu/=)"
For the command
tr—s u

it seems that any reqular expression over PSP[ASCI] cannot be of size O({?).

The Thompson method, [14], of converting an ordinary regular expression over
Y —a type X regular expression in the present terminology—to an ordinary automa-
ton can be extended without complications to work with type B regular expressions,
for any label set B, using Lemma 28.

Theorem 34. Let B be a label set with behaviour Z. For each type B reqular ex-
pression T, there is a type B graph (r) such that

I(r)=Z(g(r)) and |g(r)|=O(r]).

For the converse of the above theorem, we shall extend the state elimination
method of automata, [4], to labelled graphs.

Let § = (Q,B,6,{s},{f}) be a type REG B graph, where B is a label set
with some behaviour Z. We say that § is non-returning, if s # f, there are no
transitions going into s, there are no transitions coming out of f, and there is
at most one transition between any two states of §. For any states p,r € @, let
By, =A{B8 | (p.B,r) € 6}, and let r,, = B1 + -+ + B, where the §;’s are the
elements of By, if B, , # 0. We define next the labelled graph h that results by
eliminating a state ¢ € Q \ {s, f} from g. It is the type REG B graph

iL: (Q\{Q}737517{5}7{f}) (6)

such that 0’ is defined as follows. For any states p,r € @ \ {q¢}:

aThe command “tr u v” takes as input a file F' and outputs its characters except that each
character u[i] occurring in F is outputted as v[i]. The command “tr —d u” outputs the characters
in the input file omitting those occurring in u. The command “tr —s u” outputs the characters
in the input file suppressing any (consecutive) repetitions of each character u[i].
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o If (p,a,r) € 4 then (p,a,r) € §.
o If (p,a1,q),(q,a2,7) € J then either (p,al(r;’q)a%r) €0 if Byy # 0, or
(p,uag,r) € 8" if By g = 0.

Lemma 35. Let § = (Q, B, 0,{s},{f}) be a non-returning labelled graph, where B
is a label set with some behaviour L. If h is the type REG B graph that results by

eliminating a state ¢ € Q \ {s, f} from g then Z(h) =Z(g).

Proof. The main steps of the proof are analogous to those used in traditional
proofs for the case of NFAs [17]. First, let m € Z(g). Then, there is an accepting
path P = (g;_1,8i,q:)_, of g such that £ € N, m = m, - --my and each m; € Z(3;).
By a g¢-block of transitions in P we mean a path R = (g;_1, 5;, qﬂ?ii such that

rzl, @1 FeG = =Qtr-1=4  Qotr 7 G-
As ¢ has at most one transition between any two states, we have that, if r > 2,
then By41 =+ Botr—1 = Tq,q for some ry 4. Then,

e = (qv—1,66(rq,q) Botrs@ot+r) or €= (qv—1,LbBotr,otr)

is a transition in §’—see (6). Moreover, my, - - mprr € Z(By)Z(7r} ,)Z(Bosr). If we
replace in P the ¢g-block R with the transition e, and we repeat this with all g-blocks
in P, then we get an accepting path of h such that m € I(ﬁ)

Conversely, let m € I(fz) Then there is an accepting path P’ = (¢;_1, Bi, ¢i)¢_,
of h such that ¢ > 1, m = my ---my and each m; € Z(5;). For each i € {1,...,¢},
we define a path P; of g as follows. If (g;—1, f;,¢;) € § then P; = (¢;—1, 8, qi). Else,
there are (g;—1,01,q), (¢, @2,q;) € 0 such that

Bi = ai(rgq) ag or B =ajo.
As m; € Z(B;) and, if defined, Z(74,4)* = U2 4Z(rq,q)", we have that there is 7 > 0
such that
m; = kiki1 - kioki, K € T(an), k' € I(az), kiny... kir € Z(rgq)-
Then, the path P; is

((qi-1,01,9), (4, 7q,0:0)+ - -+ (€: 74,9, 1), (¢, @2, 44)),

which has r repetitions of (¢, 7¢,4,¢). Now define the sequence P to be the concate-
nation of all paths P;. This sequence is an accepting path of § and this implies that
m € Z(g). |

As a type B graph g is also a type REG B graph, and as § can be modified to
be non-returning, we can apply the above lemma repeatedly until we get a type
REG B graph h with set of states {s, f} such that Z(§) = Z(h). Then, we have that
Z(h) = Z(r,, 7). Thus, we have the following consequence of Lemma 35.

Corollary 36. Let B be a label set with behaviour Z. For each type B graph § there
is a type B regular expression r such that Z(g) = Z(r).
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9. Label Operations and the Product Construction

We shall consider partial operations ® on label sets B, B’ such that, when defined,
the product 8 ® ' of two labels belongs to a certain label set C. Moreover, we
shall assume that ©® is also a partial operation on mon B, mon B’ such that, when
defined, the product m®m’ of two monoid elements belongs to mon C'. We shall call
® a polymorphic operation (in analogy to polymorphic operations in programming
languages) when Z(8 © 8') = Z1(8) ® Zz(5’) where I;,Z5, T are the behaviours of
B, B’,C. This concept shall allow us to also use ® as the name of the product
construction on labelled graphs that respects the behaviours of the two graphs.

Below, the outcome of a label operation 8 ® ' could be L (undefined). For
convenience we shall write Z(L) = (). For any S C mon B and S’ C mon B’, we
shall use the notation

SoS={mom' |meSm eSS mom # L}

Example 37. We shall consider the following partial monoid operations, which are
better known when applied to subsets of the monoid.

o N: X" XX* --3 X% such that uNv = u if u = v; else, uNv = L. Of course,
for any two languages K, L C ¥*, K N L is the usual intersection of K, L.

o o (37 x A*) x (A* x X3) --» (ZF x X3) such that (u,v) o (w,2) = (u, 2)
if v=w; else, (u,v) o (w,z) = L. For any two relations R, S, Ro S is the
usual composition of R, S.

o | (I* X A*) x X* ——» (X* X A*) such that (u,v) | w = (u,v) if u = w;
else, (u,v) } w= L. For a relation R and language L,

R L=Rn(LxA". (7)

o 11 (Z* X A*) X A* —--» (X* X A*) such that (u,v) T w = (u,v) if v = w;
else, (u,v) } w= L. For a relation R and language L,

RTL=RN(Z*xL). (8)

Definition 38. Let B, B’,C be label sets with behaviours I,,Ts, T, respectively. A
polymorphic operation ® over B, B’,C, denoted as “©: B x B' = C”, is defined as
follows.

e [t is a partial mapping: © : B. x BL --+ C;
e [t is a partial mapping: © :mon B x mon B’ --» monC.
e For all B € B and ' € B. we have

I(B©B) =Ti(B) ©L2(B).

Example 39. The following polymorphic operations are based on label sets of or-
dinary automata and transducers using the monoid operations in Fx. 37.

e ‘N:YxX=X"1is defined by
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— the label operation N : X, X X, --+ 3. such that tNy =z, if t =y, else
rzNy=_1;and
— the monoid operation N : X* X ¥* —-» ¥*,
Obviously, L(x Ny) = L(z) N L(y).
o 0 [X Al X [AY] = [E,X]7 is defined by
— the label operation o : [X, Al x [A, Y] --» [E,Y]c such that (z/y1) o
(y2/2) = (x/2) if yr = 2, else (x/y1) © (y2/2) = L; and
— the monoid operation o : (X* x A*) x (A* x E*) --» (X* x ).
ObUZ'OUSly, R((Z, yl) ° (y27 Z)) R((ZL’, yl)) o R((yQa Z))
o “LI[E Al x X = [X,A]” is defined by
— the label operation |: [2, Ale X Xe -+ [, A]e such that (z/y) | z = (x/y)
ifx =z, else (x/y) | 2= 1; and
— the monoid operation |: (X* X A*) x X* --» (¥* x A*).
Obviously, R((z/y) | =) = R(x/y) | L(2).
o “N[E Al X A= [X,A]” is defined by
— the label operation 1: [X, Ale X A --» [5, Ale such that (z/y) T 2 = (x/y)
ify=z, else (x/y)t 2= 1; and
— the monoid operation 1: (X* X A*) x X* --» (T* x A*).

Obviously, R((z/y) T z) = R(z/y) T L(z).

Example 40. The following polymorphic operations are based on label sets of au-
tomata and transducers with set specs.

e ‘N :SSP[I'|xSSP[I] = SSP(I']” is defined by the monoid operation N : I'* x
I'* --» T'*, and the label operation N : SSP[T']. x SSP[T']. --» SSP[I]. defined
in Section 3. By Lemma 6 and having L(L) = 0, for any a, 8 € SSP[[.,
we have that

L(an ) = L(e) NL(S).

e “: PSP[I'|xT' = PSP[I']” is defined by the monoid operation |: (3* X A*)x
¥ --» (B* x A*) and by the label operation |: PSP[I']. x T'. --» PSP[T].
such that e/e | e = e/e and efe | g = L for g € T, and for p € PSP[T]
and z € T',

e/ right p, if x = e and leftp = e;
pla =< Jx/rightp, ifx,leftp+#e andx € L(left p);
1, otherwise.
Assuming 8 € PSP[[']. and having R(L) = (), we have that
R(B L x) =R(PB) | L(x)

Moreover we have that B | x can be computed from 8 and x in time O(|B]).
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o “: PSP[I'|xA = PSP[I'|” is defined by the monoid operation 1: (X* x A*) x
A* --5 (Z* X A*), and by the label operation 1: PSP[I']. x A, --» PSP[T].
such that e/e 1 e = e/e andef/e t g= 1 forg e T, andpt o= (p~t |
x)~t for p € PSP[['] and z € T.. Assuming 3 € PSP[I]., we have that

R(B1Tx)=R(B) T L(x)
Moreover we have that 81 x can be computed from 8 and x in time O(|B]).

In Sect. 11, we define the polymorphic operation ‘o’ between pairing specs.

Definition 41. Let § = (Q,B,4,I,F) and § = (Q',B’,§,I', F') be type B and
B’, respectively, graphs and let “© : B x B' = C” be a polymorphic operation. The
product § ® g’ is the type C' graph

(P,C,6 8 IxIFxF')
defined as follows. First make the following two possible modifications on §,q' : if
there is a label 8 in § such that emon g € Z(B) then modify §' to §'¢; and if there is
a label B' in §' (before being modified) such that emon g € Z(8') then modify §' to

J’¢. In any case, use the same names § and §' independently of whether they were
modified. Then P and § ® ¢ are defined inductively as follows:

(1) IxT CP.
(2) If (p,p’) € P and there are (p,3,q) € 6 and (p',8',¢") € &' with O L # L
then (q,q') € P and ((p,p'),B® B, (¢.¢)) €6 4.

Example 42. Here we recall a few known examples of product constructions in-
volving automata and transducers.

or two autromata a,a , e automaton a N a 18 suc a
1) Fort t ta a,a’, th t tonana i h that
Land) = L£(a) N L@).

Note that if a,a’ are NFAs then also ana’ is an NFA.
(2) For two transducers t,t', the transducer t o t' is such that

R(iof) = R(i) o R().
(3) For a transducer t and an automaton a, the transducer t | a is such that
R(t|a) =R(>E) | L(a).
Similarly, the transducer t 1 a is such that
R(t1a) = R(E) 1 L(a).

These product constructions were used in [8] to answer algorithmic ques-
tions about independent languages—see Sect. 13.

Lemma 43. The following statements hold true about the product graph § ® §' =
(P,C,6 ®0',1 xI',F x F') of two trim labelled graphs §,§’ as defined in Def. 41.
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(1) |P| = O(|6]|6"]) and |6 © 6’| < |6]|5"].

(2) If the value 8 ® ' can be computed from the labels 5 and B’ in time, and
is of size, O(|8| + |B']), then |6 ® &'|| is of magnitude O(|5]||6"]| + [8"[||5]])
and § ® 0" can be computed within time of the same order of magnitude.

Proof. As P C @ x @', Lemma 18 implies that |P| < (2]6] + 1)(2]6'] + 1), so
|P| = O(]6]|¢])- As we get at most one transition in §®¢’ for each pair of transitions
in § and ¢’, we have that |§ ® 0’| < |§]]6’]. For the second statement, we have that
0 ® ¢’ can be computed in time

. . Cap

(p,B,9)€6 (p',B",q')€S’

where Cj g is the cost of computing the value 3© 3’ from the labels § and 3’. Then,
the statement follows using standard summation manipulations and the premise
that Cg g is of magnitude O(|8| + |5'|). O

Theorem 44. If “© : B x B’ = C” is a polymorphic operation and §,§' are type
B, B’, respectively, graphs then § ® g’ is a type C graph such that

1(G©§') =I(expg ©expg’).

Proof. Recall that each transition (p,m,q) of exp§ comes from a corresponding
transition (p, 8, q) of § such that 8 € B, and m € Z;(f); and similarly each transi-
tion (p',m’, q') of exp §’ comes from a corresponding transition (p’, 8’,¢’) of §' such

that 8/ € B. and m' € Zy(8'); where we used Z;,Z, for the behaviours of B, B’.
Also, if B® B # L and m ®m’ # L then

((p,p'),8® 8, (q,q')) is a transition of § ® ¢’ and
((p7p’), mom,(q, q’)) is a transition of (exp § ® exp §’).

First consider any m € Z(exp § ®exp §'). Then exp § ©® exp §’ has an accepting path
((gi-1,4i—1), mi © mi, (¢i,4;))i—y such that m = (m1 ©m}) -+ (mg © my).

Then, for each i = 1,..., ¢, there is a transition (¢;_1, 8;, ¢;) of ¢ with m; € Z1(5;);
and similarly for §’, we have m} € Zo(8.). Then,

(m; ©mj) € Z(B;) © Z(B) = Z(Bi © BY)
Moreover, § ® ¢’ has the accepting path
((Gi=1:4_1), Bi © B (4 4})) =1

which implies that Z(81 © 81)---Z(8e © 5;) € Z(§ © §'). Hence, m € Z(§ © §').
Conversely, consider any m € Z(§ ® §’). Then ¢ ® ¢’ has an accepting path

{(gi-1,4i-1), B: © B, (4, 4;))i=y such that m =my -~ my
and each m; € Z(8; ® ) = Z1(8;) © Z2(B}), which implies that
each m; = k; ©® k; with k; € Il(ﬂz) and k; S IQ(/B;)
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Then, for each ¢ = 1,...,¢, there is a transition (¢;—1, ki, ¢;) of exp § and similarly
there is a transition (g;_, k7, ¢;) of §’. Then exp g © exp g has the accepting path

(Gio1, /1), ki © KL, (qi,q)))ey

which implies that (k1 ©k})--- (k¢ ©k}) € Z(exp§ @ exp §’). Hence, m € Z(exp g ®
expd’). |

How to apply the above theorem. Suppose that we have a known product
construction @ on labelled graphs 4,4 over monoids M, M’ (see Ex. 42), where
Z(aod") = Z(4)OZ(4'). We can apply a ‘higher level’ version of ® on labelled graphs
g, g’ of some types B, B’ with behaviours in the monoids M, M’. This would avoid
expanding § and §’ to 4 and @', and the theorem establishes that the behaviour of
g®g is correct, that is, Z(§©§’") = Z(4®4'). We apply the theorem in Lemma 46.2,
in Theorem 56, in Corollary 63, and in Corollary 66.

10. Automata and Transducers with Set Specifications

Here we present some basic algorithms on automata and transducers with set specs.
These can be applied to answer the satisfaction question about independent lan-
guages (see Section 13).

Remark 45. For every ordinary automaton a = (Q,I',4,1,F), one can make in
linear time an automaton with set specs &' = (Q,SSP[I],0’, I, F) such that, &'
consists of all transitions (p,e,q) € 6 (if any) union all transitions (p, g, q) where
(p,9,q9) €0 and g €T.

Lemma 46. Consider a string w and two automata with set specs
b= (Q,SSP[I],6,1,F) and ¥ =(Q,SSP[L],d',I',F").

(1) There is a O(|b|) algorithm nonEmptyW(b) returning either a word in L£(b)
or None if L(b) = 0. The decision version of this algorithm, emptyP(b)
simply returns whether 5(3) s empty.

(2) There is a O(|T|+16]18"|| +18]116]]) algorithm returning the automaton with
set specs b such that L(bN ) = L(b) N L®D').

(8) There is a O(|w||b]) algorithm returning whether w € L(b).

)
)

Proof. For the first statement, we simply use a breadth-first search (BFS) algo-
rithm, starting from any initial state s € I, which is considered visited, and stop-
ping, either when a final state is reached (trying if necessary all initial states), or all
states have been visited. In the latter case the desired algorithm returns None (or
False). For the algorithm emptyP(b) nothing further is needed. For nonEmptyW(b),
when a non-visited state ¢ is visited from a previously visited state p using a tran-
sition e = (p, 8, q), an element x € L(f) is computed in time O(|5]) = O(|e]), using

Lemma 7. The algorithm also constructs a labelled graph G that will be used to find
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the desired word in £(b). When the above transition is accessed and x is computed
then the edge (q,z,p) is added to G. If the algorithm stops because it reached a
final state f, then there is a unique path in G from f to the initial state s, which
can be used to find the desired word in £(b) (the path is unique as every state is
visited only once). The cost of BFS is O(|Q| + |d|), but here when an edge e € § is

accessed the algorithm spends time O(]e|), so the cost is

0(1QI + Y le)).

e€co

For the second statement, we compute the product bN Y. As the value sNng
of two labels can be computed in linear time, Lemma 43 implies that b N’ can be
computed in time O(|T| + |4](|8"|| 4+ |8'[||d]]). Now we have

L(bNY) = L(expbNexpb) (9)
= L(expb) N L(exp ) (10)
= L(b)n L) (11)

Statement (9) follows from the fact that “n : SSP[[] x SSP[I'] = SSP[I]” is a
polymorphic operation—see Theorem 44 and Ex. 40. Statement (10) follows from
the fact that each exp Z), exp V' is an automaton and the operation N is well-defined

on these objects—see Lemma 24 and Ex. 42.
For the third statement, one makes an automaton with set specs Ew accepting
{w}, then computes @ = b, Nb, and then uses emptyP(a) to get the desired answer.
O

Lemma 47. Let § = (Q,PSP[T'],0,1, F) be a trim transducer with set specs, a =
(Q,T,8,I' F") be a trim automaton and (u,v) be a pair of words.

(1) There is a O(|3]) algorithm nonEmptyW(§) returning either a word pair
in R(8), or None if R(8) = 0. The decision version of this algorithm,
emptyP(3), simply returns whether R(8) is empty.

(2) There is a O(|T|+|5]|6"|| 4+ |0"|[|6]]) algorithm returning the transducer with
set specs § | a such that R(§ ] a) = R(8) | L(a).

(3) There is a O(|ul|v||8]) algorithm returning whether (u,v) € R(S).

Proof. The first statement is completely analogous to the first statement of
Lemma, 46. For the second statement, we compute the product § | a. As the product
p 1 x of two labels can be computed in linear time, Lemma 43 implies that § | a
can be computed in time O(|I'| 4 |5][|0|| + [6’|||6]|). Now we have

R(51a)=TR(exp$ | expa) (12)
=R(exp$) | L(expa) (13)
~R(3) 4 £(@) (14)
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Statement (12) follows from the fact that ‘}: PSP[I']xI' = PSP[I']” is a polymorphic
operation—see Theorem 44 and Ex. 40. Statement (13) follows from the fact that
exp § is a transducer and exp @ is an automaton and the operation | is well-defined
on these objects—see Lemma 24 and Ex. 42.

For the third statement, first make two automata with set specs l;u and l;U
accepting {u} and {v} respectively, then compute £ = § | @, 1 G,, and then use
emptyP(f) to get the desired answer. O

11. Composition of Transducers with Set Specifications

Here we are interested in defining the composition p; o p2 of two pairing specs in
a way that R(p1) o R(pz2) is equal to R(p1 o p2). By Definition 11, the operator
R() is defined with respect to an alphabet of reference T, so the value of p; o ps
should depend on I'. It turns out that, for a particular subcase about the structure
of p1, p2, the operation p; o pa can produce two or three pairing specs. To account
for this, we define a new label set:

PSP [I'] consists of strings p1 & - - - @D pe,

where ¢ € N and each p; € PSP[I']. Moreover we have the (fixed) label behaviour
R : PSP [I] — 27" %" such that

R(p1 @@ pr) =R(p1) U~ UR(pr).
Definition 48. Let I" be an alphabet of reference. The label operation
o: PSP[']. x PSP[[']. --» PSP [T,

is defined between any p1,p2 € PSP[[]. as follows—again 1 means undefined.
propz =1, if L(rsetpy) N L(left pz) = 0.

Now we assume that the above condition is not true and we consider the pos-
sible structure of py,p2 using A,B,F,G € SSP[I] and W, X,Y,Z € SSP[[']; as
components—thus, we assume below that L(B) N L(F) # 0 and L(X)NL(Y) # 0.

(W/X)o(Y/Z)=W/Z
(W/B)o (F/=)=W/BNF

W/G, if [L(BNF)| >2
(W/B)o (F/G#) ={W/GN3Ab, if LBNF)={b} and L(G)\ {b} #0
1, otherwise.

(B/=)o (F/Z) = BNF/Z
(B/=)e(F/=) = BNF/=

4, if L(G)=L(BNF)={g}

(B/=)o (F/G#) = {B NF/G#, otherwise
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A/Z, if |[L(BNEF)| >2
(A/B#)o(F/Z) = ANAb/Z, if L(BNF)={b} and L(A)\ {b} #0
1 otherwise.
L)L if LLA)=L(BNF)={a}
(4/B#) o (F/=) = {A/B N F#, otherwise
A/G, if |[L(BNF)| >3
ANA/GNAL, if LBNF)={b} and L(A)\ {b}
(A/B#) o (F/G#) = 40 and £(G) \ {b} # 0
D, if L(BNF)={by,by}
1, otherwise

where D consists of up to three @-terms as follows:
D includes AN Bb1be/G, if L(A)\ {b1,b2} # 0;
D includes 3b1/G N Bba, if by € L(A) and L(G) \ {b2} # 0;
D includes 3by/G N ABb1, if ba € L(A) and L(G) \ {b1} # 0;

and D = 1 if none of the above three conditions is true.

Remark 49. In the above definition, we have omitted cases where py o pa is obvi-
ously undefined. For example, as F/= and F/G# are only defined when F,G # e,
we omit the case (W/e) o (F/=).

Remark 50. If we allowed L to be a pairing spec, then the set PSP[T] with the
composition operation ‘o’ would be ‘nearly’ a semigroup: the subcase “(A/B#) o
(F/G#) with L(BN F) = {b1,b2}” in the above definition is the only one where
the result of the composition is not necessarily a single pairing spec. For example,
let the alphabet T be {0,1,2} and A =301, B=F = 312, and G = 3012. Then,

R(A/B?é) © R(F/G?é) = {(070), (07 1)7 (07 2)7 (170)7 (17 1)}7

which is equal to R({30/3012, 31/301}). This relation is not equal to R(p), for
any pairing spec p.

Lemma 51. The relation R(py o p2) is equal to R(p1) o R(p2), for any p1,p2 €
PSP[L]..

Proof. We shall use the following shorthand notation:
Q =R(p1) o R(p2) and R =R(pyop2) and R(L) =10 .
We shall distinguish several cases about the form of p; o po according to Def. 48.

By looking at that definition and using (3), we have that

Q,R C L(left p1) x L(rset p2) (15)
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Case (W/X) o (Y/Z) = W/Z. We have that R = R(W/Z) = L(W) x L(Z). As
Q consists of all pairs (w,2) = (w,z) o (z,2) with w € L(W),z € L(Z) and = €
L(X)NL(Y), we have that @ = R.

Case (W/B)o(F/=) = W/BNF. We have that R = R(W/BNF) = LIW)x L(BN
F). As Q consists of all pairs (w, f) = (w,b) o (f, f) with w € LW),b € L(B), f €
L(F) and b = f, we have that Q = R.

Case (W/B)o (F/G+#). We have three subcases. First, when |£(BNF)| > 2. Then,
R = L(W) x L(G). By (15), @ C R. Now let (w,g) € R = L(W) x L(G), and
pick any b € L(BN F)\ {g}. Then, (w,g) = (w,b) o (b,g) € Q. Hence, R C Q. In
the second subcase, L(B N F) = {b}, for some b € T', and L(G) \ {b} # 0. Then,
R=L(W) x L(GNAD). The claim R = Q follows by noting that @ consists of all
pairs (w,g) = (w,b) o (f,g) with w € L(W),f € L(F),g € L(G) and f = b and
f # g. In the third subcase, L(G) = L(BNF) = {b},s0 Q =0, so Q = R.

Case (B/=)o (F/Z) = BN F/Z. Analogous to case (W/B)o (F/=)=W/BNF.

Case (B/=) o (F/=) = BN F/=. Similar to case (W/B) o (F/=) = W/BNF,
where here R = {(b,b) | b€ BN F}.

Case (B/=) o (F/G#). First, note that (b,g) € Q iff “(b,g) = (b,b) o (f,g) with
g # f=0b¢€ L(BNF). Thus, if L(G) = L(BNF) = {g}, for some g € T,
then @ = @ = R. Otherwise, any (b,g) € @ must be in R(B N F/G#) = R; and
conversely, if (b,g) € R then g #band b € L(BNF). As (b,g) = (b,b) o (b, g) we
have that (b,g) € R(B/=) o R(F/G#) = Q.

Case (A/B#) o (F/Z). Analogous to case (W/B) o (F/G#).

Case (A/B#) o (F/=). First note that (a, f) € Q iff (a, f) = (a,b) o (b, f) with
a #b=f e L(BNF). Thus, if L(A) = L(BN F) = {a}, for some a € T,
then @ = ) = R. Otherwise, any (a, f) € Q must be in R(A/B N F#) = R; and
conversely, if (a f)e Rthena# fand f € E(BﬂF). As (a, f) = (a, f)o(f, f) we
have that (a, f) € R(A/B#) o R(F/=) =

Case (A/B#) o (F/G#). First note that, if (a,g) € Q, then (a,g) € L(A) x L(G)
and

(a,g) = (a,b) o (f,g) witha £b=f#g,be L(B)NL(F).

We have three subcases. First, L(BN F) > 3. Then R = R(A/G) and, by (15),
Q C R. Now let (a,g) € R and pick any b € L(B N F)\ {a,g}. Then, (a,9) =
(a,b) o (b,g9) € R(A/B#) o R(F/G#). Hence, R C Q. In the second subcase,
L(BNF) = {b} and L(A)\ {b} # 0 and L(G) \ {b} # 0, for some b € . Then
the claim @ = R follows by simple inspection on the elements of @), R. In the third
subcase, L(BNF) = {by, by}, for some by, bs € T'. The relation @ can be partitioned
into three subsets:

Qo ={(a,9) [ a € LIA)\ {b1,b2},9 € L(G)}
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Q1= L(A) x LIG) N {(b1,9) | g ¢ L(G) \ {b2}}
Q2 = L(A) x LIG) N {(b2,9) | g ¢ LIG) \{br1}}
Then we have that
R(ANAb1bz/G) = Qo, if L(A)\ {b1,b2} # 0;
R(b1/GNAb) = Q, if by € L(A) and L(G) \ {b2} # 0;
R(b2/GNAb) = Qo, if by € L(A) and L(G) \ {b1} # 0. O

Corollary 52. The polymorphic operation “o : PSP[I'] x PSP[I'] = PSP [I']” is
well-defined by the partial operation o in Def. 48 and the monoid operation o in
Ex. 37.

Lemma 53. For any p1,p2 € PSP[I]., we have that p1 o pa can be computed in
time O(|p1| + |p2\).

Proof. Follows from Lemma 7 and the fact that |p; o p2| = O(|p1| + |p2|) as seen
in Def. 48. O

Definition 54. Lett = (Q,PSP[T),6,1,F) and § = (Q',PSP[[],&,I', F') be trans-
ducers with set specs. The transducer t ® § with set specs is defined as follows. First
compute the transducer t o § with labels in PSP [T]. Then, t © 3 results when each
transition (p,p1 @ - @ pe,q) of t o §, with £ > 1, is replaced with the ¢ transitions

(p7 Pi, q)
Lemma 55. We have that R(t © §) = R(f 0 3).

Proof. We show the direction R(f ® 8) C R(f o §); the other direction is similar.
Let (u,v) € R(f ® 8). Then there is an accepting path P = (q;_1,pi, q;)i_, of t ® 5
such that

(u,v) € R(p1) - - - R(pe).

For each Eransition e = (gi—1, Pi» ¢i), define the triple (g;—1,p}, ¢;) asAfollows: pP: = pi,
if e is in t o §; else, by Def. 54, there is a transition (g;—1, p;, ¢;) in ¢ o § such that p}
is a @-sum of terms that include p;. Then, the sequence P’ = (g;_1,p},¢:)¢_, is an
accepting path of ¢ o § such that

(u,v) € R(p) -~ R(pp)-
Thus, (u,v) € R(f o 3). O
Theorem 56. For any two trim transducers t = (Q,PSP[[],6,I,F) and 3 =

(Q',PSP[T], &', I', F') with set specs, t© & can be computed in time O(|T|+|5](|6"|| +
16[116]]). Moreover, R(t ® §) = R(t) o R(3).

Proof. The algorithm computes the transducer o § using the product construction
in Def. 41. As the composition p o p’ of any two labels of ¢,§ can be computed in
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linear time, we have that £ o 3 can be computed in time O(|5]||6’|| + |8](|6]]). Then,
in linear time, the algorithm replaces each transition (p,p1 @ --- @ pe,q) of £ o 3,
with ¢ > 1, with the ¢ transitions (p, p;,q). Now we have

R(t©® 8) = R(t o 3) (16)

= R(expt o exp 3) (17)

= R(expt) o R(exp 5) (18)

= R(f) o R(3) (19)

Statement (17) follows from Theorem 44 and Corollary 52, and statement (18)
follows from Lemma 24. |

12. Transducer Identity and Functionality

The question of whether a given transducer is functional is of central importance
in the theory of rational relations [11]. Also important is the question of whether a
given transducer f realizes an identity, that is, whether £(w) = {w}, when |{(w)| > 0.
In [2], the authors present an algorithm identityP(f) that works in time O(|6] +
|Q||A]) and tells whether ¢ = (Q, [, A],d,1, F) realizes an identity. In view of
Lemma 18, we have that

for trim #, identityP(f) works in time O(|5||Al). (20)

The algorithm functionalityP(§) deciding functionality of a transducer ¢ =
(Q,[X,A],6,1,F) first constructs the square transducer i, [3], in which the set
of transitions d; consists of tuples ((p,p’),y/v’,(q,¢")) such that (p,z/y,q) and
(p/,x/y',q') are any transitions in #°. Then, it follows that f is functional if and
only if @ realizes an identity. Note that @ has O(|6|?) transitions and its graph size
is O(|f|?). Thus, we have that

for trim £, functionalityP(f) works in time O(|6]?|A]). (21)

Lemma 57. Let § = (Q,PSP[I'],0,I,H) be a trim transducer with set specs. If
any label p of § satisfies one of the following conditions then § does not realize an
identity. (Below, F,G are set specs.)

(C1) p is of the form F/G or F/e or e/G, and |L(F)| > 1 or |L(G)| > 1.
In the following conditions, p is of the form F/G#.

(C2) |L(F)| > 2 or |L(G)]| > 2.

(C3) |L(F)| =2 and |L(G)| = 2.

(C4) |L(F)| =1 and |[L(G)| =2 and L(F)NL(G) = 0.

(C5) |L(F)| =2 and |L(G)] =1 and L(F)N L(G) = 0.

Testing whether there is a label of § satisfying one of the above conditions can be
done in time O(||9]]).
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Proof. Suppose (C1) is true. We only present the subcase where p = F/G and
|L(F)| > 1 (the other subcases can be dealt with similarly). Then, there are f1, f2 €
L(F), with f1 # f2, and y € L(G). Also, exp § has two transitions of the form
(p, f1/y,q) and (p, f2/y, q). As § is trim, there is a path from I to p with some label
u/v and a path from p to F with some label u'/v". As (ufiu/, vyv'), (ufou’, vyv’) €
R(exp$§) and f1 # fa, exp § cannot realize an identity. Now suppose one of (C2)-
(C5) is true. One works as above and shows that again exp § cannot realize an
identity. For the time complexity, Lemma 7 implies that each condition can be
tested in time O(p). For all transitions (p, p,¢) € 0 this can be done in time O(]|d]]).

O

Theorem 58. The question of whether a trim transducer § = (Q,PSP[['],6,1, H)
with set specs realizes an identity can be answered in time O(|5||T).

Proof. As § is trim, we have that |Q| < 2|6|+ 1. First, the algorithm goes through
the labels of § and returns False the first time a label p satisfies one of the conditions
(C1)-(C5h) in Lemma 57. Now suppose that no label p of § satisfies any of those
conditions. Then, the algorithm computes exp § and returns what identityP(exp §)
returns. For each transition (p, p, q) € 0 the corresponding transition(s) (p,z/y,q) €
dexp are computed depending on the following five cases about the form of p.

(1) (e/e): Then, x/y = e/e.

(2) (F/G)or (F/e)or (e/G): As (C1) is false, L(F) = {f} and/or L(G) = {g}.
Then z/y = f/g or x/y = f/e or z/y = e/g, depending on whether
p=F/G or p=F/e or p=e/G, respectively.

(3) (F/=): oy € {(f. )| f € L(F)}.

(4) (F/G#): with L(F) = {f} and L(G) = {g}. If f = g then R(p) = 0, so no
label x/y is defined. If f # g then z/y = f/g.

(5) (F/G#): with L(F) = {f} and £(G) = {f,g}, or £L(F) = {f.g} and
L(G) ={g}. Then z/y = f/g.

All cases other than the third one result in at most one transition for each (p, p,q) €
d. The third case results into O(|T'|) transitions. Thus, |dexp| = O(|6||T'|). Then, as
|exp §| = |dexp| + |Q| and |Q| < 2|d] + 1, we have that
[Oesp| = O(0]|T])  and  [exp 5| = O(|T'||4]). (22)
The correctness of the algorithm follows from Lemma 57 and the fact that
R(8) = R(exp ).
Now we establish the claim about the time complexity. The total time consists
of three parts: T} = time to test conditions (C1)—(C5); T> = time to construct exp §;

and T3 = time to execute identityP(exp §). Lemma 57 implies that 77 = O(]|]]).
For T, we have that
L= > G

e=(p,p,q) €3
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where C,, is the cost of computing the set of z/y for which (p,z/y,q) € dexp. We
show that C, = O(|T'|), which implies that 7> = O(]6||T'|). Using Lemma 7, testing
for things like |£(F')| > 2 can be done in time O(]F|) and also the same time for
computing the single element of £L(F') when |£(F)| = 1. The most time intensive
task can be in the third case above: compute £(F) when F = 3w and |w| = |T'| -1,
or F = Aw and |w| = 1. In the former case, L(F) is computed in time O(Jw|) by
simply reading off w. In the latter case, we can read I' and make the word u = wo(T"),
and then use Lemma 3 to compute Ju N Aw in time O(|T'|), which is of the form
Jv and equal to L(F'). For T3, statement (20) implies that identityP(exp §) works
in time O(|6exp| + |Q|T]), which is O(|6]|T'|) using (22) and |Q| < 2|6| + 1. Hence,

= O(|6||T]). Thus, T1 + T> + T5 = O(|4||T'|) using Remark 27. a

Remark 59. Consider the trim transducer § with set specs in the above theorem. Of
course one can test whether it realizes an identity by simply using identityP(exp §),
which would work in time O(|0exp||T'|) according to (20). This time complexity is
clearly higher than the time O(|6]|T'|) in the above theorem when |dexp| is of order
I8/|T| or |6||T|? (for exzample if § involves labels ¥/= or V/¥).

Theorem 60. The question of whether a trim transducer § = (Q,PSP[I'], 0,1, H)
with set specs is functional can be answered in time O(|5|?|T|).

Proof. Consider any trim transducer § with set specs. The algorithm consists of
two main parts. First, the algorithm computes $§~! and then the transducer with

—! using the product construction in Def. 41. The second part

set specs 4t = §0 §
is to test whether @ realizes an identity using Theorem 56. As the composition of
any two labels 3,3’ of 5,57 ! results in at most three labels, we have that 4 has
O(]6]?) transitions and is of size O(|d]||§]]), and can be computed in time O(|5]||d]|)-
Thus, testing 4 for identity can be done in time O(]§]*|T']). So the total time of
the algorithm is of order |§|(|6]| + |§]?|T'|, which is O(|§|?|T|) by Remark 27. For the

correctness of the algorithm we have that

R(8) is functional iff R(exp §) is functional (23)
iff R(expso (expd)™!) is an identity (24)
iff R(exp 5o (exps™')) is an identity (25)
iff R(exp3)oR(exps™!) is an identity (26)
iff R(5)oR(871) is an identity. (27)

Statement (24) follows from the fact that a relation R is functional iff R o R™!
an identity—see also Lemma 5 of [2]. Statement (25) follows from Lemma 26. O

Remark 61. Consider the trim transducer § with set specs in the above theorem. Of
course one can test whether § is functional by simply using functionalityP(exp §),
which would work in time O(|8exp|?|T|) according to (21). This time complexity is
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clearly higher than the time O(|6]?|T']) in the above theorem when |Sexp| is of order
|8[|T| or |8]|T|? (for example if § involves labels ¥ /= or V/¥).

13. Some Applications in Independent Languages and
Synchronous Transducers

Here we show that some algorithms about independent regular languages and syn-
chronous transducers can be improved in terms of time complexity by employing
transducers with set specs (see Example 65 and Corollary 66).

Let £ be a transducer. A language L is called {-independent, [13], if

u,v € L and v € t(u) implies u = v. (28)
If the transducer £ is input-altering then, [9], the above condition is equivalent to
t(L)YNL = . (29)

The property described by t is the set of all #-independent languages. Main exam-
ples of such properties are code-related properties. For example, the transducer
teune describes all the 1-substitution error-detecting languages and fpx describes all
prefix codes. The property satisfaction question is whether, for given transducer ¢
and regular language L, the language L is t-independent. The witness version of
this question is to compute a pair (u,v) of different L-words (if exists) violating
condition (28).

Remark 62. The witness version of the property satisfaction question for input-
altering ordinary transducers § (see Eq. (29)) can be answered in time O(|3] - |a|?),
where & is the given ordinary automaton accepting L (see [9]). This can be done
using the function call

nonEmptyW(§ | a1 a).

Further below we show that the same question can be answered even when s has set
specs, and this could lead to time savings.

Corollary 63. Let § = (Q,PSP[['],4,1, F) be a transducer with set specs and let
b= (Q,T,§,I F) be an ordinary automaton. The type [I',T] transducers § | b
and 8 T b can be computed in time O(|T'|+[6]]|18"|| +18’|||0]]). Moreover, we have that

R(51b) =R(3) L L(b) and R(31b) =R(3) 1T L(D).

Proof. The statement about the complexity follows from Lemma 43. Then, we

have
R(3)b) =R(exps | expb) (30)
= R(exp3) | L(expb) (31)
=R(3) | L(b). (32)

Statement (30) follows from Theorem 44 and Ex. 40, and statement (31) follows
from Lemma 24. The proof for R($ 1 b) is similar. |
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Corollary 64. Consider the witness version of the property satisfaction question
for input-altering transducers 8. The question can be answered in time O(|3| - |a|?)
even when the transducer § involved has set specs.

Example 65. We can apply the above corollary to the transducer with set specs
tsub2[I'] of Example 25, where T is the alphabet of l;, so that we can decide whether
a regular language is 1-substitution error-detecting in time O(|b|2). On the other
hand, if we used the transducer exp tgupn2[I'] to decide the question, the required time
would be O(|T|? - b[2).

There are cases when we want to view the labels of a type B graph as single
symbols. In [5] for example, a synchronous transducer § of type [I',T'] is viewed as
an ordinary automaton 57 over the alphabet I x I, and this is helpful in the study
of synchronous relations. A transducer is synchronous if each transition label x/y is
such that x,y # e, that is, z,y € I'. Suppose that I' = X U {#} with # ¢ X. In [5],
a relation R C ¥* x ¥* is left synchronous, if there is a synchronous transducer § of
type [[,T'] such that

R(3) = {(w, o) | (w,0) € R A Jul = [olyu{ (a1 0) | (u,0) € RA Ju] < Jol}.

In this case, we say that § represents the left synchronous relation R. It can be
shown that a synchronous transducer § of type [[',I'] represents a left synchronous
relation if and only if

£65%) € (Sawen @/0)) ((Saes @) + (Syes #W)D),  63)

where (i) (z/y)" denotes the single symbol (in ) for the label z/y; (ii) &' is the
automaton of type A £ {(z/y)" | z/y € [[', ']} resulting if each transition label x/y
of § is replaced with (x/y)T; (iii) the right hand side of (33) is a language written as
regular expression such that the notation W;—; _ ro; is shorthand for o1y +--- + oy.

We want an efficient test for (33). Let L be the language on the right hand side
of (33). Then, (33) is equivalent to £(37) N (A* \ L) = 0, and we can define an
ordinary automaton b’ over A such that £(b") = A*\ L—see Fig 4. Then, we need
to test the condition

£GEH N ceh =0 (34)

As &1 and bT are ordinary automata over A, we can test (34) in time O(|3||T'[2) by
computing the automaton ' N b and testing whether it has a path from an initial
to a final state.

Next we show that testing (34) can be done in time O(]3|). First note that by
dropping T from the labels of bt we get the transducer b of type [[',T]. But then we
can define the type PSP['] graph @ such that R(exp @) = R(b) and |a| = O(1)—see
Fig 5. Our goal now is to define a new condition equivalent to (34) that can be
tested in time O(]§]). We consider A to be the label set with mon A = A* and

behaviour £((z/y)!) = {(z/y)'}, for all (z/y)t € A. We also define
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(x/#>EerE]

@/P)],yes)

(#/g)] 0
O #hey “lger
F#/Y)yes) 8 (#/#)!

:
(x/g)[mez,gef‘]

(f/g)Erf,geF]
(@)

;
(x/y)[w,yEZ] (#/#)T

Fig. 4: The automaton bt accepts A* \ L, where L is the language in
the right hand side of (33) and A = {(z/y)! | x,y € T'}.

(B#/3#)

(A#/#) Bt/ B#)

(3#/V)

(3#/B#)
P (3#/B#) 8 (T#/3H#) @(z)/v)

(A#/V)

@#/A#) S

Fig. 5: The type PSP[I] graph @ is such that R(i) = R(b), where b is
the type [[',I'] transducer resulting by dropping from bf all T’s.

e the label set PSP[T]" = {p | p € PSP[[']} with monPSP[T]l = A* and
behaviour

L") ={(=/y)" | (z,y) € R(P)};

e the polymorphic operation “[I',']f "PSP[T]' = [I",T]” based on the stan-
dard monoid operation N : A* x A* --» A* (recall Ex. 37) and on the label
operation N : [[',I']f x PSP[T]{ --» [, T']{ such that (x/y)f Np' = (z/y)" if
(z,y) € R(p), that is, (z/y)" € L(p!); and L otherwise. One confirms that
L((z/y)Tnpl) = L((x/y)") N L(pT).

By Theorem 44 and the fact that exp(s),exp(at) are automata over A, we have
that £(sTNat) = £(s7) N L(a"). If we show that £(aT) = £(bT), then condition (34)



November 29, 2019 8:30 WSPC/INSTRUCTION FILE ws-ijfcs

36 S. Konstantinidis, N. Moreira, R. Reis, J. Young

would be equivalent to
L(ETnat) =0. (35)

That £(at) = £(b') is indeed true follows when we note that (i) the graphs @! and
bt are isomorphic; (ii) a transition (p,p',q) of 4! expands exactly to the transitions
(p, (z/y)T,q) of bt for all (z/y)" € L(p!). Finally, we note that, as |a| = O(1), we
have |8T N af| = O(]3]); hence, (35) can be tested in time O(|3]).

Corollary 66. Whether a given synchronous transducer of type [LU{#}, LU{#}]
represents a left synchronous relation can be decided in time O(|§]).

14. Concluding Remarks

Regular expressions and transducers over pairing specs allow us to describe many
independence properties in a simple, alphabet invariant, way and such that these
alphabet invariant objects can be processed as efficiently as their ordinary (alphabet
dependent) counterparts. This is possible due to the efficiency of basic algorithms
on these objects presented here. A direction for further research is to investigate
how other algorithms (not considered here) can be extended to regular expressions
and transducers over pairing specs.

Algorithms on deterministic machines with set specs might not work as ef-
ficiently as their alphabet dependent counterparts. For example the question of
whether w € E(IS), for given word w and DFA b with set specs, is probably not
decidable efficiently within time O(|w|)—see for instance the DFA with set specs in
Fig. 3. Despite this, it might be of interest to investigate this question further.

Label sets can have any format as long as one provides their behaviour. For
example, a label can be a string representation of a FAdo automaton, [7], whose
behaviour of course is a regular language. At this broad level, we were able to obtain
a few results like the product construction in Theorem 44. A research direction is to
investigate whether more results can be obtained at this level, or what results obtain
for different label sets. For example, for set specs F, G, one can add to PSP[I] the
new labels F//G< and F'/G> with their obvious behaviours. In this case, Lemma 47
would still hold, but composition of labels becomes problematic.

We close by noting that a concept of label set similar to the one defined here
is considered in [6]. In particular, [6] considers label sets with weights, and the
objectives of that work are different from the ones here.
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